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Abstract

In this thesis two theoremf operationabemanticsarespecifiedandprovedin the PVStheorem
prover. Thefirst theoremis the Church—Rossetheoremfor an untyped,call-by-value A-calculus
with primitiveoperationsThenovel aspecof theproofis thata-equivalencds specificallydefined
without resortingto the useof a tricky representatioisuchas De Bruijn indices. The proof also
takesadvantageof thelittle usedPVSabstractatatype (ADT) mechanism.

Thisfeatureof PVSallows the specificatiorof complex inductive structuresandis particuarly
suitedto syntacticaldefinitions. In additionto providing a quick and easymethodfor suchdef-
initions, PVS generatesnary of the requireddefinitionsand axiomsautomaticallysuchasrank
definitionsandinductionschemes.

The secondtheoremis the CIU theoremfor uniform A-languagesnd assuchrepresentshe
first useof PVSfor proving arecentresult. The processof specifyingandproving the CIU theo-
remuncoveredseveral gapsin existing theory As with the Church—Rosseproof, the PVSADT
mechanisms usedfor the specificatiorof the syntaxof A-languages.
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Chapter 1
Intr oduction

This thesispresentghe first useof PVS asa tool for specificationand verification of resultsin
operationakemantics Suchsemi-automatedhethodsfor theoremproving are of importancebe-
causethey requireall detailsto be addressedndthusproducean extremelyrigorousresult. This
is in contrastwith standardnathematicapracticewhich typically leavesmuchunsaid.

A descriptionof PVS canbe foundin chapter2. This includesan overvien of PVS specifi-
cations,an analysisof the typing systemincluding the generatiorof type correctnesgonditions
(TCCs)anda sketchof PVS proofsincluding the interfacebetweenthe userandthe prover, and
theinternalrepresentationf a proof. Of particularnoteis the useby PVS of judgementso help
reducethenumberof TCCsgeneratedT his chapteralsogivesanaccounof the PVSabstractlata
type (ADT) facility for thedefinitionof inductive structureseachADT definitionalsoproducesn
entiretheorycontainingaxiomsanddefinitionsfor the datatype which areessentiaivhendealing
with suchstructuresLittle prior useof this featurecouldbefound.

The detailsof the Church—Rosseproof are given in chapter3. In particular the waysin
which the proof differs from previous computerbasedproofs are emphasisedandary resulting
difficulties described.This chapterprovidesa backgroundntroductionto the A-calculusandthe
Church—Rossetheoremitself including an outline of the proof. The actualproofis basedon the
Tait—Martin-Lof notion of parallelreduction. To give an overview of the original aspectf the
proof:

e weusethePVSsystemgspeciallyits built-in ADT facility, to verify aversionof theChurch—
Rossetheorem;

e We usethenamed-ariableapproactandthusavoid the useof tricky representationsf vari-
ables;



e we explicitly definea-equivalence andthusmustprove a numberof propertiesof thisrela-
tion;

e wetreatthemorecomple call-by-valueversionof the A-calculusasopposedo the call-by-
nameversionusedin previousproofs.

Themainaim of this chapterhoweveris asa preliminaryevaluationof PVSasatool for working
with operationalogicsfor realisticprogramminganguages.

Chapterd coverstheproof of arecentresultin operationasemanticspamelythe CIU theorem
for uniform A-languagesThusit representshefirst useof PVS andspecificallyits abstracdata
typefacility for theverificationof a non-trivial theorem.This chaptethasseveralpurposes:

e it givesa presentatiorof the syntaxof uniform A-languagesaswell asthe definitionsof
operationabhpproximatiorandequvalence;

e it givesadetailedanalysisof the proof of the CIU theoremitself;
e it providesanaccounibf theactualmechanizegroof;

e it highlightsgapsfoundin existing theoryandthusprovidesevidencefor the possiblebenefit
of theuseof suchrigoroustechniquegor thetestingof currenttheory

As with the Church—Rosseproof, greateffort is taken to modelthe exact syntaxand structure
of the languagewithout tailoring the specificatiornto a representationvhich is easierfor PVSto

understandAs such,no tricky representationsf variablesareused,andaswith our earlierwork,

a congruenceés explicitly treated.



Chapter 2

An Overview of PVS

PVS is a verification systemdevelopedby SRI and dravs on almost20 yearsof experienceat
designingsuch systems. PVS hasa very sophisticatedype system,which includespredicate
subtypesdependentypes,parameterizetheories,a mechanisnfor definingabstracidatatypes,
numbergbothrealandintegral), ordinals,andformsof inductionupto ¢,. This power, of course,
comesat a price. In this casethe price is that type checkingis undecidable.As a consequence
the type checler generated CCs (Type-Correctnes€onditions)that needto be dischaged ei-
ther by the PVS systemor its user The adwvantageof the PVS type systemis that preconditions
andpostconditionsanbeincorporatednto a function’s type. A preconditionis incorporatedby
declaringa morerestrictve parametetype, while a postconditionis incorporatedoy declaringa
morerestrictve returntype.

With complicatedspecificationsn PVS, it is possibleto get overwhelmedby TCCs. Ac-
cordingly, a mechanismis provided to alleviate the buildup of TCCsvia judgementsthat make
availablemore specificinformationto the type checler. Judgementsomein two varieties.Con-
stantjudgementsstatethat a particularconstanthasa more specifictype thanits declaredtype,
while subtypejudgementsstatethat onetype is a subtypeof another Eachjudgementgenerates
one TCC which mustbe provedin the sameway asotherTCCs. However, a TCC which canbe
immediatelyproved by a previous judgementor judgementds not generated.This alsoapplies
to TCCswhich are generatedvhilst proving a lemma. While judgementsallow a wide rangeof
typing propertiesdo be specifiedthey arein noway asdiverseasordinarylemmas.In additionto
this, judgementsareonly automaticallyusedto suppresshe productionof TCCs,sofor all other
applicationsthey mustbe explicitly called. We point out in the proof wherewe make useof the
judgemenimechanism.

A backgroundcollectionof theoriesis providedin the PVS prelude.Includedaretheoriesfor



numberssetoperationsfinite setsordinals functions,inductionschemesprderingselationsand
abstractatatypes,includingal list definition.

The preludealso containsa numberof judgementsoncerningsuchthingsassetsboth finite
andotherwise functionalclassificationgeg. all bijective functionsaresurjectve),andnumbers
Thesgudgementsanbe usedtogetherto prove morecomplicatedype facts. For example,there
arejudgementsstatingthat the setof positive rationalnumbersis a subsetof the setof positive
realnumbersandthe productof two positive rationalnumberss a positive rationalnumber Sothe
type checler canconcludethatthe productof two positive rationalnumberds alsoa positive real
number

A proofin PVSis viewedandeditedvia asequent-styleepresentatiorgonsistingof antecedent
and consequenformulas. Logically, this is equialentto statingthat the conjunctionof the an-
tecedentsmpliesthedisjunctionof the consequentLertainoperationsansplit the currentproof
into two or more subproofsso the overall internal structureof a proof is a tree. A prooftreeis
consideredrue,if all of its leavesaretrivially true. For the purposeof identification,eachsequent
formulais assigned uniquenumberecautomatically

The PVS prover acceptcommandsn Emacsvia a Lisp-like interface. Thesecommandson-
sistof high level command<salledstratgiesanda numberof morespecificcommandknown as
rules. Stratgiesaredesignedo tacklea broadrangeof problemsandideally finish proofsauto-
matically. Rules,on the otherhand,give the usermuchmorecontrol over the proof, althoughthe
actionstakenaregenerallymoreatomic. For example,the split rule splitsthe currentproofinto a
numberof subproofsyhile the prop strateyy splitstheproofandthenappliespropositionaflatten-
ing andsimplification. The highestlevel stratey, grind, is usefulin a wide numberof situations,
andcanfrequentlyfinish off a proof automatically It is generallya goodideato attemptproofs
usingthe higherlevel stratgiesfirst, resortingto lower level command®nly whennecessaryin
additionto increasinghelevel of automationthis approactproducegroofsthataremoreresistant
to changesn the specifications.

Most commandsacceptargumentsand keywords to defineor alter their effect. Arguments
include suchthingsassequennumbersJemmanamesand expressions.Keywordsmay be used
to specifythe type of actionto take, or alterthe actionin someway. For example,whencalling
thegrind strat@y, alist of lemmasto usecanbe specifiedvia the rewritesandtheorieskeywords.
As mentioned,eachsequents uniquely numbered meaningthat for somecommandso work
properly a sequennumbermustbe supplied. However, modifying the specificationmay cause
thesesequennhumbergo change(for example,an alterationmay addanantecedentormulato a
proof, whichwill causesomeor all of the currentantecedenformulaeto benumberediifferently).



Thiscanbedisastrougor aproofbecaussomeof thecommandsnaynow beworking ondifferent
sequenformulae. PVS allows sequenhumberso be specifiedin a moregeneralfashion(eg -’
meansary antecedenfiormula), which helpsalleviatethe problem,but doesnotwork in all cases.

PVS providesa mechanisnfor definingabstractatatypes(ADTSs) inductively usinga list of
constructorsFromtheseconstructorsa completesetof axiomsis automaticallygeneratedvhich
contains:

e extensionalityaxioms(two objectsarethe sameif they areconstructedrom the samecom-
ponents);

etaaxioms(anobjectconstructedrom the samecomponent®f X is identicalto X);

accessoaxioms(acomponenbdf a constructolis the appropriateconstructoargument);

inductionschemegfor inductionon the structureof the ADT);

recursve combinatorqfor definingrankfunctionseitherfor the naturalinumberspor the set

of ordinals).

In additionto ADT axioms,PVSautomaticallygenerategnductionschemedor all inductive defi-
nitions.

A PVS specifications split up into theoriesanddatatype definitions. Eachtheoremconsists
of a (possiblyempty) list of parametersimporting and exporting statementstype definitions,
constandefinitions,function definitions,judgementsandlemmas.The parameterganbe types,
subtypespr constantsExportingstatementareusedto specifythenameghataremadevisible to
theoriesthatareimportingthe currenttheory Importing statementspecifya list of theoriesto be
importedandcanbeeitherparametrizear unparameterised.



Chapter 3

The Church—RosserTheorem

3.1 Intr oduction

In thischaptemwe presentaformalizedproof[8] of the Church—Rosseheorenfor aversionof the
call-by-valuelambdacalculus[33] in the spirit of Landin’s ISWIM [18]. The proofis developed
in the PVS [4] system,andis usedas a testbed or benchmarkfor evaluatingthe applicability
of that systemfor carrying out more complex operationalarguments,suchas computingwith
contets [20], developingFeferman-Landirogic [24] or proving the Curry-Howvardisomorphism
theoremfor variousversionsof typedlambdacalculi, andthe correspondindopgics[38].

Our approachis relatively unusualin that it is basedon the namedvariableapproach,and
concentratesn the call-by-valueversionof the g rule. Our desireto handlethe morecomple
rule is motivatedby our desireto extendthis work to morerealisticprogramminganguagesThe
proofis basednthe,now standardTait—Martin-Lof notionof parallelreduction.

Althoughtherearenumerousomputerbasedgroofsof the Church—Rossaheorenin theliter-
ature[36, 16,35, 32,26, 30] (seesection 3.4for abrief surwey), all of theexisting proofseliminate
the needto treata corversionby usingreasonablystandarcencodingtricks. o corversioncanbe
avoidedeitherby eliminatingthe syntacticcateyory of namedvariablesin favour of de Bruijn in-
dicesl[5], or by usingthe variablesof the logical framawvork itself [11], ratherthanincorporating
oneinto theencodedsystem.

