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Solutions to 1998 STAT354 exam
Question 1 1

(a)

FXY (x, y) = fX(x)fY (y)

= (2π)−1 exp{−1

2
(x2 + y2)}

x = r cos θ

y = r sin θ

r =
√

x2 + y2 0 ≤ r < ∞
θ = tan−1(y/x) 0 ≤ θ ≤ 2π

J =

∣∣∣∣ ∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

∣∣∣∣ =

∣∣∣∣ cos θ −r sin θ
sin θ r cos θ

∣∣∣∣ = r

fRΘ(r, θ) = (2π)−1 × r × exp{−1

2
(x2 + y2)}

= (2π)−1 × r × exp{−1

2
(r2)

= fΘ × fR wherefΘ = (2π)−1 , fR = r exp(−r2)

(b)

fS(s) =

∫ s

0

fX1(x)fX2(x)(s− x)dx

=

∫ s

0

λ2e−λxeλ(s−x)dx

= λ2e−λs × s s ≥ 0

(c) ∫
fX(x)dx = 1

C

∫ √
5

−
√

5

(
1− x2

5

)
= C

[
x− x3

15

]√5

−
√

5

C−1 = 2

[
√

5− 5
√

5

15

]
= 2

√
5(1− 1

3
) =

4

3

√
5

C =
3

4
√

58
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Question 2 1

(a)

fX(x) = (2π)−p/2|Σ|−
1
2 exp

{
−1

2
(x− µ)′Σ−1(x− µ)

}
(b) Σ = PP ′

(i) Y = P−1(X − µ)

(ii) Σ is a square symmetric, positive definite matrix

(iii) A linear combination of normal random variables is also normal.

(iv)

E(Y ) = E(P−1(X − µ)) = P−1[E(X)− µ] = 0

var(Y ) = P−1var(X)(P ′)−1

= P−1Σ(P ′)−1 = P−1PP ′(P ′)−1 = I

(c)
Qi ∼ σ2χ2

ri

(d)

(X1, X4) ∼ N

([
3
3

]
,

[
2.25 −0.5
−0.5 9

])
Y ∼ N(2, 7)

corr(X1, X3) =
0.75√

2.25
√

6.25
= 0.2
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Question 3 1

(a)
fY1Yn(y1, yn) = n(n− 1) [F (yn)− F (y1)]

n−2 f(yn)f(y1)

(b)

r = yn − y1 yn = r + v

v y1 y1 = v

J

∣∣∣∣ 1 1
0 1

∣∣∣∣ = 1 a < y1 < yn < b

fR,V = n(n− 1) [F (r + v)− F (v)]n−2 f9r + v)f(v)

a < v < b− r 0 < r < b− a

(c)

fR(r) =

∫ b−r

a

n(n− 1) [F (r + v)− F (v)]n−2 f(v)f(r + v)dv

(d)

f(x) = 2e−2x × I(0,∞)(x)

F (x) =
[
−e−2u

]x
0

= 1− e−2x

FR(r) =

∫ ∞

0

n(n− 1)
[
−e−2v − e−2(r−v)

]n−2 × 2e−2(r+v) × 2e−2vdv

=

∫ ∞

0

n(n− 1)
[
e−2v(1− e−2(r−v))

]n−2 × 4e−2re−4vdv

= 4n(n− 1)(1− e−2(r−v))n−2

∫ ∞

0

e−2nvdv

= 4n(n− 1)(1− e−2(r−v))n−2
[
−e−2nv/2n

]∞
0

= 2(n− 1)(1− e−2(r−v))n−2

Pr(R ≤ 4) = 2(n− 1)

∫ ∞

0

(1− e−2r)n−2dr

= 2(n− 1)
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Question 4 1

(a) (i) Weibull

B(θ) = θ

h(x) = λx× I(0,∞)(x)

p(θ) = −θ

k(x) = xλ

(ii) negative Binomial

f(x) =

(
x + λ− 1

x

)
θx

(1 + θ)λ+x

=
(x + λ− 1)!

x!(λ− 1)!
exp

{
x log

(
θ

1 + θ

)
− λ(1 + θ)

}
B(θ) = exp {−λ log(1 + θ)}

h(x) =
(x + λ− 1)!

x!(λ− 1)!

p(θ) = log(θ/(1 + θ))

k(x) = x

(b)

f(x; θ) = θxθ−1 × I(0,1)(x)

f(x; θ) = θn(x1x2 . . . , xn)θ−1 × I(0,1)(x)

= θn(x1x2 . . . , xn)θ × 1

x1x2 . . . , xn

Therefore X1, X2, . . . Xn is a sufficient statistic for θ.
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Question 5 1

(a)

` =
n∑

i=1

α log β + (α− 1) log xi − βxi − log(Γ(α))

= nα log β + (α− 1)
∑

log xi − β
∑

xi − n log(Γ(α))

I = −

(
∂2`
∂α2

∂2`
∂β∂α

∂2`
∂β2

)
where

∂`

∂α
= n log β +

∑
log xi −

nΓ′(α)

Γ(α)

∂2`

∂α2
= −n

(
Γ(α)Γ′′(α)− Γ′(α)2

Γ(α)2

)
∂`

∂β
=

nα

β
−
∑

xi

∂2`

∂β2
=

−nα

β2

∂2`

∂β∂α
= 0
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(b) (i)

log L(θ) = −n log θ −
∑

xi

θ

∂`

∂θ
=

−n

θ
+

∑
xi

θ2
=

n

θ2
(x̄− θ)

E

(
∂`

∂θ

)2

= E

(
n2

θ4
(x̄− θ)2

)
=

n2θ2

θ4n
=

n

θ2

CRLB = 1/Ix = θ2/n

or E

(
∂2`

∂θ2

)
=

n

θ2
− E

(
2nx̄

θ3

)
= − n

θ2

(ii)

` =
−n

2
log(2π)− 1

2

∑
(xi − θ)2

∂`

∂θ
= n(x̄− θ)

E

(
∂`

∂θ

)2

= n2var(x̄) = n2/n = n

CRLB = n−1

x̄ has variance 1/n
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Question 6 1

f(x; θ) = θe−θx × I(0,∞)(x)

` = n log θ − θ
∑

x

(a)
∂`

∂θ
=

n

θ
−
∑

x ⇒ θ̂ =
n∑
xi

(b)

L = θn exp(−θ
∑

xi)

sup
θ>0

(L) = sup
θ>0

(
θn exp(−θ

∑
xi)
)

=

(
n∑
xi

)n

e−n

sup
0<θ≤θ0

(L) =

{ (
nP
xi

)n

e−n if nP
xi
≤ θ0

θn
0 exp(−θ0

∑
xi) if nP

xi
> θ0

Λ =

 1 if nP
xi
≤ θ0

θn exp(−θ0
P

xi)“
nP
xi

”n
e−n

if nP
xi

> θ0

(c)
−2 log Λ ∼ χ2

k−1
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