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Abstract

In this thesis,two theoremsof operationalsemanticsarespecifiedandprovedin thePVStheorem

prover. Thefirst theoremis theChurch–Rossertheoremfor anuntyped,call-by-value
�
-calculus

with primitiveoperations.Thenovelaspectof theproofis that � -equivalenceis specificallydefined

without resortingto the useof a tricky representationsuchasDe Bruijn indices. The proof also

takesadvantageof thelittle usedPVSabstractdatatype(ADT) mechanism.

This featureof PVSallowsthespecificationof complex inductivestructures,andis particuarly

suitedto syntacticaldefinitions. In additionto providing a quick andeasymethodfor suchdef-

initions, PVS generatesmany of the requireddefinitionsandaxiomsautomaticallysuchasrank

definitionsandinductionschemes.

The secondtheoremis the CIU theoremfor uniform
�
-languagesandassuchrepresentsthe

first useof PVSfor proving a recentresult. Theprocessof specifyingandproving theCIU theo-

remuncoveredseveralgapsin existing theory. As with theChurch–Rosserproof, thePVSADT

mechanismis usedfor thespecificationof thesyntaxof
�
-languages.
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Chapter 1

Intr oduction

This thesispresentsthe first useof PVS asa tool for specificationandverificationof resultsin

operationalsemantics.Suchsemi-automatedmethodsfor theoremproving areof importancebe-

causethey requireall detailsto beaddressedandthusproduceanextremelyrigorousresult. This

is in contrastwith standardmathematicalpracticewhich typically leavesmuchunsaid.

A descriptionof PVS canbe found in chapter2. This includesan overview of PVS specifi-

cations,an analysisof the typing systemincluding thegenerationof type correctnessconditions

(TCCs)anda sketchof PVSproofsincluding the interfacebetweentheuserandthe prover, and

the internalrepresentationof a proof. Of particularnoteis theuseby PVSof judgementsto help

reducethenumberof TCCsgenerated.Thischapteralsogivesanaccountof thePVSabstractdata

type(ADT) facility for thedefinitionof inductivestructures.EachADT definitionalsoproducesan

entiretheorycontainingaxiomsanddefinitionsfor thedatatypewhich areessentialwhendealing

with suchstructures.Little prior useof this featurecouldbefound.

The detailsof the Church–Rosserproof are given in chapter3. In particular, the ways in

which the proof differs from previous computer-basedproofsareemphasised,andany resulting

difficultiesdescribed.This chapterprovidesa backgroundintroductionto the
�
-calculusandthe

Church–Rossertheoremitself includinganoutlineof theproof. Theactualproof is basedon the

Tait–Martin-Löf notion of parallel reduction. To give an overview of the original aspectsof the

proof:

� weusethePVSsystem,especiallyitsbuilt-in ADT facility, to verify aversionof theChurch–

Rossertheorem;

� weusethenamed-variableapproachandthusavoid theuseof tricky representationsof vari-

ables;

1



CHAPTER1. INTRODUCTION 2

� we explicitly define � -equivalence,andthusmustprovea numberof propertiesof this rela-

tion;

� wetreatthemorecomplex call-by-valueversionof the
�
-calculusasopposedto thecall-by-

nameversionusedin previousproofs.

Themainaim of this chapterhowever is asa preliminaryevaluationof PVSasa tool for working

with operationallogicsfor realisticprogramminglanguages.

Chapter4 coverstheproofof arecentresultin operationalsemantics,namelytheCIU theorem

for uniform
�
-languages.Thusit representsthefirst useof PVSandspecificallyits abstractdata

typefacility for theverificationof a non-trivial theorem.Thischapterhasseveralpurposes:

� it givesa presentationof the syntaxof uniform
�
-languagesaswell as the definitionsof

operationalapproximationandequivalence;

� it givesa detailedanalysisof theproof of theCIU theoremitself;

� it providesanaccountof theactualmechanizedproof;

� it highlightsgapsfoundin existingtheoryandthusprovidesevidencefor thepossiblebenefit

of theuseof suchrigoroustechniquesfor thetestingof currenttheory.

As with the Church–Rosserproof, greateffort is taken to model the exact syntaxandstructure

of the languagewithout tailoring the specificationto a representationwhich is easierfor PVS to

understand.As such,no tricky representationsof variablesareused,andaswith our earlierwork,

� congruenceis explicitly treated.



Chapter 2

An Overview of PVS

PVS is a verificationsystemdevelopedby SRI anddraws on almost20 yearsof experienceat

designingsuchsystems. PVS hasa very sophisticatedtype system,which includespredicate

subtypes,dependenttypes,parameterizedtheories,a mechanismfor definingabstractdatatypes,

numbers(bothrealandintegral),ordinals,andformsof inductionup to �
	 . Thispower, of course,

comesat a price. In this casethe price is that type checkingis undecidable.As a consequence

the type checker generatesTCCs (Type-CorrectnessConditions)that needto be discharged ei-

ther by the PVS systemor its user. The advantageof the PVS type systemis that preconditions

andpostconditionscanbe incorporatedinto a function’s type. A preconditionis incorporatedby

declaringa morerestrictive parametertype,while a postconditionis incorporatedby declaringa

morerestrictivereturntype.

With complicatedspecificationsin PVS, it is possibleto get overwhelmedby TCCs. Ac-

cordingly, a mechanismis provided to alleviate the buildup of TCCsvia judgements,that make

availablemorespecificinformationto thetypechecker. Judgementscomein two varieties.Con-

stantjudgementsstatethat a particularconstanthasa morespecifictype than its declaredtype,

while subtypejudgementsstatethatonetype is a subtypeof another. Eachjudgementgenerates

oneTCC which mustbeprovedin thesameway asotherTCCs. However, a TCC which canbe

immediatelyproved by a previous judgementor judgementsis not generated.This alsoapplies

to TCCswhich aregeneratedwhilst proving a lemma. While judgementsallow a wide rangeof

typing propertiesto bespecified,they arein no way asdiverseasordinarylemmas.In additionto

this, judgementsareonly automaticallyusedto suppresstheproductionof TCCs,sofor all other

applicationsthey mustbe explicitly called. We point out in theproof wherewe make useof the

judgementmechanism.