Only thetreatmenty McKinna andPollack[26] usesnamedvariables ratherthande Bruijn
indicesor thevariablesof the logical framework itself. However McKinna andPollack,following
on in Gentzenand Prawitz’s footsteps,make a rigorous syntacticdistinction betweenfree and
boundvariables. Our namedvariableapproachdiffers from McKinna and Pollackin thatwe do
not make suchadistinctionbetweerfreeandboundvariables.Consequentlyunlike McKinnaand



Pollack, we mustformalize a-equialence prior to developingthe variousnotionsof reduction.
Again this desireto handlethe A-calculusasit is, ratherthanhow the PVS system(or ary other
theoremprover) would preferit to look, is motivatedby our desireto extend this treatmentto
richer systemsthat may not be so easily streamlined. In a similar vein, McKinna and Pollack
alsousewhatthey termtricky representationghat arefaithful to the intuitive notion, but whose
faithfulnesss left unformalized A typical examplefrom [26] is therepresentationf arenaming
of variablesasa Lisp-styleassociatiorist, i.e. alist of pairsof variables,andusinga Lisp-style
assoc operationto obtainthe nev namefor a variable. The factthat suchan alist represents
functionis anaccidentalfeatureof assoc , asis thefactthatcons ing ontoathefront of analist
shadowsry old valuesassociateavith thevariable.Indeedthey point out thatthis representation
makesit very difficult to constructbijective renamingsto the pointthatthey avoid doingso. In a
similarvein McKinnaandPollackalmostexclusively uselistsfor representationsyhenthenatural
mathematicatreatmentsisefunctions. Our approachpn the otherhand,electsto usethe natural
mathematicatepresentatiowhereser possible Wewill discusghis, andits consequencaa more
detailshortly Thusthenovel aspect®f our approacharethat:

e we usethe PVSsystemgspeciallyits built-in abstractatatypesfacility, to verify aversion
of the Church—Rossdheorem,;

e we formalize a versionof the A-calculus,asit normally appearsn textbooks,ratherthan
tailoringit to suitthe machineor system;

e we treatan ISWIM variationon the call-by-valueversionof the A-calculus,ratherthanthe
simplertraditionalcall-by-nameversion.

However the main aim of the work reportedherewasto evaluatePVS asa tool for developing,
stateof the art, operationabasedorogrammingdogicsfor realisticprogramminganguages.

3.2 A Whirlwind Tour of the Church—RosserTheorem

Following in the footstepsof [34] we provide a whirlwind tour of the call-by-value A-calculus
and the Church—RosseTheorem. The Church—RosseTheoremwas historically takento be a
consisteng proof for a systemdesignedto be a functional foundationof Mathematics(i.e. A-
calculus)[3]. Thesedaysthe A-calculusandthe Church—Rossefheoremis part of almostary
TheoreticalComputerScientists education.



Our treatmentof the A-calculusfollows that of Landin[18] (ala ISWIM) in thatwe include
constantandprimitive operationsaswell asthe moreusual-abstractiongndapplications.The
primitive operationseachpossesan arity, whoseexistencewe will suppressn the remainderof
this paper We startwith aninfinite setof variables, X (z,y, z rangeover X), a setof constants,
A, andsetof primitive operationsymbols,O, anddefineby inductionthe setof A-expressions\.
For our purposes\ is theleastsetsatisfying:

A:=XUAUIXAUAA)UO(A,... ,A)

Theinductive natureof A allows for a myriad of rank functions,aswell asstructuralrecursions.
Simple definitionsthat usestructuralrecursionsare the setsof variables free variables(FV (e)),
andboundvariablesoccurringin anexpression As a preludeto defining(captureavoiding) substi-
tution, ey := €], andthecompaniomotionof renamingof boundvariableqa.k.aa-corversion),
carefultreatmentof the A-calculuswill define,by structuralrecursion,the notion of a variable
renaming. One nice property possessethy variablerenamingss thatit preseresrank, unlike
substitution.a-conversionandsubstitutionarethenthemselesdefinedby structuralrecursion At
this pointit usualto defineanotionof a-equi/alence,% , andeitherremarkthat \-expressionsre
now only distinguishedup to =, or muchlessfrequentlyform the quotientA/ = . Thelatterof
courserequiresfirst establishinghat = isa congruenceandthatthe operationof interest(such
asrenamingand substitution)are functionalwith respecto it. The rule for deducingthe = of
A-abstractions)zg.eq = A\z1.e1, reduceso shawing eg[zg := y] = e1|x1 := y] for suitabley. From
alogical point of view we have, at least,two choices:we canrequirethatthis hypothesids true
for somefreshy (i.e. y &€ FV(ey) UFV(eq)), or we canrequirethatit is truefor all suchy. Even
thoughthesetwo forms will generatdhe samerelation, the precisechoicewill have non-triial
consequencdsr therigorousmachinechecled proof.

Thetimeis now ripe to define(call-by-value)computatioron A terms.To do this onespecifies
thesetof values V, asa (sometimesnductively defined)subsebf the A terms,whichin this case
consistsof constantsyariables,and A abstractions.The single step 5-value-reductiorrelation,
2, | is parametridn aé function, s : O(A™) — V, andis generatedby therulesin figure3.1. As
defined 2% is neitherreflexive, nortransitive.

As is standardgivenarelationR, we defineR* to be the transitve reflexive closureof R. A
relationR is saidto have thediamondpropertywritten, &(R), iff

(V€0,€1,€2)(60 R€1 N eg R62 = (363)(61 R€3 A R63))

A relationis saidto be Church—Rosseror conflueniff &(R*). The Church—Rossdéheoremstates
thato (2 7). Sincer2> in neitherreflexive nor transitive it is not the casethe &(+2% ). To see



(By) (Az.e)use[z:=v]  forvavalue.

(6) oler,. .., en) NN if e1,...,e, € Dom(d) andé(o,e1,... ,e,) =v.
By
eg—>e
(C,\) 0 p 1
AT.eg —= \x.€;
By By
egr—r €1 eg— €1
(Cleft) u (Cright) By
e(eg) — e(ey) eg(€) — ey (e)
Bu r
(Cgi) e}ﬂ_)e for0 <i<n.
o(ery... €56, 6i19,... 65)—>0(e1,...,€,€ €49,...,€,)

Figure3.1: Single Steps-value-reduction

this considerthefollowing two countergamples.ln eachcasethe dottedarrov doesnotbelongto

Bv.

Reflexivity: (Az.y)(Aw.((Az.x)z))

Y
Transitivity: /xm) ()\w.(()\x.y)z))\)
(/\:v.:vx)()\w.y)\ (/\w/((i\wy)z))()\w(()\xy)z))
Ow)Qay)

The Tait—-Martin-Lof proof of this theoreminvolvesdefininga parallelreductionrelation, —- ,
which is reflexive, megesleft andright applicationreductioninto a singlerule, andallows, in a
singlestep,boththe abstractiorandthe valueto bereducedn the g, reductionstep,seefigure 3.2
for the completedefinition. The proofthenfollows from establishinghreefacts:

1. &(+=) holds.Thisis the delicatepartof the proof. Our versionof the proofis a structural
inductionon the proof that e, — e; andproceedsy caseanalysison the last stepin this
proof. This is not the only methodof proof, for example Takahash[39] hasrecentlypub-
lisheda proofthatdoesnot analysethe reductionsput ratherrelieson taking the maximum



(Preft) e—e

e—se v

(Ps,) . for v avalue.
(Az.e)v— €[z := 7'
(6) oler,... en) v if e1,...,e, € Dom(d) andéd(o,eq,... ,e,) =v.
(P)\) 60|L)61
A\T.eg — \T.eq
(P ) eoli)el 62|L>€3 (P) eili)e; fOI’OSzgn
a d
P eo(ez) — e1(e3) oler,...eq)—o(e], ... e)

Figure3.2: Parallel 5-value-reduction

parallelreductionstep(calledthe completedevelopment We do not follow this versionof

the proof.

2. O(+2) implies that ©(+2+"). This actually holds for ary relation R, and hasa nice
geometrigoroof. It is alsorelatively simpleto establishusinga doubleinduction.

L My My i M L My M3 s M
Ny Ny — K11 ——> Kio
Ng fills out to Nog — K21

3. % " is the samerelationas 2% . Pollackpointsout [34] thatthis stepis usuallyconsid-
eredtrivial, but cancauseproblemsfor the namedvariableapproach.In our versionof the
proof, neitherof theseobsenationsis true. The proofsarenon-trivial, but non-problematic.

3.2.1 A summary of the Encoding & Proof

To summarize pour encodingof the A-calculus,andthe subsequenproof of the Church—Rosser
theoremhasthefollowing shape:



e Syntax:
Define the syntax of the A-expressionsand relatednotions of expressionrank, free and
boundvariablesfrenamingandsubstitution.

e Alpha:
Define = andestablishthatit is an equivalence(congruencejelation,andthat renaming,
and substitutionare functionalmodulo = . Severallemmasconcerningthe interactionbe-
tweenrenamingandsubstitutionalsoneedto be established.

e Quotient:

Ille

Formalizethe notionof identifying A-expression®nly up to

e 3 andod:
Definesinglestepps-value-reductiorfparametrian ad function).

e Closures:
Developageneraimechanisnior generatinghetransitve, reflexive closureof arelation,as
well asa methodfor establishingactsaboutsuchclosurege.g.rankinduction).

e Parallel:
Definethenotionof singlestepparallelreductionandestablistrsomebasicfactsconcerning
it. For examplethatit preseresvalues,andis preseredby substitution:
e—e = (eeV = € eV)

(g1 A vg——11) = eg[z := vo] > e[z = 1]

e Proof:
Theproof now consistf thethreestepsdescribedabore.

— O(+=) holds
— O(+%) impliesthat O (-2 )

- - v *
— 27 isthesamerelationas 2%



3.3 A Tour of the Encoding of the A-calculus & the Church-

RosserProof

3.3.1 Syntax

Thesetof variabless definedasatypewith the propertythatfor everyfinite setof variablesthere
is a variablenot containedwithin it. Fromthis definitiona new function canbe definedon finite
setsof variableswith the propertythat (Vy € Fin(X))new(y) € v.

Thesetof A\-expressionss definedasanabstractatatype.

A[ A: TYPE+, O: TYPE+, # : [O — naf]]: DATATYPE
BEGIN

IMPORTING X

Var(z: X): Var?

Mz X, e A X7

ape: A, €: A): app?

K(a: A): K?
d0(o: O, . list[ A]): 467
END A

The datatypetakesthreeparametersa non-emptytype A for the atoms,a non-emptytype O
for the primitive functions,anda function# which mapseachprimitive functionto its arity.

Therank of a A-expressionis definedusingthe automaticallygeneratedecursve combinator
(seechapter2). Therankis usedthroughoutour specificationfor carryingout inductive proofs
on \-expressions.lt is proved that the rank of an expressionis larger thanthe ranksof all its
subepressions.

We developthenotionof freevariablegFV) via aninductive definition.

FV(z) = {z}
FV(a) = {}



FV(Az.e) = FV(e) — {z}

FV(e(eg)) = FV(e) UFV(ep)

FV(o(er,ea,...,e,)) =FV(e;) UFV(ea) U...UFV(e,)

We canapplythe new functionto the setof free variablesof anexpressiorto getafreshvariable

andthusavoid accidentakcapture.The problemhereis thatthe new functionis definedon finite

setsof X, andFV (e) is definedashaving type setof (X), sotakingthe new of FV(e) will lead

to the generatiorof a TCC. Including ajudgementhowever statingthat F'V(e) € Fin(X) in our

specificationsuppressethe productionof suchTCCs. The preludecontainsjudgementsabout

finite setsunions,intersectionandso forth (e.g. (VX,Y € Fin(7))(X UY) € Fin(T)). Thus,

evenexpression®f theform new(FV(e) U FV(ey)) typecheckwithout producingTCCs.
DefiningF'V allows usto treatrenamingandsubstitution.The renamingfunction replacesall

free occurrence®f onevariablewith another To achieve this it may sometimese necessaryo
renamethe boundvariablesof anexpressiorto preventcapture.

(Ay.z)[z == y] # Ay.y

We do this by renamingall A\ boundvariables.

