
STAT354

2 1999 Exam

Question 1

(a) The linear mixed model includes more than 1 random component (eg effect due to
subject as well as measurement error) and is defined by:-

Yn,1 = Xn,pβp,1 + Zn,qUq,1 + En,1 ,

E ∼ N(0, Ve), Ve = σ2
e × Ip,

U ∼ N(0, Vu) Vu = σ2
u × Iq,

covariance(E, U) = 0 .

(i) What is the expected value of Y ? [2 marks]

(ii) What is the density of (Y |U)? [2 marks]

(iii) What is the joint density of (Y, U)? [2 marks]

(b) If Y ∼ N(0, σ2Ip) and

Y T Y =
k∑

i=1

Y T BiY ,

rank(Bi) = ri,
k∑

i=1

ri = p

BiBj = 0, ∀i, j where i 6= j ,

what is the distribution of Y T BiY ? [3 marks]

(c) If [
X1

X2

]
∼ N

([
3
7

]
,

[
2
4 12

])
,

what is the density function for x2|x1 = 4? [3 marks]

Question 2

(a) For a sample of size n (n being an odd integer) of a continuous random variable
x whose density and distribution functions are f(x)I(a,b)(x) and F (x) respectively,
write formulae for the densities of

(i) the nth order statistic, [2 marks]

(ii) the 1st order statistic, [2 marks]

(iii) the median [2 marks]
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(b) Loads endured by a cable are assumed to be from a Weibull distribution with c.d.f

F (x) = 1− exp(−λxα) , x ∈ (0,∞) .

A sample of loads was
{6, 6, 7, 7, 7, 8, 8, 9, 10, 12, 17} .

and the parameters were estimated as α̂ = 2, λ̂ = 0.1.

Use the information in this sample to derive formulae, without evaluating the inte-
grals) for calculating the following probabilities:-

(i) the maximum load is at least 15, [4 marks]

(ii) the minimum load is no more than 6, [4 marks]

(iii) the median load is between 7 and 9. [4 marks]

Question 3

(a) Let X and Y be independent N(0, 1) normal random variables. The pair (X, Y )
defines a point in two dimensions by Cartesian coordinates. The transformation to
polar-coordinates is given by

X = R cos θ

Y = R sin θ

(i) What is the joint density fRθ(r, θ). [3 marks]

(ii) What are the marginal densities fR(r) and fθ(θ). [6 marks]

(iii) What are the ranges for r and θ? [2 marks]

(b) Suppose X1 and X2 are independent exponential random variables, each with p.d.f.
fX(x) = λe−λx for x ≥ 0. Let S = X1 + X2. What is the density of S. [4 marks]

(c) Let X be a random variable with density

fX(x) = C ·
(

1− x2

5

)
−
√

5 ≤ x ≤
√

5

where C is a constant.

Find C. [3 marks]

Question 4
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(a) The exponential family of distributions are those distributions for which the density
function can be written in the form,

f(x; θ) = B(θ)h(x) exp{p(θ)k(x)}I(a,b)(x)I(γ,δ)(θ).

By expanding the qadratic term in the exponent and dividing each term by the
divisor, writing the exponential term as the product of 3 separate exponential terms
show the inverse Gaussian distribution,

f(x) =

√
λ

2πx3
e−λ(x−µ)2/2µ2xI(0,∞)(x)

is a member of the exponential family by rewriting the density in the above form and
identifying each component. (λ is a scale parameter and the mean is a function of
µ.) [5 marks]

(b) State the result for finding a sufficient statistic for a parameter from the exponential
family and give a sufficient statistic for µ in the Inverse gaussian distribution? [3
marks]

(c) A sample X1, · · ·Xn is taken from f(x; θ), and t(x) is an estimate of θ. State the
factorization theorem which would ascertain if t(x) was a sufficient statistic for θ. [3
marks]

(d) Show that the sum of observations from a random sample of size n from a gamma
distribution has the p.d.f.

f(x; θ) =
1

θ
e−x/θ · I(0,∞)(x) · I(0,∞)(θ)

is a sufficient statistic for θ. [5 marks]

Question 5

(a) A nonlinear model relating observations, Y to covariates X is given by

Y = αxβ + ε , ε ∼ N(0, σ2) .

(i) What is E[Y |X]? [1 mark]

(ii) What is var[Y |X]? [1 mark]

(iii) What is the log-likelihood of (y, α, β|x) for a sample (x1, y1) . . . (xn, yn)? [3
marks]

(iv) What is the general form of the information matrix for (α, β)? [3 marks]
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(b) Let Y1 < Y2 < Y3 be the order statistics from a sample of size 3 from the uniform
distribution,

f(x) =
1

θ
· I(0,θ)(x) · I(0,∞)(θ) .

Show that the following are unbiased estimators of θ.

(i) 4Y1 [4 marks]

(ii) 2Y2 [4 marks]

(iii) 4
3
Y3 [4 marks]

Question 6 A sample of i.i.d. data, (x1, y1) . . . (xn, Yn) may be represented by either

yi = a + bxi + εi or

yi = a + bxi + cx2
i + εi

where εi ∼ N(0, σ2) in both cases.
The data analyst has to decide whether the quadratic term should be included in the

model.

(a) What is the null hypothesis to be tested for making the above decision? [2 marks]

(b) Derive a generalized likelihood test to assess the significance of the quadratic term.
[10 marks]

(c) If the sample size n is large, how would you assess the probability that the quadratic
term should or should not be included in the model? [4 marks]
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FORMULAE

a. If U = X + Y, fU(u) =
∫ +∞
−∞ fX(u− v)fY (v)dv.

b. fYr(yr) = n!
(n−r)!(r−1)!

f(yr)F (yr)
r−1 [1− F (yr)]

n−r .

c. (x2|x1) ∼ N(µ2.1, Σ22.1)
µ2.1 = µ2 − Σ21Σ

−1
11 (x1 − µ1)

Σ22.1 = Σ22 − Σ21Σ
−1
11 Σ12
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