A backgroundcollectionof theoriesis providedin thePVSprelude.Includedaretheoriesfor

3



CHAPTER2. AN OVERVIEW OFPVS 4

numbers,setoperations,finite sets,ordinals,functions,inductionschemes,orderingsrelations,and

abstractdatatypes,includinga list definition.

The preludealsocontainsa numberof judgementsconcerningsuchthingsassetsboth finite

andotherwise,functionalclassifications(eg. all bijective functionsaresurjective),andnumbers.

Thesejudgementscanbeusedtogetherto prove morecomplicatedtypefacts.For example,there

are judgementsstatingthat the setof positive rationalnumbersis a subsetof the setof positive

realnumbersandtheproductof two positiverationalnumbersis apositiverationalnumber. Sothe

typechecker canconcludethattheproductof two positive rationalnumbersis alsoa positive real

number.

A proofin PVSis viewedandeditedvia asequent-stylerepresentation,consistingof antecedent

andconsequentformulas. Logically, this is equivalentto statingthat the conjunctionof the an-

tecedentsimpliesthedisjunctionof theconsequents.Certainoperationscansplit thecurrentproof

into two or moresubproofs,so the overall internalstructureof a proof is a tree. A proof treeis

consideredtrue,if all of its leavesaretrivially true.For thepurposeof identification,eachsequent

formulais assignedauniquenumberedautomatically.

ThePVSproveracceptscommandsin Emacsvia a Lisp-like interface.Thesecommandscon-

sistof high level commandscalledstrategiesanda numberof morespecificcommandsknown as

rules. Strategiesaredesignedto tacklea broadrangeof problemsandideally finish proofsauto-

matically. Rules,on theotherhand,give theusermuchmorecontrolover theproof, althoughthe

actionstakenaregenerallymoreatomic.For example,thesplit rule splitsthecurrentproof into a

numberof subproofs,while thepropstrategy splitstheproofandthenappliespropositionalflatten-

ing andsimplification. Thehighestlevel strategy, grind, is usefulin a wide numberof situations,

andcanfrequentlyfinish off a proof automatically. It is generallya goodideato attemptproofs

usingthehigherlevel strategiesfirst, resortingto lower level commandsonly whennecessary. In

additionto increasingthelevelof automation,thisapproachproducesproofsthataremoreresistant

to changesin thespecifications.

Most commandsacceptargumentsandkeywords to defineor alter their effect. Arguments

includesuchthingsassequentnumbers,lemmanamesandexpressions.Keywordsmaybeused

to specifythe typeof actionto take, or alter the actionin someway. For example,whencalling

thegrind strategy, a list of lemmasto usecanbespecifiedvia therewritesandtheorieskeywords.

As mentioned,eachsequentis uniquely numbered,meaningthat for somecommandsto work

properly, a sequentnumbermustbe supplied. However, modifying the specificationmay cause

thesesequentnumbersto change(for example,analterationmayaddanantecedentformula to a

proof,whichwill causesomeor all of thecurrentantecedentformulaeto benumbereddifferently).



CHAPTER2. AN OVERVIEW OFPVS 5

Thiscanbedisastrousfor aproofbecausesomeof thecommandsmaynow beworkingondifferent

sequentformulae. PVSallows sequentnumbersto bespecifiedin a moregeneralfashion(eg ’-’

meansany antecedentformula),whichhelpsalleviatetheproblem,but doesnotwork in all cases.

PVSprovidesa mechanismfor definingabstractdatatypes(ADTs) inductively usinga list of

constructors.Fromtheseconstructors,a completesetof axiomsis automaticallygeneratedwhich

contains:

� extensionalityaxioms(two objectsarethesameif they areconstructedfrom thesamecom-

ponents);

� etaaxioms(anobjectconstructedfrom thesamecomponentsof � is identicalto � );

� accessoraxioms(acomponentof aconstructoris theappropriateconstructorargument);

� inductionschemes(for inductionon thestructureof theADT);

� recursive combinators(for definingrankfunctionseitherfor thenaturalnumbers,or theset

of ordinals).

In additionto ADT axioms,PVSautomaticallygeneratesinductionschemesfor all inductivedefi-

nitions.

A PVSspecificationis split up into theoriesanddatatypedefinitions.Eachtheoremconsists

of a (possiblyempty) list of parameters,importing and exporting statements,type definitions,

constantdefinitions,functiondefinitions,judgements,andlemmas.Theparameterscanbetypes,

subtypes,or constants.Exportingstatementsareusedto specifythenamesthataremadevisible to

theoriesthatareimportingthecurrenttheory. Importingstatementsspecifya list of theoriesto be

importedandcanbeeitherparametrizedor unparameterised.



Chapter 3

The Church–RosserTheorem

3.1 Intr oduction

In thischapterwepresentaformalizedproof [8] of theChurch–Rossertheoremfor aversionof the

call-by-valuelambdacalculus[33] in thespirit of Landin’s ISWIM [18]. Theproof is developed

in the PVS [4] system,and is usedas a test bed or benchmarkfor evaluatingthe applicability

of that systemfor carrying out more complex operationalarguments,suchas computingwith

contexts [20], developingFeferman-Landinlogic [24] or proving theCurry-Howardisomorphism

theoremfor variousversionsof typedlambdacalculi,andthecorrespondinglogics[38].

Our approachis relatively unusualin that it is basedon the namedvariableapproach,and

concentrateson thecall-by-valueversionof the � rule. Our desireto handlethemorecomplex �
rule is motivatedby our desireto extendthis work to morerealisticprogramminglanguages.The

proof is basedon the,now standard,Tait–Martin-Löf notionof parallelreduction.

Althoughtherearenumerouscomputer-basedproofsof theChurch–Rossertheoremin theliter-

ature[36,16,35,32,26,30] (seesection3.4for abrief survey), all of theexistingproofseliminate

theneedto treat � conversionby usingreasonablystandardencodingtricks. � conversioncanbe

avoidedeitherby eliminatingthesyntacticcategory of namedvariablesin favour of deBruijn in-

dices[5], or by usingthevariablesof the logical framework itself [11], ratherthanincorporating

oneinto theencodedsystem.