(Ay.x)[z:=y] = Azy  for somenew variablez

In generaffor A-abstractionssenamings definedas

(Az.e)ly := 2] = Azg.(e[z ;= 2o][y :=2])  where zy = new(FV(e) U {y, z})

It is in definingthe renamingfunctionthatwe first runinto troublewith TCCs. As mentioned
in chapter2, TCCsneedto be provedby the PVS system or the user Unfortunatelyit is possible
to generataunprovable TCCs, often from fairly innocuousspecifications.For example,consider
thelambdacaseof our renamingfunction:

ely := z| : RecursieA =

Caseg of :

Az.eq: letzg = new(FV(e) U {y, z})in

Azg.(eo[z := o[y := 2])

Endcases

Measure k(e)



To prove thatthe function terminateswe needto showv that eachexpressionn the recursve
callsis smallerthanthe original expressionNow clearlyrk(ey) < rk(e), aseq is asubexpression
of e, but in generalPVS knows nothingaboutrk(ey[z := x,]). Thiswill leadto the unprovable
TCC:

Ve' : rk(e') < rk(e)

To overcomethis problemwe build moreinformationinto the declaredype of therenamingfunc-
tion. In particularwe expressthattherankof its valueis no greaterthantherankof its algument:

ely :== 2] : Recursie{eg € A | rk(eo) < rk(e)} =

This givesPVStheinformationit needgo establishthatthe nestedrecursionin the A casetermi-
nates.

3.3.2 Alpha

We formally define = usingan inductive definition. As mentionedin section3.2, several such
definitionsare possible.Considey for example,thefirst casementionedor A-abstractionsThen
A\To.e0 = A71.e; and\z;.e; = \Tq.ey if Jy1, y2 suchthateg[zy := 1] %el[:vl = y1| ande; [z =

Yo = eslzs := yo|. The problemwith this is thattransitvity is difficult to prove becausey; and
1o are not necessarilythe samevariable (subsequentemmasprove that the choiceof variables
is irrelevantbut rely on = beingtransitve). The othercasefor A-abstractionsequiresey[zy =

Y] = e1]|z1 := y] for all y notfreein ey or e;. However this definitionis unwieldyin proofswhere
we requirethe new variableto be outsidethefreevariablesof someotherexpression Accordingly
therelationfor = is not eitherof the above, but reliesinsteadon the existenceof a finite setof

variables.For A\zy.e; andAz;.e; to be = therule requiresthatVy outsideof this finite set,and
not containedwithin the free variablesof eitherexpressiorey[zq := 1] = e1]z1 := y1]. Thisgives
usthegreatestontroloverthe new variable,andhencethe greatesteaseat proving theorems.

3T € Fin(X) suchthat Vz & TUFV(e)) UFV(ey) eolzo := 2] =1z := 2])

«
AZg.€0 = AZ1.€1

=

Interestinglyenough proving the simplestpropertieof = is quite challenging.For example,the
following threepropertieof = areprovedsimultaneouslyy inductionontherankof expressions,

anapproactsimilar to thatusedin [20]:

e}

@) eo=e; = eolz :=y|= e[z =y



b) (@#z AzFy Az #y) = efw =yl =] =efr = yllz =y

€ ye&FVie) = e[z :=ylly:=2]=elz := 2]

3.3.3 Quotient

°&

In definingthequotientspacemoduloa equivalence,= , we needto build acomprehensietheory
aboutthe new type. Many of the lemmasaresimilar to thosefoundin a PVS ADT file, but also
requireredefiningsuchthingsasrenamingandfree variables. Thesearedonewith respecto the
old functions. For example,let ¢ be the function which mapsa \-expressiono its o coset. The
freevariablesof a A\-expressiorof A/ = is definedas:

FV(E) = {z ‘ (Je)(gle) =E ANz €FV(e))} whereE is in the quotientspace\ / =.
However = preseresFV, andtherefore:
g(e) = FE = FV(e) =FV(E).

Fromnow one, ¢;, ... will rangeoverthenewly formedquotientspace Working with thequotient
spaceallows us to forget about =, which makes definitionsand lemmasa lot more intuitive,
andalsomalkesproofseasier The onedifficulty which arisesfrom the quotientspaceis that A-
abstractionsow haveinfinitely mary representationdMe prove, however, thefollowing important
propertyabouttheserepresentations:

y € FV(eg) = Ar.eg = \y.ey < e = epfr :=y].

3.3.4 pandd

The 8 and/ relationsaredefinedon the quotientspace andarenotinductive. The only thing of

noteaboutthe 3 relationis thatit only allows 5 reductionon values.Theé relationreducegprim-

itive functionsto values,andrequireseachargumentto be reducedo anatombeforeevaluation.
This relationis alsoparametridn a specificd function. A predicatefor avalid 6 functionis also
definedwhich requiresthe function only to evaluateprimitive functionswith the correctnumber
of aguments.In addition, certaincombinationsof agumentsmay not producea valid resultfor

a certainprimitive operation.For example,onewould assumehatdividing by zerowould fail to

reduceunderareasonablé function.



(eo R"e1 ANeg#e1) = (Je)(eo Re A eR¥ ey A rk(e,er) < rk(eg,e1))

Figure3.3: Rankpropertyfor R*

3.3.5 Closures

In defining 8 andé reductionwe developthe notion of the compatibleclosureof a relation. This
is definedas being the minimal supersebdf the relationthatis compatiblewith the structureof
A-expressionsin thecaseof g andd, the compatibleclosureallows reductionof subexpressions.

eo Rer = Az.eg R Az.er A e(eg) Re(er) A egle) Rei(e) Ao(...,ep,...)Ro(... eq,...)
We usea differentdefinitionto [34] for thetransitive reflexive closureof arelation.
eR*e and e Re Aet R ey = egRes

To induct on the definition of the transitve reflexive closure,we definea rank. The difficulty
hereis that theremay be more than oneway to prove that a pair lies in the transitive reflexive
closure.A pathbetweenwo expressions ande, is alist whosefirst andlastelementsaree and
eo respectiely, andwith the propertythatevery pair of consecutre elementsarein therelationR.
We definea predicaterk? (e, ey, k) to betrueif thereis a pathof lengthk + 1 betweere ande.
So,for exampleey R ey impliesthatrk?(eg, e, 1) is true.

rk?(e,e,0)

rk?(ep,e1,k) N eRey = rk?(e,er, k+1)

We thentake the rank rk(e, ey) of two expressiongo be the minimum of all suchk for which
rk?(e, eg, k) holds,or 0 if =(e R* ep). This rank givesthe importantresultshovn in figure 3.3,
whichis anintegral partof all inductive proofson thetransitive, reflexive closureof arelation.

3.3.6 Parallel

The definition of — is inductive with the only difficulty comingfrom the -reductionand \-
abstractiorcases.As in the casefor =, we have at leasttwo waysto definetherelation. In this
casewe can either choosean individual representatiotior each-abstractionor considereach
possiblerepresentationOur —— usesthe latter approachalthoughit is likely thatthereis little
differencebetweerthetwo. In fact,assoonasit is establishedhatrenamingpreseres — , the



initial representatiovecomesrrelevant. To illustrate our handlingof A-abstractionsve provide
theformal definitionfor the 5-reductioncase:

(Vz & FV(e))(3eq, e1, v, v1)(
(e = (Az.eo)(vo) A € =eifr :=v1] A eg——e1 A vg——11)) = e—e
Beforewe give a detailedanalysisof the proof of () let us outline our motivationsfor
formingthequotientspace Therearemary possible—— relationsovertheoriginal (nonquotient)
A. Thedifficulty in definingsucha relationis how to incorporate= into it. We considerthe two

approachethatwe attemptedOur first approachnvolvesreplacingequality =, the P,..q axiomof
figure3.2 of section3.2by = (i.e: e=e, = e~ ¢p). We haddifficulty proving thatthis gave

usthe correcttransitive reflexive closure.We alsocould not establishthe diamondlemmafor the

[B-reductionand A-abstractiorcases.
Theotherapproactwe consideiis defining —— without = , andthendefininganotherrelation,

reduction.
applicationcasewould look somethindik e (wheree ande’ areapplications):

(Feq, €1, €9, €3) (e = egler) A € =eales) A egrses A eyrves) = erse

say 25, by:
@ e j2 Pa
(Jeg,e1)(e=eg N e'=e1 A eg—re1) = er—e
Unfortunatelythis too leadsto problemsin proving —— for applications \-abstractionsand §-
Ideallywewouldliketo add = statementito eachof thesix casessofor example thenon-3

Defining — lik e this is a messyprocessandsubsequentlproving anything aboutit is likely to
= from our definitionsand

bedifficult. It is clearthatsomemechanisms desirablefor removing
lemmas,soit canbeignoredexceptwhererequired. We feel that the mostintuitive and elegant

methodis to form the quotientspacemodulo = .

3.3.7 Proof
for the 3-reductioncase,namelythat = is presered by substitution(seesection3.3). To see

Before we prove &(+——) we needto establishan importantpropertyof —— thatis required
whereit is used considetthefollowing casein the & ( —— ) proof. Supposehate — ey, e —s ey,



v—= v, andv —= vy. Then

(Az.e)v
[—/ \[—]

Now by the induction hypothesiswe canfind ane’ anda v’ sothate; — ¢’ andv; —— o' for
i € {1,2}. Thuswe cancompletethediagram:

//\ace \

e1[z := v1] eo[z := v9)

\x_v/

The \-abstractiorcaserequiresonly that — is preseredby renaming Suppose = ¢; for

i € {1,2}. Then
(Az.e)

Ax.eq AT.eq

Thusby theinductionhypothesisthereexistsane’ suchthate; — ¢’ for i € {1, 2}. Now for ary
y & FV(e;) we cancompletethe diagramusingAy.¢'[z := y], since:

Ay.ei[z :==y| = Az.e; Az.es = Ay.eo[T := v

\ /

Ay.e'[z = y]

The primitive operationcasecausesanotherproblemastherearetwo ways for suchan ex-
pressiorto reduce namelyby d-reductionor by reductionon eachof its amguments Fortunatelys-
reductioncanonly beperformedf theargumentsareall atoms.Furthermoreit is nothardto prove
thatunder —— , atomscanonly reduceto themseles. Supposehato(a) —s v, ando(a) — o(b)
wherea; -2+ b; for 1 < i < n. Howevera; € A impliesthata; = b;. Thuso(b) 2 vy.

All in all, proving the diamondlemmafor — is the hardeststepin our proof. Thelemma
is split up into differentsub-lemmagonefor eachcase)to make editing, andrevising the proofs

easier



Proving that —— * = -2 * is arelatively simpleprocessn comparisonThe proof consistsof
anumberof separatéemmaswhich aregivenbelow:

PBS €IL>60 :e&*eo
(

(PsBs) er2s*ey = e+ *e

BPs el e, = erts*e
( 0 0

(BSPS) elﬂ—v>*60 = 6PL)*60

ThelemmagqPBs)and(BPs)areprovedby inductionontherelevantinductive definition (parallel
reductionand compatibleclosurerespectiely). In contrastthe proofsof (PsBs)and(BsPs)are
carriedout by inductionon therankof thetransitive reflexive closure.

3.4 Church—RosserConclusions

We finish off this chaptemwith a discussiorof previousrelatedwork, togethemwith theconclusions
dravn from thework presentedhere.

3.4.1 Previous Work

Presumablhpecausef its importanceto the foundationsof (Theoretical)ComputerSciencethe
Church—Rossetheoremhas beenthe subjectof several machinebasedtheoremproving stud-
ies[36, 16, 35, 32,26, 30].

The earliesttreatmentvas by Shankamusingthe Boyer-Moore theoremprover [36], andlater
appearsasa chapterin his PhD thesis[37]. The formalizationof the A-calculususesde Bruijn
indices,andthe proofis the standardrait—Martin-Lof version.Onenotablepoint aboutthis proof
is thatit is carriedoutin avery weaklogic, onethathasno explicit quantifiers.

Thenext treatmentwasHuet's formal developmentof thetheoryof residualsn the A-calculus
usingthe Cogsysten16]. He usesde Bruijn indicesin his formalizationandestablishe€hurch—
Rosselasacorollaryto his treatmenbf residuals.

Rasmussefi35] ports Huet'’s treatmentto Isabelle. The emphasiof his treatmentis on the
difficulties involved in translatingone mechanicalproof on one platform to anothermechanical
proof on anothemlatform.