Only thetreatmentby McKinna andPollack[26] usesnamedvariables,ratherthandeBruijn

indicesor thevariablesof thelogical framework itself. HoweverMcKinna andPollack,following

on in Gentzenand Prawitz’s footsteps,make a rigoroussyntacticdistinction betweenfree and

boundvariables.Our namedvariableapproachdiffers from McKinna andPollackin thatwe do

notmakesuchadistinctionbetweenfreeandboundvariables.Consequently, unlikeMcKinnaand

6
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Pollack,we mustformalize � -equivalence,prior to developingthe variousnotionsof reduction.

Again this desireto handlethe
�
-calculusasit is, ratherthanhow thePVSsystem(or any other

theoremprover) would prefer it to look, is motivatedby our desireto extend this treatmentto

richer systemsthat may not be so easily streamlined. In a similar vein, McKinna andPollack

alsousewhat they term tricky representations,thatarefaithful to the intuitive notion,but whose

faithfulnessis left unformalized.A typical examplefrom [26] is therepresentationof a renaming

of variablesasa Lisp-styleassociationlist, i.e. a list of pairsof variables,andusinga Lisp-style

assoc operationto obtainthe new namefor a variable. The fact that suchan alist representsa

functionis anaccidentalfeatureof assoc , asis thefactthatcons ing ontoa thefront of analist

shadowsany old valuesassociatedwith thevariable.Indeedthey point out thatthis representation

makesit very difficult to constructbijective renamings,to thepoint that they avoid doingso. In a

similarveinMcKinnaandPollackalmostexclusivelyuselistsfor representations,whenthenatural

mathematicaltreatmentsusefunctions.Our approach,on theotherhand,electsto usethenatural

mathematicalrepresentationwhereverpossible.Wewill discussthis,andits consequencesin more

detailshortly. Thusthenovel aspectsof our approacharethat:

� weusethePVSsystem,especiallyits built-in abstractdatatypesfacility, to verify aversion

of theChurch–Rossertheorem;

� we formalizea versionof the
�
-calculus,as it normally appearsin textbooks,ratherthan

tailoring it to suit themachineor system;

� we treatan ISWIM variationon thecall-by-valueversionof the
�
-calculus,ratherthanthe

simplertraditionalcall-by-nameversion.

However the main aim of the work reportedherewasto evaluatePVS asa tool for developing,

stateof theart,operationalbasedprogramminglogicsfor realisticprogramminglanguages.

3.2 A Whirlwind Tour of the Church–RosserTheorem

Following in the footstepsof [34] we provide a whirlwind tour of the call-by-value
�
-calculus

and the Church–RosserTheorem. The Church–RosserTheoremwas historically taken to be a

consistency proof for a systemdesignedto be a functional foundationof Mathematics(i.e.
�
-

calculus)[3]. Thesedaysthe
�
-calculusandthe Church–RosserTheoremis part of almostany

TheoreticalComputerScientist’seducation.
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Our treatmentof the
�
-calculusfollows that of Landin [18] (a la ISWIM) in that we include

constantsandprimitiveoperations,aswell asthemoreusual
�
-abstractionsandapplications.The

primitive operationseachpossesan arity, whoseexistencewe will suppressin the remainderof

this paper. We startwith an infinite setof variables,� ( ��
���
�� rangeover � ), a setof constants,�
, andsetof primitiveoperationsymbols,� , anddefineby inductionthesetof

�
-expressions� .

For our purposes� is theleastsetsatisfying:

����������� � � � � �!�"�#�%$&�(')�*�+$,�-
.�/�.�0
��('
The inductive natureof � allows for a myriadof rank functions,aswell asstructuralrecursions.

Simpledefinitionsthatusestructuralrecursionsarethe setsof variables,free variables( 1324$657' ),
andboundvariablesoccurringin anexpression.As apreludeto defining(captureavoiding)substi-

tution, 5.	78 �9���:5<;>= , andthecompanionnotionof renamingof boundvariables(a.k.a� -conversion),

careful treatmentsof the
�
-calculuswill define,by structuralrecursion,the notion of a variable

renaming. One nice propertypossessedby variablerenamingsis that it preserves rank, unlike

substitution.� -conversionandsubstitutionarethenthemselvesdefinedby structuralrecursion.At

thispoint it usualto defineanotionof � -equivalence, ?@ , andeitherremarkthat
�
-expressionsare

now only distinguishedup to ?@ , or muchlessfrequentlyform the quotient �BAC?@ . The latterof

courserequiresfirst establishingthat ?@ is a congruence,andthat theoperationsof interest(such

asrenamingandsubstitution)arefunctionalwith respectto it. The rule for deducingthe ?@ of�
-abstractions,

� �D	E��5.	 ?@ � �0;F�G5<; , reducesto showing 5.	H8I�D	J���:�K= ?@ 5<;L8 �0;B���:�M= for suitable� . From

a logical point of view we have, at least,two choices:we canrequirethat this hypothesisis true

for somefresh � (i.e. �"NO 1P24$&5.	F'3� 1324$65<;Q'Q' , or we canrequirethat it is truefor all such � . Even

thoughthesetwo forms will generatethe samerelation, the precisechoicewill have non-trivial

consequencesfor therigorousmachinecheckedproof.

Thetime is now ripe to define(call-by-value)computationon
�

terms.To do thisonespecifies

thesetof values, R , asa (sometimesinductively defined)subsetof the
�

terms,which in this case

consistsof constants,variables,and
�

abstractions.The singlestep � -value-reductionrelation,S>TU VXW , is parametricin a � function, �C�K�+$ �JY ' UW R , andis generatedby therulesin figure3.1. As

defined
S TU VXW is neitherreflexive,nor transitive.

As is standard,givena relation � , we define ��� to be the transitive reflexive closureof � . A

relation � is saidto have thediamondpropertywritten, Z+$&�-' , if f

$\[]5.	E
�5<;^
�5._F'/$&5.	`�a5<;cbd5.	`��5._fe $hgi5.jF'L$65<;k�l5.jmbn5._o�l5.jF'
'
A relationis saidto beChurch–Rosseror confluentif f Z+$&� � ' . TheChurch–Rossertheoremstates

that Z+$ S TU VXW � ' . Since
S TU VXW in neitherreflexivenor transitive it is not thecasethe Z+$ S TU VXW ' . To see
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$&�qpE' $ � ���G57'sr S TU VXW 5M8 � ���:rt= for r avalue.

$6�<' uq$&5<;F
.�.�.�0
�5 Y ' S TU VXW r if 5<;^
.�.�.�)
�5 Y O9v%wyx $6�<' and �q$&uK
�5<;F
.�.�.�0
�5 Y 'k�:r .
$hz`{<' 5.	 S TU V]W 5<;� ���G5.	 S TU V]W � ����5<;
$hz left ' 5.	 S TU VXW 5<;

5M$&5.	^' S TU VXW 5M$&5<;
' $hz right ' 5.	 S TU VXW 5<;
5.	E$657' S TU VXW 5<;/$657'

$hz`|&}�' 5 S>TU VXW 5/~
u�$65<;F
/�.�.�0
�5/�h
�5y
�5/���i_E
/�.�.�0
�5 Y ' S>TU VXW uq$&5<;^
.�.�.�]
�5/��
�5/~�
�5/���i_.
.�/�.�0
�5 Y ' for ��������� .

Figure3.1: SingleStep� -value-reduction

thisconsiderthefollowing two counterexamples.In eachcasethedottedarrow doesnotbelongtoS>TU VXW .

Reflexivity: �,�t�X�I�t���,�M�J�����,�M���I���h�<���

�,�M���I�M���t����� �

�
Transitivity: �,�M���I���i���,�M�J�����,�M���I�M�h�<���

�,�M���I���i���,�M�J�I�M� �,�M�J�����,�M���I�M�h�<�����,�M�J�����,�M���I�M�h�<���

�,�M�J�I�M���,�t���I�t�
TheTait–Martin-Löf proof of this theoreminvolvesdefininga parallelreductionrelation, �U VXW ,

which is reflexive, mergesleft andright applicationreductioninto a singlerule, andallows, in a

singlestep,boththeabstractionandthevalueto bereducedin the �i� reductionstep,seefigure3.2

for thecompletedefinition.Theproof thenfollows from establishingthreefacts:

1. Z+$��U V]W ' holds.This is thedelicatepartof theproof. Our versionof theproof is a structural

inductionon the proof that 5.	��U VXW 5<; andproceedsby caseanalysison the last stepin this

proof. This is not theonly methodof proof, for exampleTakahashi[39] hasrecentlypub-

lisheda proof thatdoesnot analysethereductions,but ratherrelieson takingthemaximum
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$6�����,�H' 5 �U VXW 5
$6���� /' 5¡�U VXW 5/~¢r �U V]W rt~

$ � ���G57'sr �U VXW 5 ~ 8I�£�¤��r ~ = for r avalue.

$6�<' uq$&5<;F
.�.�.�0
�5 Y ' �U VXW r if 5<;^
.�.�.�)
�5 Y O9v%wyx $6�<' and �q$&uK
�5<;F
.�.�.�0
�5 Y 'k�:r .
$6�k{<' 5.	 �U VXW 5<;� ���G5.	 �U VXW � ����5<;
$6�k¥§¦�¦7' 5.	 �U VXW 5<; 5._ �U V�W 5.j

5.	7$65._F'¨�U V]W 5<;/$&5.jF' $6�k|�' 5/�n�U VXW 5 ~� for �m������� .
u�$65<;^
.�/�.��5 Y ' �U VXW u�$65 ~ ; 
.�.�.�)
�5 ~Y '

Figure3.2: Parallel � -value-reduction

parallelreductionstep(calledthecompletedevelopment). We do not follow this versionof

theproof.

2. Z+$ �U V]W ' implies that Z+$ �U VXW � ' . This actually holds for any relation � , and hasa nice
geometricproof. It is alsorelatively simpleto establishusingadoubleinduction.

© ª]« ª]« ¬­¬\¬ ª © ª0« ªX® ¬­¬\¬ ª

¯ « ¯ « °K«�« °K«�® ¬­¬\¬

¯ ® ±>² ² ³s´­µ6¶Q¶·´ ¯ ® °t®­« ¬­¬\¬

.

.

.
.
.
.

.

.

.
.
.
.

¯ ¯ ¬­¬\¬ °

3. �U VXW � is thesamerelationas
S>TU VXW � . Pollackpointsout [34] that this stepis usuallyconsid-

eredtrivial, but cancauseproblemsfor thenamedvariableapproach.In our versionof the

proof,neitherof theseobservationsis true.Theproofsarenon-trivial, but non-problematic.

3.2.1 A summary of the Encoding& Proof

To summarize,our encodingof the
�
-calculus,andthe subsequentproof of the Church–Rosser

theoremhasthefollowing shape:
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� Syntax:

Define the syntaxof the
�
-expressions,and relatednotionsof expressionrank, free and

boundvariables,renaming,andsubstitution.

� Alpha:

Define ?@ andestablishthat it is anequivalence(congruence)relation,andthat renaming,

andsubstitutionarefunctionalmodulo ?@ . Several lemmasconcerningthe interactionbe-

tweenrenaming,andsubstitutionalsoneedto beestablished.

� Quotient:

Formalizethenotionof identifying
�
-expressionsonly up to ?@ .

� � and � :
Definesinglestep � -value-reduction(parametricin a � function).

� Closures:

Developageneralmechanismfor generatingthetransitive,reflexiveclosureof a relation,as

well asamethodfor establishingfactsaboutsuchclosures(e.g.rankinduction).

� Parallel:

Definethenotionof singlestepparallelreduction,andestablishsomebasicfactsconcerning

it. For examplethatit preservesvalues,andis preservedby substitution:

5 �U VXW 5 ~ e $&5 O R¸e 5 ~ O RC'
$&5.	 �U VXW 5<;cb¹rH	 �U V]W rt;
'ºe 5.	78I� �¤�»r<	�= �U V�W 5<;L8 �9����rt;>=

� Proof:

Theproofnow consistsof thethreestepsdescribedabove.