Nipkow [30] presents very generalandabstractreatmenof Tait—Martin-Lof style proofsof
Church—Rossen Isabelle. His treatmenis basedon a generaltheoryof commutatingrelations,
and covers both 5 and n reductionsystems. He also encodesand compareshoth the original
proof that parallel reductionhasthe diamondproperty as well asthe more recentone dueto
Takahash|39].

Pfenningin [32] presentsa developmentof the Tait—Martin-Lof proof in his EIf implemen-
tation of the Edinburgh LF [11]. The novel aspectof this treatmentis that it useshigherorder
abstractyntaxto encodethe lambdacalculus. This encodingdoesnot have a syntacticcatejory
for variablesof the (object) A calculus,but ratherusesthe variablesof the LF framewvork. For ex-
amplethe A constructoiis modeledby a constanin theframevork of theform A : (A — A) — A,
whereA is the syntacticcateyory correspondingo (object) A expression.

3.4.2 Conclusionsconceming the Work Reported Here

Our work differs from the previous work reportedabove in two importantways. The first and
mostobviousdifferenceas thatwe usethe PVS systemwhereaghework reportedabove reliedon
older systems.Prior to the work reportedhere,little usehadbeenmadeof the abstracidatatype
facility in PVS. The work reportedhere helpeddelug thesefacilities of PVS, and thus helped
refine the system. This refinementof the PVS systemis an ongoingprocess for examplethe
prover doesnt automaticallyapply the correctextensionalityand etaaxioms,so that the specific
axiom needsto be explicitly statedin the prover command.However, the bottomline is thatthe
abstractlatatypanechanisnis extremelyusefulin encodingoperationabpproachet semantics,
asis demonstratetdy our subsequenwork.

The secondand more importantdifferenceis that we directly formalize and reasonabouta
eguialence. Somethingthat hasnot beendonepreviously, to our knowledge. Indeedthe main
conclusionof thiswork, andof our subsequenwork aswell, is thatit is indeedpossibleto formal-
ize « equivalence andremainfaithful to the presentationfoundin text booksandjournals.

3.4.3 PVS Statistics

Theactualproofof Church—Rossean PVStookfour months althoughsomeof thistimewasspent
learningPVS.Sometime wasalsowastedattemptinga directproof of Church—Rossawithoutfirst
formingthequotientspace .Theactualmachinechecledproofinvolvestheproving of two hundred
andthirty six (236) distinctfacts,andtakes PVS threehundredandsixty secondq362) of CPU
time running on a Linux machineconfiguredwith 2 GBytesof main memoryand 4x550MHz



XeonPIll processorsThedumpfile containingall the PVS definitions,facts,andproofsis 2.396
MBytesandis availablefrom http://mcs.une.edu.au/ pvs/ [8].

3.4.4 Acknowledgements

In the courseof thework describedn this chaptemwe uncoveredseveralbugsin PVS’simplemen-
tation. We wish to thankexplicity SamOwre and Shankarat SRI in Menlo Park for promptly
fixing thesebugs, providing timely advice,and encouragementind thus allowing our work to

reachfruition. We would alsolike to thank Carolyn Talcott for providing constructve criticism,

aswell asencouragemeniThe resultsin this chapterappeaiin [10] andwe thankthe two anory-

mousCATS’01 refereedor their insightful commentsthat helpedimprove both the veracityand
presentatiorf this chapter



Chapter 4

The CIU Theorem

4.1 Intr oduction

In this chapterwe reporton the resultsof our secondsophisticatecand substantialiseof PVS
that establishes recentresultin operationalsemantics. This is of interestnot only becauset
requiresthe substantiablevelopmentof currenthigherordertechniquesn operationasemantics,
but also becauseat exposedseveral gapsin the publishedpresentatiorof the result. Thusthis
work exemplifiesthe possiblebenefitof seriousormalizationin contrasto standardnathematical
practicewhich typically leaves much unsaid. We also take greatpainsto formalize the actual
theoreticaltreatmentratherthan adaptingit to the tastesof eitherthe machine,or PVS. In this
regardwe were almostcompletelysuccessfulpnly on two occasionsvasit necessaryo deviate,
slightly, from the exactformal treatmentWe will mentionthemin the narrative. In this senseve
madeno useof the tricky representationthat McKinna and Pollack discusg26]. In our earlier
work [10, 8] describedn chaptei3 we carriedoutin PVS, for thefirst time,anamedvariableproof
of the Church—Rosseresultfor Landin’s call-by-valuelswim, without eliminatinga: congruence
by tricky encodings. Thusour work canbe seenasan attemptto reconciletheory with formal
verificationin practice. We shouldalso point out that prior to this earlierwork very little useof
PVS’s inductive abstractdatatypeshadbeenmade. Thusthis work alsorepresentshe first use
of theseaspect®of PVSto verify anon-trivial recentresult,asopposedo a classicresultthathas
beenusedsomevhatasabenchmari36, 16, 35, 32,26, 30].

Thusthis chapterhasseveral, hopefully complementarypurposes.On the one handit is a
detailedpresentatiorof the proof of the ClIU theoremfor uniform A-languageson the otherhand
it is aroadmapfor the actualmechanizegroof[9], andtheissuedraisedin its development.We

22



alsotry andaddressomeof theissueghatareraisedin presentingpothatheoreticalandthe cor

respondingormal development.We will usetheword theoretical to referto the treatmentf the
subjectmatterasit normally appearsn journal publicationssuchas [41, 24], to contrastit with

theword formal thatrefersto theanalagousotion,asformalizedin thecorrespondindg®VSdevel-

opment.Also in this chaptemwe usethe notationfile :<line number> to referto the particular
line in the unpacledfile, whosenameis file.pvs, of [9]. Sofor exampleCIU :210 is theactual
statemenbdf the main theorempresentedn this chapter We also extendthis notationto include
thenameof thetheoremJemma,or definitionwhenthisis of interest. ThusCIU : CIU :210 refers
to thetheoremC1IU in thefile CIU.pvs thatlies on line 210 of the unpacled versionof [9]. This

systemof presentatiomworkswell for the statementsf the resultscontainedn the development,
but not for theformal proofs. An areaof PVSthatneedsmoreattention.

4.1.1 Historical Background

Muchwork hasbeendoneto developmethodsor reasoningaboutoperationabpproximatiorand
eguialence.Methodsdevelopedfor reasoningaboutoperationabpproximationandequialence
include: generalschemedor establishingequivalence;context lemmas(alternatve characteriza-
tionsthatreducethenumberof contetsto be considered)and(bi)simulationrelations(alternatve
characterizationsr approximationdasedon co-inductvely definedrelations).An early example
is RobinMilner’scontext lemma[27] which greatlysimplifiesthe proof of operationakquialence
in the caseof thetyped\ calculusby reducingthe contexts to be consideredo a simplechainof
applications.CarolynTalcott [40] studiesgeneralnotionsof equialencefor languagedasedon
the call-by-value \ calculus,anddevelopsseveralschemedgor establishingoropertiesof suchre-
lations. DougHowe [13] developsa scheméor proving congruencédor a classof languagesvith
a particularstyle of operationakemanticsThis schemasucceed# capturingmary simplefunc-
tional programmindanguagdeaturesBuilding onthis work, Howe [14] usesanapproactsimilar
to theideaof uniform computatiorto definestructuredevaluationsystemsn whichtheform of the
evaluationrulesguaranteethat (bi)simulationrelationsare congruencesT he form of therulesis
specifiedusingmetavariableswith aritiesandhigherordersubstitutions.This syntaxenrichment
is very similar to the notionsof place-holdeandfilling usedhereto specify uniform semantics.
Theideaof usingsuchmetatermsto specifyclasse®f rulesgiving riseto reductionrelationswith
specialpropertiesvasusedby PeterAczel in [1] to prove a generalChurch-Rossetheoremand
in Klop [17] to developthetheoryof CombinatoryReductionSystems Metatermsarealsoused
in describinga unificationprocedurdor higherorderpatternsby TobiasNipkow in [28]. Mason



andTalcott ([22, 23]) introducedthe CIU characterizatiorof operationalequivalencewhich is a
form of context lemmafor imperatve languages.This lemmawasthengeneralizedoy Carolyn
Talcottto a very wide classof programminganguagesn [41]. It is this form of the lemmathat
we concentrat®nin this chapter

Notation

We concludetheintroductionwith a summaryof our notationcorventions.Let X, X, X; besets.
We specifymeta-ariablecorventionsin the form: let x rangeover X, which shouldbe readas:
themeta-\ariablexr anddecoratedariantssuchasz’, z, . .. , rangeoverthesetX. P, (X) is the
setof finite subsetof X. Fmap[Xy, X;] is the setof finite mapsfrom X, to X;. To emphasize
applicationasanbinaryoperationandto unify syntax,we oftenwrite app( f, z) for theapplication
f(z) of the function f to the agumentz. We write Dom(f) for the domainof a function and
Rng(f) for its range. Thusif f € Fmap[X,, X1], thenDom(f) € P, (X,). For ary function f,
f{z — '} isthefunction f’ suchthatDom( f') = Dom(f) U {z}, f'(z) = 2/, and f'(z) = f(z)
forz # z, 2 € Dom(f). Also f[ X istherestrictionof f to X: thefunction f’ suchthatDom(f’) =
Dom(f) N X andf'(x) = f(z) forx € Dom(f'). N = {0,1,2,... } is thesetof naturalnumbers
andi, j,n, ng, ... rangeoverN. In thedefiningequationgor varioussyntacticclassesve usetwo
notationalcorventions: pointwiselifting of syntaxoperationgdo syntaxclassesandthe Einstein

summatiorconventionthata phraseof theform F,,(Z") abbreiates| J, . Frn(Z"). For example

neN
if €2 is aranked setof operatorsymbols,thenthetermsover (2 canbe definedinductively by (as

theleastsolutionto) theequation:Tg = Q,(73). Unabbreiated,this equationreads:

TQ:U{w(tlv---atn)‘WEQn/\tZ‘ETQ for ]_SZSTL}
neN

Finally we usethetraditional % symbolto indicatewheretheformal developmenuncovered
gapsin thetheoreticaldevelopment.

4.2 Syntaxof Terms

4.2.1 Background

In this sectionwe presentboth the generalframeavork asdescribedn [41], and morerecently
in [24]. Concurrentlywe will describehow thesenotionsareinterpretednto PVS,aswell asary
interestingobsenationsconcerningheir formalization.



The operationaltheoryis a small-stepoperationalsemanticsand is obtainedby defining a
notion of stateanda singlestepreductionrelationon states.Statesconsistof anexpressioranda
statecontext. A statecontet often describeslynamicallycreatedentitiessuchasmemorycells,
arrays files, etc. Theform of statecontexts neededlepend®n the choiceof primitive operations.
Thereis an empty statecontext, andfor eachstatethereis an associate@xpressionrepresenting
thatstate.Valueexpressionsreasubsebf thesetof expressionsisedo represensemantic/alues.
Theseincludevariablesatoms,and\s. If the expressiorcomponenbf a stateis a value,thenthe
stateis a value stateand no reductionstepsare possible. Otherwise the expressiondecomposes
uniquelyinto arede placedin areductioncontext. A (call-by-value)redex is a primitive operator
appliedto a list of values.Thereis onereductionrule for eachprimitive operatorandthe single-
stepreductionrelation on statesis determinedby the reductionrule for the redex operator Of
courseit mayhappenhatarede is ill-formed (aruntimeerror)andno reductionstepis possible.
A stateis definedjustif it reducegin afinite numberof steps}o a valuestate.Usingthesebasic
notionswe definethe operationalapproximationand equialencerelationsin the usualway in
termsof definednes all programcontexts. This is the basicsemantidramework, independent
of the choiceof primitive operations. Within this framewvork we definethe notion of uniform
semantics.

The uniformity requirementsrethateachreductionrule hold not only for traditionalexpres-
sions,but alsofor expressiongontainingparametersr metavariables.This parametricnotion of
computatioris bestpresentedisingtheideaof acontext andthetreatmentherefollowsthegeneral
theorypresentedn [20].