– Z¼$ �U V]W ' holds

– Z¼$ �U V]W ' impliesthat Z+$ �U VXW � '
– �U VXW � is thesamerelationas

S TU VXW �
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3.3 A Tour of the Encoding of the ½ -calculus & the Church–

RosserProof

3.3.1 Syntax

Thesetof variablesis definedasatypewith thepropertythatfor everyfinite setof variables,there

is a variablenot containedwithin it. Fromthis definitiona ¾]¿FÀ functioncanbedefinedon finite

setsof variables,with thepropertythat $\[X� O 1ÂÁ�Ã0$,�"'Q'F¾]¿FÀÄ$,�i'-NO � .
Thesetof

�
-expressionsis definedasanabstractdatatype.

� [
�

: TYPE+, � : TYPE+, # : [ � W nat]]: DATATYPE

BEGIN

IMPORTING �
Var( � : � ): Var?�

( � : � , 5 : � ):
�XÅ

app( 5 : � , 5/~ : � ): app?

K( Æ : �
): K?

� ( u : � , Ç : list[ � ]): � Å
END �

Thedatatypetakesthreeparameters,a non-emptytype
�

for theatoms,a non-emptytype �
for theprimitivefunctions,anda function# which mapseachprimitivefunctionto its arity.

Therankof a
�
-expressionis definedusingtheautomaticallygeneratedrecursive combinator

(seechapter2). The rank is usedthroughoutour specificationfor carryingout inductive proofs

on
�
-expressions.It is proved that the rank of an expressionis larger than the ranksof all its

subexpressions.

ÈÊÉ $657'���Ë 5 O $­��� � '
ÈÊÉ $ � ����57'��ÌË`Í ÈyÉ $657'
ÈÊÉ $65M$&5.	^'
'��ÎËÏÍ ÈyÉ $&57')Í ÈÊÉ $65.	F'
ÈÊÉ $6u�$65<;^
�5._E
.�.�.�0
�5 Y 'Q'k�ÎËoÍ ÈÊÉ $65<;Q')Í ÈyÉ $65._F')Í��/�.�EÍ ÈyÉ $&5 Y '

We developthenotionof freevariables( 1P2 ) via aninductivedefinition.

1P24$­�X'���ÐE�)Ñ
1P24$&ÆK'Ï�nÐtÑ
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1P24$ � ���G57'��¹1P24$&57' V ÐE�)Ñ
1P24$&5M$65.	F'Q'k�¹1P24$&57')�£1P24$&5.	F'
1P24$&uq$&5<;F
�5._.
.�/�.�0
�5 Y '
'��:1324$65<;
')�£1324$65._^')�"�.�.�7�#1P24$65 Y '
We canapplythe ¾]¿FÀ functionto thesetof freevariablesof anexpressionto geta freshvariable

andthusavoid accidentalcapture.Theproblemhereis that the ¾]¿FÀ function is definedon finite

setsof � , and 1P24$&57' is definedashaving type ÒE¿FÓ�Ô>Õ�$­�"' , so taking the ¾]¿FÀ of 1324$657' will lead

to thegenerationof a TCC. Includinga judgement,however statingthat 1P24$&57' O 1PÁ�Ã)$­�"' in our

specificationsuppressesthe productionof suchTCCs. The preludecontainsjudgementsabout

finite setsunions,intersectionandso forth (e.g. $�[�� 
�Ö O 1ÂÁ�Ã)$­×%'Q'/$­�Ø�"Öm' O 1ÂÁ�Ã)$,×-' ). Thus,

evenexpressionsof theform ¾]¿FÀc$61P2�$657')�*132º$65.	^'Q' typecheckwithoutproducingTCCs.

Defining 1P2 allows usto treatrenamingandsubstitution.Therenamingfunctionreplacesall

freeoccurrencesof onevariablewith another. To achieve this it maysometimesbenecessaryto

renametheboundvariablesof anexpressionto preventcapture.

$ � ���!�X'L8I�£�¤�»�K=�N� � ���G�
Wedo this by renamingall

�
boundvariables.

$ � ���!�X'L8I�£�¤�»�K=�� � �q�!� for somenew variable�
In generalfor

�
-abstractions,renamingis definedas

$ � ���G57'/8I�+�¤�:�<=]� � �D	E�\$&5M8I�£�¤���D	�=§8I�+�¤�:�<=­' where �D	`�Î¾]¿FÀÄ$61324$657')�"Ð7��
���Ñ<'
It is in definingtherenamingfunctionthatwe first run into troublewith TCCs.As mentioned

in chapter2, TCCsneedto beprovedby thePVSsystem,or theuser. Unfortunatelyit is possible

to generateunprovableTCCs,often from fairly innocuousspecifications.For example,consider

thelambdacaseof our renamingfunction:

5M8I�+�¤�:�<=�� Recursive �Ù�
Cases5 of �

�.�/�� ����5.	�� let �D	`�Î¾]¿FÀÄ$61324$657')�"Ð7��
���Ñ<' in
� �D	.��$65.	H8 � �����D	�=�8I�+���¹�<=\'

�.�/�
Endcases

MeasureÈyÉ $657'
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To prove that the function terminates,we needto show that eachexpressionin the recursive

callsis smallerthantheoriginal expression.Now clearly ÈyÉ $&5.	^'(Ú ÈÊÉ $657' , as 5.	 is asubexpression

of 5 , but in generalPVSknows nothingabout ÈÊÉ $65.	78 �����Û�D	�=\' . This will leadto theunprovable

TCC:

[]5 ~ � ÈyÉ $65 ~ '(Ú ÈÊÉ $&57'
To overcomethisproblemwebuild moreinformationinto thedeclaredtypeof therenamingfunc-

tion. In particularweexpressthattherankof its valueis no greaterthantherankof its argument:

5M8I�+�¤�:�<=�� Recursive ÐH5.	 O � ÈyÉ $&5.	^'(� ÈyÉ $657'^Ñ%� �/�.�
This givesPVStheinformationit needsto establishthat thenestedrecursionin the

�
casetermi-

nates.

3.3.2 Alpha

We formally define ?@ usingan inductive definition. As mentionedin section3.2, several such

definitionsarepossible.Consider, for example,thefirst casementionedfor
�
-abstractions.Then� �D	E��5.	 ?@ � �0;F��5<; and

� �0;F�G5<; ?@ � �D_E��5._ if gq�M;^
��Ê_ suchthat 5.	H8 �D	c���Ì�M;�= ?@ 5<;/8 �0;-�¤�n�K;�= and 5<;L8 �0;-�¤�
�Ê_Q= ?@ 5._78 �D_Ü�¤�Ý�Ê_Q= . The problemwith this is that transitivity is difficult to prove because�K; and

�Ê_ arenot necessarilythe samevariable(subsequentlemmasprove that the choiceof variables

is irrelevantbut rely on ?@ beingtransitive). Theothercasefor
�
-abstractionsrequires5.	H8 �D	4�¤�

�M= ?@ 5<;/8 �0;J�¤�n�M= for all � not freein 5.	 or 5<; . However this definitionis unwieldyin proofswhere

werequirethenew variableto beoutsidethefreevariablesof someotherexpression.Accordingly

the relationfor ?@ is not eitherof the above, but reliesinsteadon the existenceof a finite setof

variables.For
� �D	.�G5.	 and

� �0;F��5<; to be ?@ , the rule requiresthat [X� outsideof this finite set,and

notcontainedwithin thefreevariablesof eitherexpression5.	H8 �D	-���:�K;§= ?@ 5<;L8 �0;Þ���:�K;�= . This gives

usthegreatestcontrolover thenew variable,andhencethegreatesteaseat proving theorems.

g�× O 1PÁ�Ã)$­�"' suchthat [��ßNO ×à�£1324$65.	^')�*1P24$65<;
' 5.	H8 �D	-���»��= ?@ 5<;/8 �0;B���»��=\'
� �D	/��5.	�?@ � �0;F��5<;

Interestinglyenough,proving thesimplestpropertiesof ?@ is quitechallenging.For example,the

following threepropertiesof ?@ areprovedsimultaneouslyby inductionontherankof expressions,

anapproachsimilar to thatusedin [20]:

(a) 5.	 ?@ 5<;ºe 5.	H8 � �����M= ?@ 5<;/8 � ���:�M=
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(b) $,�ßN�»�0;cb:�ßN�:�K;áb¹�0;áN�:�q'�e 5M8 � ���:�K=§8 �0;(���:�K;§= ?@ 5M8 �0;B���:�K;§=�8 � ���:�M=
(c) �9NO 1P2�$657'4e 5M8I�£�¤���K=§8��º�¤�:�<= ?@ 5M8 �9���:�<=

3.3.3 Quotient

In definingthequotientspacemodulo � equivalence, ?@ , weneedto build acomprehensivetheory

aboutthenew type. Many of the lemmasaresimilar to thosefound in a PVSADT file, but also

requireredefiningsuchthingsasrenamingandfreevariables.Thesearedonewith respectto the

old functions. For example,let â be the function which mapsa
�
-expressionto its � coset.The

freevariablesof a
�
-expressionof �BA ?@ is definedas:

1P24$&ãC'��ÌÐE� $6gi57'/$,âi$&57'Ï��ãäb:� O 1P24$&57'
'�Ñ where ã is in thequotientspace�BA ?@ .

However ?@ preserves 1P2 , andtherefore:

âq$657'��:ã¸e 1P2º$&57'k�¹1P24$&ãC'F�
Fromnow on 5 , 5/� , �.�.� will rangeoverthenewly formedquotientspace.Workingwith thequotient

spaceallows us to forget about ?@ , which makes definitionsand lemmasa lot more intuitive,

andalsomakesproofseasier. The onedifficulty which arisesfrom the quotientspaceis that
�
-

abstractionsnow haveinfinitely many representations.Weprove,however, thefollowing important

propertyabouttheserepresentations:

�9NO 1324$65.	F'4e � ����5.	(� � �X�G5<;æå¼e 5<;��:5.	H8 � ���:�M=h�

3.3.4 ç and è
The � and � relationsaredefinedon thequotientspace,andarenot inductive. Theonly thing of

noteaboutthe � relationis thatit only allows � reductionon values.The � relationreducesprim-

itive functionsto values,andrequireseachargumentto bereducedto anatombeforeevaluation.

This relationis alsoparametricin a specific � function. A predicatefor a valid � function is also

definedwhich requiresthe functiononly to evaluateprimitive functionswith thecorrectnumber

of arguments.In addition,certaincombinationsof argumentsmaynot producea valid resultfor

a certainprimitiveoperation.For example,onewould assumethatdividing by zerowould fail to

reduceundera reasonable� function.
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$65.	o� � 5<;cbd5.	cN�¹5<;Q'4e $6gi57'/$65.	`�l5fbn5J� � 5<;cb ÈÊÉ $65y
�5<;s'B� ÈÊÉ $&5.	.
�5<;
'
'

Figure3.3: Rankpropertyfor � �

3.3.5 Closures

In defining � and � reductionwe developthenotionof thecompatibleclosureof a relation. This

is definedasbeing the minimal supersetof the relation that is compatiblewith the structureof�
-expressions.In thecaseof � and � , thecompatibleclosureallowsreductionof subexpressions.

5.	o��5<;ºe � ����5.	o� � ���G5<;cbd5M$&5.	F'���5M$65<;Q'Äbd5.	H$657'k�l5<;/$&57'cbdu�$s�.�/�0
�5.	E
.�.�/��'���u�$s�.�.�]
�5<;^
.�.�/��'
We useadifferentdefinitionto [34] for thetransitivereflexiveclosureof a relation.

5-� � 5 and 5.	`�l5<;Äbn5<;�� � 5._Üe 5.	o�l5._
To induct on the definition of the transitive reflexive closure,we definea rank. The difficulty

hereis that theremay be more thanoneway to prove that a pair lies in the transitive reflexive

closure.A pathbetweentwo expressions5 and 5.	 is a list whosefirst andlastelementsare 5 and

5.	 respectively, andwith thepropertythateverypairof consecutiveelementsarein therelation � .