4.2.2 The Syntaxof Expressions

A particular) languageequiresasetof atomsandasetof operationsto definethesyntax.It then
requireshe specificatiorof the valuesandstates.Thesehowever arejust suitablyuniform subsets
of the basicsyntax.

The Theoretical Treatmentof Syntax

Fix two disjoint countablyinfinite sets, X, of variablesandP of parameters:

ieN} P={X;

i e N}
Thebasicsyntaxof a A\-languages thendeterminedy specifyingthreesets:

(A): acountablesetof atoms,A, disjointfrom X andP;



(O): afamily of operationrsymbolsO = {O,, ‘ n € N} (O, is asetof n-ary operationrsymbols)
disjointfrom X U A U P; and

(V): thesetof valueexpressionsa subsebf expressionsy, thatwe will specifyin moredetail
immediatelyafterthe definition of the syntax.

We assumehat O containsatleastthebinaryoperatiompp (lambdaapplication).As we shall

seelaterby taking A = { } andO = {app} we obtainthe expression®f the purecall-by-value
calculus A, .
Definition 4.2.1(E, L, S, F): FLL — version — 03 :1-160
The setof expressionsE, andthe setof A-abstractionsL, the setof value substitutionsS, and
the setof parametesubstitutiondfillings), F aredefinedasthe leastsetssatisfyingthe following
equations:

E=XUPSUAULUO,(E") FLL — version — 03 :43-54
L=)XXE FLL — version — 03 :49
S = Fmap[X, V]|
F = Fmap[P, E|

Welet a rangeover A, z, y, z rangeover X, X, Y, Z rangeover P, e rangeover E, ¢ rangeover
L, o rangeover S, andX rangeover F.

PS is the setof parametersannotatedar decoratedy valuesubstitutionsValuesubstitutions,
S, arefinite mapsfrom variablesto valueexpressions.The domainof a substitutionis written as
Dom(o), andis definedin the usualway. Parametesubstitutionsarefinite mapsfrom parameters
i < n} for thevaluesubstitutiong, with domain{z; | i <

to expressionsWe write {z; — v
n} suchthato(z;) = v; for i < n. Similarly we write {X; — e¢; ‘ i < n} for the parameter
substitution 2, with domain{X; | i < n} suchthatX(X;) = e; for i < n. Notethata parameter
decoratedy a valuesubstitutionis anexpression.This allows usto computeparametricallywith
partially specifiedexpressionsandthusour expressiongieneralizehe usualnotion of context. In
this moregenerakettingwe mustbe somavhatmorecarefulto definecertainbasicnotions.

The Formal Treatmentof Syntax

In keepingwith our attemptto befaithful to thetheoreticatreatmentwe usefinite mapsin PVSto
representhefinite mapso andX. Also theentiredevelopments parametridn a setof atomsand
operationgwhichincludesthebinaryapp, togethewith thearitiesof thoseoperationsThistheory



is appropriatelynamedLandin , andcanbefoundin FLL — version — 03 :11 Implementation
of the syntaxwithin PVS is a straightforvard useof the datatypewith subtypedacility. There
arereally only two technicalissueghatarise,andonedesignissue.We will look atthetechnical
issuedirst, thendiscusghe designissue.

Thefirst technicalissuearisesbecause¢he setof variablesarenaturallya subtypeof the setof
expressionsHowever they appeamnegatively in thedomain(to the finite setconstructor)f anno-
tating substitution,andthus someway of avoiding this mustbe found. The solutionis relatively
simple,andrelatively painlessn thatit doesnot causea greatdivergencebetweerthe theoretical
treatmenandtheformal one.We annotatgparameterby mapsfrom finite setsof natirualnumbers
ratherthanvariables We thenmale useof the naturalidentificationof avariableandtheindex (in
this casea naturalnumber)from which it wascontructed.

The secondtechnicalissueis how to deal with the agumentlists to the operationsin the
language On the adviceof Shankamwe adoptedhe style of having a separatesubtypefor lists of
expressionsandexplicitly recursedn this structurein all our defintions. This providesthe PVS
typecheclkrwith additionalinformation,thatit would not normally be entitledtoo, andasaresult
substantiallyreduceghe numberof TCC'’s generatedWe shouldpoint out though,thatadopting
this stratggy meanghatsubsequergyntacticnotionswill reflectthis minor difference.

Finally we madea designdecisionto fully developthe syntaxprior to the introductionof the
notion of values. Thereare obvious andnot so obvious reasondor this. The obviousis that by
omitting the valuerestrictionswe aredevelopinga moregeneralframevork thatoneday may be
putto gooduse.Thenotsoobviousis thatby addingtherestriction,at this stage thatthe rangeof
annotatingsubstitutionderestrictedto valueswould substantialljcomplicatethe developmentof
thebasicsyntaticoperationsuchasrenaming substitutionandfilling, especiallyin thegenerated
TCCs.Thuswechoseo ignorevaluesatthis stageandonly laterin thedevelopmen(Values :19)
definethemby recursionasa subtypeof expressionsvith thedesiredfeature.

Auxilliary Syntactic Notions

Oneof therealdifferencesdbetweertheoreticalandformal treatmentsiow takesplace. Whatcan
beglossedoverin apageor two in atheoreticakreatmentcannow take severalpersonwveeksand
significantamountsof patienceandingenuity

Given the above implementationof the basicsyntax,we mustnow develop the more basic
auxilliary notionsthatareglossedover ratherterselyin ary theoreticatreatment We mustdefine
the rank of an expression,so asto be ableto defineby inductionand recursionmore comple
notions.We mustdefinederivednotionssuchasthe free variablesof anexpressionandthe setof



parametershatoccurin it. Thesesetswill befinite, andthis factitself mustbe verified,usuallyas
TCCs.

We mustdefinesubstitution,which itself entailsdevelopingthe simpler notion of renaming.
Filling similarly mustbe defined,asmustthe notion of beingequivalentmodulothe renamingof
boundvariable(a equivalence). We mustthenalsoshow thatthesesimpleaswell asimportant
operationsarefunctionalmodulothis equivalencerelation. As well asestablishinghata equva-
lenceis acongruenceandthatit hasall the propertiegshatwe assumat to have (i.e. it is indeeda
congruenceanequivalencerelationpreseredby the syntacticconstructions).

Rank

Therankof anexpressionis definedusingthereduce _nat facilty thatis automaticallygenerated
from therepresentationf the syntaxusingPVS’s datatypewith subtypedacility. Becauseof the
particularchoicesmadein implementingthe syntax,the theoreticaland practicalnotionsof rank
do not coincide.Theactualrankwe implementis:

Definition 4.2.2(rank(e)): Rank :1-87
(0 if e € XUA,
1 + rank(e if e = \z.eg,
rank(e) = < (o) ’

2 4+ max({rank(e;) ‘ 1<i<n})+n ife=d(e,...,en)

| 1 + max({rank(c(x)) ‘ z € Dom(o)}) ife= X7

Derived Syntactic Notions

The first notionsneededn the formal developmentare the setof variables,free variables,and
parametershatoccurin anexpression.They areall simplerecursve definitions,andin theactual
formal treatmentare setsof naturalnumbers. Thusthey are the indexes of the variables,free
variables,and parametersespectiely. We mustalsoestablishratherobviousfacts,suchasthat
thefreevariablesarea subsebf thevariables.

Definition 4.2.3(FV (e), FP(e)): Vars :1-95
ThefreevariablesFV (e), andthe parametersi'P(e), (which arealwaysfree) of anexpressiore
aredefinedinductively. Thenovel clausesre:

FV(X7)= |J FV(e(z) FP(X7)= |J FP(o(z))u{i}

z€Dom(o) z€Dom(o)



The free variablesF'V (e) aredefinedin Vars :14 , while the parametersFP(e), are definedin
Vars :38. We extendtheseto substitutionss the obviousfashion:
FV(A)= | J FV(A(6) FP(A)= |J FP(A@) forAeSUF.
deDom(A) deDom(A)
Onelastderived pieceof notationconcerningannotategarametergppearingn expressions.
The setof trappedvariables, Traps(e), is definedto be the smallestsetof variablesthat contains
thedomainsof ary substitutionthatannotatesnoccurrencef a parametem e.

Definition 4.2.4(Traps(e)): Traps :1-35

Theseamountto a simpleinductive definition, theinterestingclausebeing:

Traps(X7) = U Traps(o(z)) U Dom(o) Traps :20
z€Dom(o)

Thesetof traps,liketheothernotionsdescribedbove, arethe setof indexesof theappropriate
variablesandthey satisfysimplepropertieslik e beingpreseredunderrenamings.

Renaming

As a preludeto defining (captureavoiding) substitution filling, andthe companiomotion of re-
namingof boundvariables(a.k.aa-conversion),aswe pointedout in [10], carefultreatmentsof
the A-calculuswill define,by structuralrecursion the notion of a variablerenaminge{*~#}. One
nice propertypossesselly variablerenamingss thatit preseresrank, unlike substitutionandto
establishits totality we mustbuild thatfactinto its type:

ele=v) ey € E ‘ rank(ey) = rank(e)}

Actually we mustbuild much more informationinto its type. For examplewe mustassertthat
renamingpreseresthe subtypesusedin definingthe basicsyntax. In otherword it maps\ ex-
pressiongo A\ expressionapplicationsto applicationsetc. Eventhe simplernotion of renaming
generatewver twenty TCCsthat mustbe verified. Renamingitself is of interestbecausef the
nestedecursionthattakesplacein the A clause.

Definition 4.2.5(Renaming e*~¥}): Subst :26

(Az.e)#=9 = . ((el2=h){z=9})  for v fresh,ie.v € FV(e) U {z, y}.

Notethatwe alwaysrenamethe A boundvariablesyegardlesof whetheror not a clashmight
have otherwiseoccurred.To producesuchfreshvariableswe positafunctionnew thatpulls them,
or atleasttheirindices,out of a hat:



Definition 4.2.6(new): FLL — version — 03 :112

new : P,(N) — N satisfying (VIV € P,(N))(new(W) ¢ W)

Substitution

We cannow turn our attentionto the glamouroperationssubstitution andfilling.

Definition 4.2.7(Substitution e?): Subst :110-182
e’ is the resultof simultaneousubstitutionof free occurrence®f z € Dom(o) in e by o(z),

taking carenot to trapvariables.Taking carenot to trap variablesamountgo definingsimultane-

oussubstitutioninto a A expressiorby the following schemewhich makesuseof the previously

definednotion of renaming,

(Az.e)? = Av.((et*=7h)9) for v fresh,i.e.v € FV(e) UFV (o).

In the caseof decoratecparametersve definesimultaneoussubstitutionas follows, (X7°)7 =
x € Dom(oyp)}.

X(8), whereof = {x > oy(z)°
We alsoprove thatour notationis not misleading;n the following lemmathe left handsideis
renamingwhile theright handsideis substitution.

Lemma 4.2.8(Renaming): ef#~v} = elz—} Subst : Subst_Rename :166
Filling
Definition 4.2.9(Filling e*): Fill :1-73

e is the resultof simultaneousubstitutionof decoratedccurrence®f X € Dom(X) in e by
¥(X) instantiatedby the (suitably substituteddecoration againtaking carenot to trap variables
(otherthanthosein therangeof thedecoration) For decorategparameterd is definedasfollows,
(X7)® = (X)°" if X € Dom(X), andX°" otherwisewheres? is definedpoint-wise: 0> =
{z = o(z)® ‘ x € Dom(o)}. In the caseof \-abstractionsye defineparametesubstitution
exactly aswe would valuesubstitution:

(Az.e)® = Av.((elmHE) for v fresh,i.e.v ¢ FV(e) UFV(X).

which againmakesuseof the previously definednotionof renaming.



a Equivalence

While the notion of being equivalentmodulothe renamingof boundvariableseasily extendsto
this moregeneralketting[20] by simply clarifying whatcanandcannotbe bound:parametersire
neverbound;variablesn thedomainof anannotatingsubstitutiorareneverbound;variablesn the
rangeof anannotatingsubstitutionmaybe bound. We begin by presentinghe (proof) theoretical
definitionof = [20]:
Definition 4.2.10(<): WeakAlpha :1-108
€o = e e en =€
e, ... en)=0(e,...,¢€)

DOHI(A()) = Dom(Al) Ao(é) = Al(é) V6 € DOIH(AZ)

(Base) 2y providedv € AUX (Op)

(Subst) -
AO = AI
Ao,Al €S Oer,Al €F
o {mo=v} 2 p{m=vh for 4 fresh.
(Param) 00;701 (Lambda) —2 il - Y
X=X )\mo.eoE/\.’L'l.el

Thereis substantialeevay in the preciseway oneformalizes = . Theseissuesarediscussed
atlengthin [26] sowe shallnotdwell onthemhere. The main pointto make is thatwe attempted
two formalizationsjn keepingwith thewell testedrule of having weakintroductionprinciplesand
strongeliminationprinciples.The strongform wasdevelopedin Alpha :1-450 wherewe actually
formalizedthe notion of beinga proofin theabove systemanddefined= by

3 A

e = e (3r aproofin theabove system)(I' F ¢y = ¢; ) Alpha :185

Establishingactssuchastransitvity, symmetry andreflexivity requiredthe formal manipulation
of proof objects. Theweakform wasdevelopedin WeakAlpha :1-48 andwasa simpleinductive
definition along the lines we usedto prove the Church—Rossetheoremin [10]. The two forms
wereprovedequvalentin WeakAlpha :85. However it wasthe wealer form thatprovedthe most
usefulin thesubsequentevelopmentof the CUI theorem.

Both the formal andtheoreticaltreatmentrequirethe developmentof a large library of facts
concerninghisrelation. Themostbasicfactsnecessargrecollectedheretogetherin alemma.

Lemma4.2.11(=): 1. eg=e; = rank(ey) = rank(e;). WeakAlpha : WeakRank :76

2. = isreflexive. WeakAlpha : WeakReflexive :88



3. = is symmetric. WeakAlpha : WeakSymmetric :94
4. = istransitive. WeakAlpha : WeakTransitive :97
5. ep=e, = FV(e) = FV(ey). WeakAlpha : Alpha FV :104

Substitution presevesa Equivalence

The main result concerningthe relationshipbetweena equivalenceand substitutionis that the
latter preserestheformer:

Lemma4.2.12(AlphaSubst): AlphaSubst : AlphaSubst_Theorem :132
eO%el A 00%01 = e’ =e]!

As pointedoutin [20] the proof of this is somavhatdelicate actuallyit is evenmoredelicate @

thansuggestedhere. Sincethe proof presentedheredoesnot standup to the testof formalizing

in PVS.In [20] the suggestegbroof requiresestablishingdirectly, the following threeproperties

by simultaneousnduction.

Lemma4.2.13(Alpha): AlphaSubst : AlphaSubst_Swap :132

@ @ z—ep} & {z>ef
1. (=€ N ey=e¢]) = eé O}Eeé o}

2. ( &€FV(e) A g £z #1y) = (ef07")lame) Z (el ehy o)

3. (eé”—w}){’”’y} = eéw'_)y} forv & FV(ep)

However the actual proof first must establish(by simultaneousnduction) the correspond-
ing threepropertiedor renamingratherthansubstitutionAlphaSubst : Alpha Prop_Lemma :70.
Thenusingthesegactsconcerningenamingestablishthefirst two propertiesabove, againby simul-
taneousnduction.Notethatthethird propertyof lemmad4.2.13is actuallya propertyof renaming.
It is now relatively simpleto prove thatsubstitutionpreseresa congruence.

The formal developmentand proof of the CIU theoremalso requiressomeother relatively
simplepropertieof substitutioranda congruenceThey aresummarizedn thefollowing lemma.

Lemma 4.2.14(SubstProps):

1. (Dom(oy)—Dom(c1))NFV(e) = = (%)% = (') AlphaSubst : AlphaSubst_Inner :136
2.z € FV(e) = (elvmeh)lomel = plume) AlphaSubst : AlphaSubst_Contract :140

3. FV(e)NDom(o) =0 = e=e° AlphaSubst : Subst_FV :149



Filling presevesa Equivalence

We mustnow establishsimilar propertiesof filling, theprinciplebeingthatfilling alsopreseresa
congruence.

Lemma 4.2.15(AlphaFill): AlphaFill : AlphaFill Theorem :51
eO%el A 20%21 = 6020%6121

Thisis provedby simultaneousnductionalongwith thefollowing fact.
Lemma4.2.16(FillSwap): AlphaFill : AlphaFill Swap :47
z ¢ FV(T) = ()0 = (elomvh)”

As in the caseof substitutionthe developmentand proof of the CIU theoremrequiresestab-
lishing severalsimplefactsconcernindilling. Thesewe collecttogetherin thefollowing lemma.

Lemma4.2.17(FillPr ops): AlphaFill :65-82

1. Dom(X) NFP(e) =0 = e=e”

2. qg=e; = FP(ey) = FP(ey)

3. (Nica FP(&) =0 A X # X1) = (elXomeoh){Ximear} 2 i |i<2)
4. (/\i<2 FP(@Z) — @ /\ XO # Xl) = e{Xol—)eo}U{Xll—)el} % e{Xll—)el}U{Xol—)eo}

Definition 4.2.18(Term, Closed): Closed :1-27
We adoptthe corventionthat an expressionwith no parameterss calleda term Furthermorea
termwith nofreevariabless closed Thusbeingclosedimplies having no parameters.
Thesenotionsare usedhewily in the statementand proof of the CIU theorem,and conse-
guentlywe mustalsoestablishsimplefactsconcerninghem,suchasthatthey arepreseredby «
eguialence andthatthey arebothpreseredunderfilling (sincethey remainunchanged).

Values

Definition 4.2.19(Value ExpressionqV)): Values :1-122
The setof valueexpressionsy, containsall variablesatoms,and As. It mayin additioncontain
expression®f theform J(v™). Operatorsy, that producevalueexpressionsarecalledconstruc-
tors. A binary (non-mutablepairingoperations a prototypicalconstructor V- mustalsosatisfy:

(triv) V is closedunder = Values :75



(vsub) veV = v €V Values :81
(inst)y veV = veV Values :84
(dich) e*€V = (e€ V)V (e=X" AX(X)eV) Values :87
We let v rangeover V.

We cannow defineValues : NewE :37 the subtypeof expressionghat we will restrictour
attentionto in the sequel. Theseare expressionswvhich only contain parameterannotatedby
valuessubstitutionssubstitutionsvhoserangeis a subsetof V. We will continueto denotethis
new setby E, thoughin the formal treatmentt is calledNewE. Oncedefinedwe mustalsoshav
that renaming,value substitution,andfilling all presere the definingpropertyof NewE. Thisis
donevia judgementgo enablethe PVStypecheckrto usethemin thetypecheckingprocess.

The following lemmasimply points out a simple consequencef the closureconditionson
values.

Lemma4.2.20(inv): Values : ValuesSubst_Lemma :99
e eV =eeV

Proof: Pick ey, suchthatef € V, andlet X beafreshparameterPute = X7, ¥ = {X — ¢}.
Then
e’ = (X) =3(X)) =5(X) =¢ €V

sinceX? ¢ V we canuse(dich) to concludethatey € V. |

4.3 Semanticsof Terms

4.3.1 Operational Semantics

In aA-languageomputatiorstateis representedsa classof expressionsEachparticulananguage
will posses#t’sown classof stateexpressionsteflectingthe natureof the primitive operationghat
it is basedon. In what follows we fix a distinguishedparameter to designatehe position at
which effectsareto be obseredin a contet representinga computationstate. We call this the
stateparameter

Definition 4.3.1(StateexpressionqZ)): Computation :19
Foraparticulari-languagéeZ is assumedo beasubsebf E. We call Z thesetof stateexpressions.
Z is assumedo satisfythefollowing uniformity conditions:

(triv) Z isclosedunder= Computation :27



(par) (€Z = o€ FP(() Computation :31
(vsub) C€Z = (" €Z assuming ¢ FP(o) Computation :34

(insty (€Z = ¢*e€Z  assuming ¢ (Dom(X) UFP(X)) Computation :37

¢ rangesoverZ ando € Z is theemptystateexpression.

Definition 4.3.2(Computation States(CS)): Computation :46

CS 2 7 : Eisthesetof computationstates.We let S rangeover CS andlet ¢ : e bethe

statewith statecontext ( and expressione. The computationstate( : e is saidto be a value
stateiff e € V. Givenastate( : e, we associate correspondingxpressionby filling the state
parametein the context with the expressionj.e. ({°~¢}. A stateis closedjustif its corresponding
expressionis closed,in otherwordsif ¢{°~¢} hasno free parametersr variables.Application of

valueandparametesubstitutiondo statess definedby in the obviousway: (¢ : e)? = (7 : e

and(¢ : e)® = ¢* : e¥. Notethatby (vsub) and(inst) theseareonly meaningfulif o ¢ Dom(o)

ando ¢ (Dom(X) U FP(X)).

Definition 4.3.3(Reduction (—, —) and Definednesg])): Semantics :28

Given a reductionrelationfor a A-language:( : ¢ — (' : ¢/, the following definitionsare
standardThetransitiveclosureof — is —»

Definedness: Semantics :38

(C:e)l & (eeV)V (C:e—»(":v)

Approximation: Semantics :42

Equidefined: Semantics :45

(C:e)l(Gie) & (G:ea)l & (Gre)l)

Equal:

(Core)=(Grer) & FveV,CeB)(N(G:e)— ()

j<2
Equiwalued: Semantics :48
(Co : 60) ~ (Cl : 61) g (CO : 60) $ (Cl : 61) A (Co : €o)¢ = (Co : 60) = (Cl : 61)

Length: Semantics :55
|C : e| istheleastn € N suchthat( : e reducego avaluestatein n stepsjf ¢ : e .



The formal treatmentof the transitive closureof a relation,andits rank (usedin definingthe
length of a computation)are theoriesthat we were ableto reusefrom our proof of the Church—
Rossertheorem[10]. They aretreatedin rel :1-210. To definereductionrulesfor general-
languagesand formulatethe central propertiesof reductionand equivalence,we introducethe
notionsof redex andreductioncontext. Sinceevaluationis call-by-value,aredex is simplyannon-
constructoroperatorappliedto the appropriatenumberof value expressions.Redexesandvalue
expressionsnustbe disjoint, thuswe mustaccountfor the factthat someexpressionof theform
I(w, ..., v,) Maybevalueexpressions.

Definition 4.3.4(RedexeqE.,)): Computation :65
Thesetof redees,E,, is definedby:

E, =0,(V") -V

Note that redexesin our framevork may or may not reduce. The point is that they are simply
expressionf a particularshapejn otherwords: candidategor reduction. The setof redexesis
closedunderthe following uniformity conditions.

Lemma 4.3.5(RedexUniformity): Computation :??
Redeessatisfythe following uniformity conditions:

(triv) E, isclosedunder= Computation :??
(vsub) r € E, = r? € E, Computation :88
(inst)y r€E, = r* cE, Computation :??

We usethe distinguishedparameter to denotethe evaluation parameter(or hole), and we
definethenotionof areductioncontext, R, accordingly Reductioncontets (alsocalledevaluation
contetsin theliterature)identify the subexpressiorof anexpressiorin which reductionto avalue
mustoccurnext. They themselesrepresentheremaindeof thecomputationj.e thecontinuation
In our approachhey correspondo theleft-first, call-by-valuereductionstrateyy of [33] andwere
firstintroducedby [6].