We definea predicateÈyÉ Å $&5y
�5.	E
 É ' to be true if thereis a pathof length É ÍdË between5 and 5.	 .
So,for example5.	`��5<; impliesthat ÈyÉ Å $&5.	.
�5<;F
.ËE' is true.

ÈÊÉ Å $65y
�5y
��y'
ÈÊÉ Å $65.	.
�5<;F
 É 'ébd5-��5.	Üe ÈÊÉ Å $65y
�5<;^
 É Í�Ë7'
We then take the rank ÈyÉ $65y
�5.	^' of two expressionsto be the minimum of all such É for which
ÈÊÉ Å $65y
�5.	.
 É ' holds,or � if êJ$&5+� � 5.	F' . This rankgivesthe importantresultshown in figure 3.3,

which is anintegralpartof all inductiveproofson thetransitive,reflexiveclosureof a relation.

3.3.6 Parallel

The definition of �U VXW is inductive with the only difficulty comingfrom the � -reductionand
�
-

abstractioncases.As in thecasefor ?@ , we have at leasttwo waysto definetherelation. In this

casewe caneitherchoosean individual representationfor each
�
-abstraction,or considereach

possiblerepresentation.Our �U VXW usesthe latterapproach,althoughit is likely that thereis little

differencebetweenthetwo. In fact,assoonasit is establishedthatrenamingpreserves �U VXW , the
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initial representationbecomesirrelevant. To illustrateour handlingof
�
-abstractionswe provide

theformaldefinitionfor the � -reductioncase:

$\[��ßNO 1P2º$&57'
'/$6gi5.	E
�5<;^
�rH	.
�rt;
'/$
$&5%�ë$ � ���G5.	F'/$,r<	^'Äbd5 ~ �¹5<;L8 �9����rt;>=(bd5.	 �U VXW 5<;cb¹rH	 �U VXW rt;
'
'4e 5 �U V]W 5 ~

Beforewe give a detailedanalysisof theproof of Z+$ �U VXW ' let usoutline our motivationsfor

formingthequotientspace.Therearemany possible �U V]W relationsovertheoriginal(nonquotient)

� . Thedifficulty in definingsucha relationis how to incorporate ?@ into it. We considerthetwo

approachesthatweattempted.Ourfirst approachinvolvesreplacingequality, � , the ì3���,� axiomof

figure3.2 of section3.2 by ?@ (i.e: 5 ?@ 5.	"e 5¡�U VXW 5.	 ). We haddifficulty proving that this gave

usthecorrecttransitive reflexive closure.We alsocouldnot establishthediamondlemmafor the

� -reductionand
�
-abstractioncases.

Theotherapproachweconsideris defining �U VXW without ?@ , andthendefininganotherrelation,

say í�îU VXW , by:

$hgi5.	E
�5<;Q'/$&5c?@ 5.	Cbn5 ~ ?@ 5<;Äbd5.	 �U VXW 5<;s'¼e 5 í�îU VXW 5 ~
Unfortunatelythis too leadsto problemsin proving �U VXW for applications,

�
-abstractionsand � -

reduction.

Ideallywewould liketo add ?@ statementsinto eachof thesix cases,sofor example,thenon-�
applicationcasewould look somethinglike (where 5 and 5 ~ areapplications):

$hgi5.	E
�5<;^
�5._E
�5.j^'L$65Ä?@ 5.	7$&5<;
'cbd5 ~ ?@ 5._H$&5.j^'Äbd5.	 �U VXW 5._�bd5<; �U VXW 5.jF'ºe 5 �U VXW 5 ~
Defining �U VXW like this is a messyprocessandsubsequentlyproving anything aboutit is likely to

bedifficult. It is clearthatsomemechanismis desirablefor removing ?@ from our definitionsand

lemmas,so it canbe ignoredexceptwhererequired. We feel that the mostintuitive andelegant

methodis to form thequotientspacemodulo ?@ .

3.3.7 Proof

Before we prove Z+$Î�U VXW ' we needto establishan importantpropertyof �U V]W that is required

for the � -reductioncase,namelythat �U V]W is preserved by substitution(seesection3.3). To see

whereit is used,considerthefollowing casein the Z¼$ �U V]W ' proof. Supposethat 5 �U V]W 5<; , 5 �U VXW 5._ ,
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r �U V]W rt; and r �U V]W rH_ . Then

�,�M���!ïL�6ð

ï ;Fñ �¼òGóôð ;�õ ï _7ñ �4òGóßð _Qõ
Now by the inductionhypothesiswe canfind an 5/~ anda rt~ so that 5/�n�U VXW 5/~ and r7�Ì�U V]W rt~ for

� O ÐMËy
^öMÑ . Thuswecancompletethediagram:

�,�M���!ïL�6ð

ï ;Fñ �¼òGóôð ;�õ ï _7ñ �4òGóßð _Qõ

ï ~ ñ �4òGóßð ~ õ
The

�
-abstractioncaserequiresonly that �U V]W is preservedby renaming. Suppose5 �U VXW 5/� for

� O ÐMËy
^öMÑ . Then

�,�t�X�!ïL�

�M���!ï ; �M���!ï _
Thusby theinductionhypothesis,thereexistsan 5/~ suchthat 5/�Ì�U V]W 5/~ for � O ÐMËy
^öKÑ . Now for any

�9NO 1324$65<;
' we cancompletethediagramusing
� �X�G5 ~ 8 �9�����M= , since:

�t�X�!ï

�t�q�!ï ;Lñ �ºòGóß� õ óà�M���!ï ; �t�X�!ï _ óà�M���!ï _7ñ �ºòGóß� õ

�M���!ï ~ ñ �¼òGóô� õ
The primitive operationcasecausesanotherproblemas thereare two ways for suchan ex-

pressionto reduce,namelyby � -reductionor by reductiononeachof its arguments.Fortunately� -
reductioncanonly beperformedif theargumentsareall atoms.Furthermore,it is nothardto prove

thatunder �U V]W , atomscanonly reduceto themselves.Supposethat uq$>÷ÆK' �U VXW rH	 and u�$s÷ÆK' �U VXW uq$ ÷ø '
where Æy�n�U VXW ø � for ËÄ�»����� . However Æt� O � impliesthat Æy�]� ø � . Thus u�$ ÷ø '¨�U VXW r<	 .