Definition 4.3.6(Reduction Contexts(R)): Computation :70
The setof reductioncontets, R, is thesubsebf E definedby

R ={e} UOuin({v €V | e g FP(v)}", R, {¢ € E | o ¢ FP(¢)}")

We let R rangeover R. We adoptthe conventionof writing R[ e] insteadof R{*~e1},



Obsene that both the definition of redec, andthe definition of reductioncontexts dependon the
particularchoiceof values,andthusvary from one A-languageo another Also notethatR will
satisfya similar setof uniformity conditionsasthosesatisfiedoy stategDefinition 4.3.1):

Lemma 4.3.7(Rcx Uniformity): Computation :1-233
Reductioncontexts satisfythe following uniformity conditions:

(triv) R isclosedunder= Computation :109
(par) R € R = e € FP(R) Computation :94
(vsub) ReR = R°€R assuming ¢ FP(o) Computation :189
(insty ReR = R*eR  assuming ¢ (Dom(X) U FP(X)) Computation :224

A term,anexpressionwithout parameterss eitheravalueexpressioror decomposesniquely
into arede placedin areductioncontext. Thisgeneralizeso thepresensituationin thefollowing
fashion.

Lemma 4.3.8(Decomposition): Computation : Rcx _Decomposition Theorem :179
For arny A-languageif e € E theneithere € V or e canbewritten uniquelyaseither

(i) R[ r] whereR is areductioncontet andr € E,, or else
(i) R[ X°] whereR is areductioncontext, and X € PS is adecorategparameter

In the latter casewe say that the expressionis toudching the parameterwhile in the former
we saythatthe expressiommaybe reducible Therequirementhatthe evaluationparametedoes
not occurin eitherthe leadingvalue expressionspr the trailing expressionss necessaryor the
uniquenssaspecbf thislemma.A simplecountergampleis thefollowing:

Ry =1(e,0) Ry =1v(e,7) Ro[r] =9(r,r) = Ry[ r]

4.3.2 Uniform Semantics

We now specifywhatwe meanby a A\-languagéhaving uniformsemanticsThekey requirements

thatreductionstepghatdo nottouchaparameteareuniformly independendf whatthe parameter
might standfor. In addition, we requirethat: single stepreductionis essentiallydeterministic;
reductionis presered by value substitution;a state,andits associateaxpressionstartedin the

empty statecontet, areequi-definedandif one statereducedo anotherthenthe two statesare

equi-definedandthereducthasshortercomputatiodength,if defined.



Definition 4.3.9(Uniformity (U)): Semantics :1-121 @
A \-languages saidto have uniformsemanticsf it satisfieghefollowing:
(i) Functionalmodulo = andimplicit bindings: Semantics :70

(/\(Ci re)=((re) = (Greo—Cre) = (Gre)— (el

(NCie—Gre) = 7ot 2¢le)
j<2

(i) Uniform in valuesubstitutions: Semantics :75

Cie—(C:e = (C:e)7 —(¢":¢€) providedDom(o) N (Traps(¢) U Traps(¢’)) = @ ando ¢ FP (o).

(iii ) Stateevaluation: Semantics :79

C:efor¢t

(iv) Well-founded: Semantics :82
(C:e—( e ACrel) = ((eLAIC: €| <[ €)

(v) Parametric: Semantics :86

CO e — Cl e = (C() : 60)2 — (Cl : 61)2 for awz € F with o ¢ (Dom(E) U FP(E))

(vi) Dichotomy: Semantics :90
Assumingo ¢ Dom(X), if (¢ : e)* — (' : ¢’ theneither

( : e touchesa parametem thedomainof X, or

e}

(Cl : 61)E

(vii) Closure: Semantics :95& 100

(:e— (e, forsome(; : e; suchthat(’ : e

() (CG:eo— Gie) = FV(EE7 C Ry

(i) (Co:eo—C:e1) = FP((i:e1) CEFP({:e) A (0 &€ FP(ey) = o & FP(ey))

In the languagesve consider(U) holds for the following reasons. (U.i) holds becausehe
only non-determinismn a reductionstepis the choiceof namesusedin the statecontet. (U.ii)
holdsbecauseeductionghatdo not dependon the valuesof free variablesareparametrian the
valuesthatthosevariablestake. (U.iii) holdsbecauseeductionof o : ¢({°~¢} essentiallyrecreates



the statecontext (. (U.iv) follows sinceif a stateis defined,thenary reductionmakesprogress.
Clearlyif thereductstateis defined thenthe original stateis defined.(U.v) and(U.vi) formalizes
the uniformity requiremenfor reductionsteps. (U.vi) statesthat either computationtouchesa

parameteor is parametric.Thesearesatisfiedoy reductionrulesthattreatthereductioncontect as
anabstracentity, andthatdependon thekind of constructiorof aredex argument,but not on ary

informationaboutsubparts.This is easily expressedisingthe parametersFinally, (U.vii) holds
becauseomputatiomeitherintroducesnew parameterspor new free variables.Furthermorehe

stateparametedoesnot propagatento the expressiorbeingevaluated.

4.3.3 Approximation and Equivalence

Now we defineoperationabpproximatiorandequialenceon termsandlay the groundwork for
studyingpropertiesof theserelations.In whatfollows we fix a particulardistinguishecparameter
X, distinctfrom o ande. Welet C' rangeoverexpressionsvith X astheonly freeparameterSuch
expressionglay therole of traditional A\-calculuscontects, andwe extendour convention,stated
in definition4.3.6,0f sometimesvriting C[ e] insteadof C{X~¢}, Notehoweverthatfor example
thetraditionalcontext Az.app(y, Az.app([ ] , z)) doesnot correspondo Az.app(y, Az.app(X, 2))
but ratherto onewherethetrappingshave beenmadeexplicit attheoccurrencef the X parameter:
Az.app(y, Az.app(X {(z7®222} 2)).

Definition 4.3.10(Approximation ¢, C e;, Equivalence ¢; £ ¢;): Approx :1-76
For termsey, ¢; define

eCe & (VO | Cleal, Ol elclosed(o: Cle] < o: Cel)
e=e & egle ANe E e

Note thatwe arerestrictingour attentionto terms,ratherthanarbitrary expressions t is easyto
seethatoperationabpproximations a congruencenterms:if ¢y C e, thenC[ ¢g] C C[ €] .
Similarly for operationakquivalence.

4.4 The Proofof ClU

4.4.1 TheCIU Theorem

We maynow statethemainresultconcerninganguagesvith uniformsemanticsthe CIU theorem.

Theorem 4.4.1(CIU): CIU: CIU :210 @



For a A\-languagewith uniform semantics:

eoCe < (V(,R,0 ‘ /\C:R[ ef] closed(¢: R[eg] =X C:R[e]])

j<2
undertheassumptiothatFV(ey) = FV(e;).

CIU is anacrorym for closedinstancef uses sincethe valuesubstitutiono, closesthe e;,
while the reductioncontet, R, represents useof the valuereturned,in the appropriatestate (.
Thusonly the valueof the expressionsg;, areobsened. Althoughthe theoremholdswithout the
addedassumptiorthatE'V(ey) = FV(e;), we have asyet beenunableto verify this usingPVS.
Thisis the subjectof ongoingwork, andwe hopeto be ableto remove this assumptiorshortly.

This assumptionis usedin the following lemma, which guaranteeghat we may presere
closednesby replacingsomenumberof occurrencesf ¢, by e;.

Lemma4.4.2(Closed): CIU: Ciu_Closed :83
Suppose: satifiesFV(e) = 0, FP(e) C {Xy, X1}, FV(ey) = FV(e;), elXoeoX1—e} js closed,
andeiXorenXameal s closed. Then e{Xo—e.X1~el s glsoclosed.

To seethatthefirst two conditions(without thethird) arenecessargonsiderthefollowing:

{yo—ryo.y1—e'}
—y1,Y0—>X
e = )\yo)\yl)(éyl yr.go ! }

elXomvo.X1mv0} = Ayo Ayp.yg,  etFomvRXioud = Ny Ayyyy,  but etFomveXimnd = o Ay e

To seethatthefirst threeareall necessargonsider:

{yo—¥1,¥1—2y3-Xo}
1—Y1 0'—))\ 92.X
¢ — )\y1.Xéy Y1,Y0-rAy2. X, }

e XomvoXimwo) — AY1-AY2.y1, etXomynXimu} — Ayr.y1,  but etXomvo.Ximyi} — AY1.AY2.-AY3.Yo-

Anotherusefullemmain the PVS proof allows us, aheadof time, to replacea parameterby
whatit is aboutto befilled with.

Lemma 4.4.3(Delay): CIU : Ciu Delay :100
If eisaterm,thenR[ X7] (Xet = R[ e7] (X—el,

4.4.2 The ClU Proof

Thefactthatonecanpresent syntacticreductionsystemfor imperatve A-calculiwasdiscovered
independentlyn 1986-1987n [23], andin [7]. As well asbeingconceptuallyelegant,it hasalso
providedthe necessaryoolsfor several key resultsandproofs. In additionto eliminatingmessy



isomorphisnconsiderationso dealwith arbitrarychoiceof namesof newly allocatedstructures,
it alsowasa key stepleadingto theformulationof the CIU theoremf{irst presentedn [22]. There
arenow several proofsof this resultin the literature. The theoremfirst appearedn [23] andthe
proof (sketch)presentedhereusedtechniquesimilar to thosedevelopedhere.A somavhatmore
detailedand generalversionof this sametechniqueappearedn [41]. A seconddistinct, proof
was presentedn [12] that simply shows thatthe CIU relationis a congruence.This proof also
appearsn amoregenerakettingin [21].

Proof: (CIU =) CIU : CIUR :153
The (CIU =) directionis relatively simple,andrequiresproducinga context C' suchthatC| ;]
evaluatesto ¢ : R[ ef] . Supposethate, T e, andchoose(, R,o suchthat( : R[ e]] is
closedfor 0 < j < 2. Sincetheseexpressionsare closed,we may assumehat the only free
parametem ( is o, andthato(x) is aterm,for eachr € Dom(o). Extendo to 6 by mappingeach
x € Traps(¢) — Dom(o) toitself. Notethate! = ¢f. Chooseannew parametetX andconsider
the expression = ¢ {emR X7,

Lemmad4.4.4. CIU: CIUR Helper2 :129

C[ 6]'] — (C{oHR{o»—»x&}}){X;_;ej} — C{OHR{.HE?}}

Now by thislemmao : C[ ¢;] areclosedthusby definition4.3.10we have that
0:Cle] X o:Cle].

Theno : C[ ¢;] T ¢ : R[ ef] bylemma4.4.4,and(Unif.iii). Thus¢ : R[ ef] =< (: R[ef] as

desired. 0
Proof: (CIU «) CIU : CIUL :206
Assumethat

(ciu) (¥¢,R,o | \C:R[ €] closed(C: Rl ¢f] < ¢:R[€f]).

j<2

We prove

(V¢ e | A(C: )9} closed((¢ : o)X} < (¢: )Xl
j<2
by inductionon thelengthof the computatiorof (¢ : e){¥—el,
The proof is relatively straightforvard modulo the hard case. The hard caseis when ¢, is
avalue,and (¢ : e)i¥~e} non-trivially reduceso a value. This caseitself mustbe proved by



anotherinduction. This inductionis on the numberof non-nesteaccurrencesof X thatoccurto
theleft, or below, wherethe computationis currentlytaking place. An occurrenceof X in e is
saidto be non-nestedf it is notin the scopeof a A-expressionor in the rangeof a substitution
annotatinga parameter

(CIU «) BaseCase: CIU : CIUL Base :156
Supposehat (¢ : e){X~«!} is a valuestate. Thus e{X~%} mustbe a value. Thusby (dich) of
definition4.2.19,eithere is avalueor elseit is of theform X for somes, and e, itself mustbe
avalue. In the casewheree is avalue,we have that e{X} is alsoa valueby (fill ) of definition
4.2.19,and hence(¢ : e)i¥~el} is alsovalue state(note that ({X~e} ¢ Z is implicit in the
hypothesis). So supposehat ¢, is a value,andthat e is of the form X7 for someo. Also let
¢; = (¥t ando; = o4} for 0 < j < 2. Thenin this case

(C . e){Xl—)eo} — C{Xl—)eo} : eg-{XHEO} = ¢ 6670

is avaluestate andhence

Q{X'—)el} : eg—{Xr—»el} — Cl . 681

mustalsobe a value stateby (fill) of definition4.2.19. We alsoclaim that(; : ¢J* is closedby
lemma4.4.2.By assumptiord; : e/* is closed.Thuswe mayusethe (ciu) hypothesisvith { = (i,
R = e, ando = o to concludethat

{X+seq} {X—er}
(O L g S G < Gt = (O g

Now simply obsene that

(C . e){Xi—ml} — (C . Xa){Xn—)el} — C{X.—ml} : eif{X»—)eﬂ _ <1 : 6{71.

So(¢ : e)iXmel |,

(CIU <) Induction Case: CIU: CIUL_IH :166
Now supposghat (¢ : e){X—e} | non-trivially. Thusthereisa(¢* : e*) suchthat(¢ : e){X—e} —
(¢* = e*)and|(¢* : e*)] < |(¢ : e)iXe}|. Henceby (Unif.vi) either

(i) thereis astate(¢’ : €') suchthat(¢ : e) — (¢': ¢') and (¢’ : e'){X e} = (¢*: ¢*), orelse
(i) (¢ : e) touchegheparameterX .

(CIU <) Induction Case(i): CIU: CIUL :221
In (i) we have by theinductionhypothesighat (¢ : ¢/)iX~e} < (¢ : ¢/)iX~el} andthusby



hypothesig(’ : ¢/){X—e} || This caseis completedby observingthatsince(¢ : ) — (¢’ : ¢'),
by (Unif.v) we havethat (¢ : e)iX~et — (¢': ")iXed Thus(¢ : e){Xel | asdesired.

We areleft with case(ii) where(( : e) toucheghe parametetX. Withoutlossof generalitylet
e = R[ X?] . We considerntwo caseslependingopn whetheror note, € V:
(CIU <=) Induction Case(ii) (ey &€ V): CIU: CIUL :221
Sinceey € V we have by (Decompositior) (i.e. lemma4.3.8)thateithere, uniquelydecomposes
into Ro[ o] , or elseRy[ X3°] . However the latter caseis ruled out sincee, is aterm. So ey, =
Ry[ 1] . Now by lemma(delay)

(C . R[ X°] ){X|—>eo} — (C : B[ eg] ){X»—wo} — (C . R[ Ro[ 0] °] ){X»—)eo} — (C . R[ Rg[ 7,(«)7]] ){X»—>eo}

Now since R[ R{] is areductioncontext, andr§ is still arede by (inv) (i.e. lemma 4.2.20),
we havethat (¢ : R[ ej] ) doesnottouchthe parametetX andsoreducesuniformly by (Unif.vi).
Thus(¢ : R[ el]) — (¢ : ¢€) for some(¢’ : €). Thusby (Unif.v) (¢ : R[ eg] )Xo} —
(¢': e){X=e}l andhence((’ : e/){X—<!} |, soby theinductionhypothesig¢’ : e/)*¥~e} | Now
alsoby (Unif.v) (¢ : R[ ¢g] )Xt — (¢' @ ¢'){X~el}, consequentlyve may concludethat
(¢ : R[eg])Xed |, Now put ¢, = ¢X—ed B = RIX~el} ando; = oiX~e}, Thenby
lemma4.4.2we may instantiatgciu) andconclude

Ci:Ri[eg'] = G Rafel'].

Consequently; : Ri[ e*] |, asis (¢ : e){Xal} | sincethey areidentical.

(CIU <) Induction Case(ii) (e € V): CIU: CIUL Value :182
Sincewe areassuminghat (¢ : e)iX¢!} | non-trivially, we know thatthe term efX—¢! is nota
value,andso mustdecomposeiniquelyinto R*[ r*] . Furthermoresincee, is avaluewe canfind
aC containingboth X ande, andanc suchthat:

R* = C«{Xi—)eﬁo} r* = C{X|—>eo} e — C{ol—)c}

Althoughc neednotbearede&, andC neednotbeareductioncontext, sincein generabothcould
containoccurrencesf X.
We sayan non-nesteaccurrenceof X is toudhedin e if it occurseitherin ¢, or to theleft of
thee in C'. In whatfollows we shallwrite
all otheroccurrences
o X,X,... X | XX, X)

all touchedoccurrences



to indicatetheoccurrenceghataretouchedandthosethatarenot. We alsoassumehatthetouched
occurrencesrecorrectlyorderedirom left to right. In thatthe leftmosttouchedoccurrenceorre-
sponddo thefirst X in thislist, while theright mosttouchedoccurrenceorrespondso the X just
beforethe ‘ .

Now theinductionhypothesisanbe usedto shav that

(C : e(eg, €, --- € ‘ X, X,..., X)Xl < (Cre(e, e0,...,6 | X, X,...,X))Xal

sinceby constructione(ey, €, - . . , € ‘ X, X,...,X) doesnottoucha hole, but ratherdecom-
posesdnto the partially filled C andc. The patrtialfilling of C andc arenow, alsoby construction,
areductioncontext andarede. Thusboth sideswill reduceuniformly by a single step,andthe
inductionhypothesisappliesto thesereducedexpressions.

Thusputting(; = ¢(X~e}t we mayconcludethat

(C1:e(eo, €05--- 5 €0 ‘ er,e1,---,e1))

We now prove, by induction on the numberoccurrencef parametersn e(X, X,... | X

€1, €61,y 61), that

Y

(C1:e(eo, €0,--- €0 ‘ e, e1,...,e)) =2 (G:elesern,... e ‘ e, e,...,e€1))

Thebasecaseis trivial, sinceif thereareno parameterso the left of the ‘ , thelefthandsidestate
is identicalto theright handside state. Thuswe needonly shov how we mayreducethe number
occurrencesf parameterfn e(X, X, ... | X ‘ e, éi,...,e1) byone.

We dothis by consideringhe expression:

e(eg, €g, - - - 5 €0, X ‘ €1,€1,---,€1)

obtainedvyfilling all buttheright mostnon-nestedccurenceof X ine(X, X, ... | X ‘ €1,€1,---,€1).
By constructiorthis expressions touchingthe parameterX andthuscanbewrittenasR'[ X°] .
Thuswe may use(ciu) to conclude

(Ci:RTegl) 2 (G:RTel])
Or in otherwords:
(C1:e(eo, €0, -, €0, €0 ‘ en,en,...e) = (Gielenern... e, e ‘ e, e,...,€1))

It then only remainsto shav that e(X, X, ... , X, ¢ ‘ e, e1, - .. , 1) satisfiesthe induction
hypothesisandhasonelessoccurrenceof the parameterX. Clearly the numberof non-nested



parameterslecreaseBy one.To seethate’ = e(X, X,... , X, ¢ | e, e1,...,e) hasthedesired
decompositionandreducesion-trivially we considettwo casesdependingpnwhetheror not e; is
avalueor not. Whene; is avaluethe samedecompositiomemainsvalid, andasthe computation
is uniform, non-triviality follows. If ¢; is notavalue,thensinceit is atermit mustbe of theform:
Ri[mr].ThenC' =e(X,X,... , X, Ry | e, ey,...,e)andc = r sufiices. |

4.5 CIU Conclusions

Themostobviousconclusionto draw from thework reportedn this chapteris thatit is possibleto
usePVSasatool in the developmentof modernoperationatechniquesanda productve tool at
that. It is not hardto seethattoolslike PVSwill, in thefuture,play animportantpartin language
design,implementationandevenprogramdevelopmenitself.

Theformalizationof the annotatecholestechniques alsoa highlight of the work. Providing
theunusuatechniguewith aunquestionablbasis.Howeverthemostimportantaspecof thework
reportedhereis theway it, to mix metaphorsgraggedhe groundbreakingaper{41] overthehot
coals,or putit througha fine toothcomh Thefinal product[24] is certainlythe betterfor it. To
recap: the processof formalizing the CIU theoremrevealedthreemajor cateyoriesof problems
with the publishedtheoreticalversions.Unstatedclosureconditionson the setof values,andset
of states.Unstatedbut necessaryiniformity requirementsieededor the proofto be carriedout.
Finally someextraconditionsonthetermsor contexts consideredn theactualCIU proofto ensure
thatreplacingoneexpressiorpreseresthe closednessf the computatiorstatesnvolved.

45.1 PVS Statistics

The actualproof of CIU in PVStook approximatelyfour months(July 00 throughearly Novem-
ber 00). The actualmachinechecled proof involvesthe proving of two hundredand sixty six
(266) distinct facts,and takes PVS two thousandsix hundredand sixty six (2662) secondg44
minutes)of CPUtime runningon a Linux machineconfiguredwith 2 GBytesof mainmemoryand
4x550MHz XeonPIIlI processors.The dumpfile containingall the PVS definitions,facts,and
proofsis 8.362MBytes andis availablefrom http://mcs.une.edu.au/"pvs/ [9]. It thus
representsoughly four timesasmuchwork aswasrequiredto prove the Church—Rossetheorem
in PVS,asdescribedn the earlierchapterandreportedn [10].



4.5.2 Acknowledgments

Our work in this chaptermadeheavry useof the finite setlibrariesin PVS that have beenmade
freely availableby Ricky W. Butler etal [2] andwe thankthemfor their effort.



Chapter 5
Conclusions

Themostimportantconclusions thatPVScanbeusedasatool in modernoperationatechniques.
The abstractdatatype mechanisnof PVSis extremely usefulin definingsuchstructuresasthe
syntaxof expressiondor languagesalthoughsomeaspectf this featurecould be improvedto
provide moreautomatedproving. All in all, however, the useof ADTSs for inductive definitions
removesalot of themoremenialwork from the specificatiorprocess.

Severalbugswerealsodiscoveredin PVSitself andthesehave beensubmittedo thedevelopers
of PVSatMenlo Park. Thediscovery of bugsin theimplementatiorof PVSleadsto improvements
bothin theintegrity of the systemandalsothe prover. SincePVSversion2.1 wasannouncean
April 24,1997 ,roughly500bugshave beensubmitted.Thesencludeproblemswith all aspect®f
PVSsuchasthetypechecler, parserandprover.

To our knowledgethe work on the Church—Rossaheoremis thefirst time thata-equivalence
hasbe formalizedin a mechanizedoroof. Thus certaindetailsconcerningthe propertiesof a-
equialencehave for thefirst time, beensubjectto therigors of formal verification. Thuswe can
concludethatreasoningvith = andits propertiesn atheoremproveris a practicaloption. How-
ever, working in the quotientspacemodulo = s still preferabledueto thereducedcompleity.

The procesof formalizingthe CIU theorenrevealedthreemajor catgyoriesof problemswith
the publishedtheoreticalversions. Unstatedclosureconditionson the setof values,and set of
states. Unstatedbut necessaryniformity requirementsieededfor the proof to be carriedout.
Finally someextraconditionsonthetermsor contexts consideredn theactualCIU proofto ensure
thatreplacingone expressionpreseresthe closednessf the computationstatesinvolved. Thus
suchmethodsof verificationareindeedusefulfor testingexisting theoryfor problemssuchasthe
omissionof necessargonditionsandassumptions.

The CPU time taken to prove the CIU theoremis much greaterthanthe CPU time for the
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Church—Rossetheorem(2662 seconddor ClIU asopposedo 362 for Church—Rosse). Thisis
in partdueto the morecomple type definitionsfor CIU including subtypedor expressionsand
values. The generatiorof TCC bothin the specificationandin the prover playeda large partin
the amountof time requiredfor the CIU proof. Methodsfor combatingthis problemeitherwith
judgement®r lemmaswould definitelybe a key issueof furtherwork donein PVS.

Sofinally in summary the main conclusionghat can be dravn from the work donein this
thesisare:

e PVScanbeusedasatool in modernoperationatechniques;

e thework onthe Church—Rossaheoremis thefirst known proof thatformalizesa: congru-
ence;

e the proof of the CIU theoremis the first useof PVSto prove a recentresultin operational
semantics;

e formalverificationcanbeusedto uncover problemsn existing theory

Thusin thefuture,toolslike PVS arelik ely to play animportantrole in languagedesign,imple-
mentatiorandevenprogramdevelopmenitself.
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