All in all, proving the diamondlemmafor �U VXW is the hardeststepin our proof. The lemma

is split up into differentsub-lemmas(onefor eachcase),to make editing,andrevising theproofs

easier.
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Proving that �U V]W � =
S>TU VXW � is a relatively simpleprocessin comparison.Theproof consistsof

anumberof separatelemmaswhich aregivenbelow:

(PBs) 5ù�U V�W 5.	Üe 5 S>TU VXW � 5.	
(PsBs) 5ù�U V�W � 5.	Üe 5 S TU VXW � 5.	
(BPs) 5 S>TU V�W 5.	Üe 5ù�U VXW � 5.	
(BsPs) 5 S>TU V�W � 5.	Üe 5ù�U VXW � 5.	

Thelemmas(PBs)and(BPs)areprovedby inductionontherelevantinductivedefinition(parallel

reductionandcompatibleclosurerespectively). In contrast,theproofsof (PsBs)and(BsPs)are

carriedout by inductionon therankof thetransitivereflexiveclosure.

3.4 Church–RosserConclusions

Wefinishoff thischapterwith adiscussionof previousrelatedwork, togetherwith theconclusions

drawn from thework presentedhere.

3.4.1 Previous Work

Presumablybecauseof its importanceto the foundationsof (Theoretical)ComputerScience,the

Church–Rossertheoremhasbeenthe subjectof several machinebasedtheoremproving stud-

ies[36, 16,35, 32,26, 30].

Theearliesttreatmentwasby ShankarusingtheBoyer-Moore theoremprover [36], andlater

appearsasa chapterin his PhD thesis[37]. The formalizationof the
�
-calculususesde Bruijn

indices,andtheproof is thestandardTait–Martin-Löf version.Onenotablepoint aboutthis proof

is thatit is carriedout in a veryweaklogic, onethathasno explicit quantifiers.

Thenext treatmentwasHuet’s formaldevelopmentof thetheoryof residualsin the
�
-calculus

usingtheCoqsystem[16]. HeusesdeBruijn indicesin his formalizationandestablishesChurch–

Rosserasacorollaryto his treatmentof residuals.

Rasmussen[35] portsHuet’s treatmentto Isabelle. The emphasisof his treatmentis on the

difficulties involved in translatingonemechanicalproof on oneplatform to anothermechanical

proof onanotherplatform.
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Nipkow [30] presentsa verygeneralandabstracttreatmentof Tait–Martin-Löf styleproofsof

Church–Rosserin Isabelle.His treatmentis basedon a generaltheoryof commutatingrelations,

and covers both � and ú reductionsystems. He also encodesand comparesboth the original

proof that parallel reductionhasthe diamondproperty, as well as the more recentone due to

Takahashi[39].

Pfenningin [32] presentsa developmentof the Tait–Martin-Löf proof in his Elf implemen-

tation of the Edinburgh LF [11]. The novel aspectof this treatmentis that it useshigherorder

abstractsyntaxto encodethe lambdacalculus.This encodingdoesnot have a syntacticcategory

for variablesof the(object)
�

calculus,but ratherusesthevariablesof theLF framework. For ex-

amplethe
�

constructoris modeledby aconstantin theframework of theform
� ��$&� UW �B' UW � ,

where� is thesyntacticcategorycorrespondingto (object)
�

expression.

3.4.2 Conclusionsconcerning the Work ReportedHere

Our work differs from the previous work reportedabove in two importantways. The first and

mostobviousdifferenceis thatweusethePVSsystem,whereasthework reportedabovereliedon

oldersystems.Prior to thework reportedhere,little usehadbeenmadeof theabstractdatatype

facility in PVS. The work reportedherehelpeddebug thesefacilities of PVS, and thushelped

refine the system. This refinementof the PVS systemis an ongoingprocess,for examplethe

prover doesn’t automaticallyapply thecorrectextensionalityandetaaxioms,so that thespecific

axiomneedsto beexplicitly statedin theprover command.However, thebottomline is that the

abstractdatatypemechanismis extremelyusefulin encodingoperationalapproachesto semantics,

asis demonstratedby our subsequentwork.

The secondandmore importantdifferenceis that we directly formalizeandreasonabout �
equivalence.Somethingthat hasnot beendonepreviously, to our knowledge. Indeedthe main

conclusionof thiswork, andof oursubsequentwork aswell, is thatit is indeedpossibleto formal-

ize � equivalence,andremainfaithful to thepresentationsfoundin text booksandjournals.

3.4.3 PVSStatistics

Theactualproofof Church–Rosserin PVStookfour months,althoughsomeof this timewasspent

learningPVS.Sometimewasalsowastedattemptingadirectproofof Church–Rosserwithoutfirst

formingthequotientspace.Theactualmachinecheckedproof involvestheproving of two hundred

andthirty six (236) distinct facts,andtakesPVS threehundredandsixty seconds(362) of CPU

time runningon a Linux machineconfiguredwith 2GBytesof main memoryand4 û 550MHz
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XeonPIII processors.Thedumpfile containingall thePVSdefinitions,facts,andproofsis 2.396

MBytesandis availablefrom http://mcs.une.edu.au/˜pvs/ [8].
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Chapter 4

The CIU Theorem

4.1 Intr oduction

In this chapterwe reporton the resultsof our secondsophisticatedandsubstantialuseof PVS

that establishesa recentresult in operationalsemantics.This is of interestnot only becauseit

requiresthesubstantialdevelopmentof currenthigherordertechniquesin operationalsemantics,

but also becauseit exposedseveral gapsin the publishedpresentationof the result. Thus this

work exemplifiesthepossiblebenefitof seriousformalizationin contrastto standardmathematical

practicewhich typically leaves much unsaid. We also take greatpainsto formalize the actual

theoreticaltreatment,ratherthanadaptingit to the tastesof either the machine,or PVS. In this

regardwe werealmostcompletelysuccessful,only on two occasionswasit necessaryto deviate,

slightly, from theexact formal treatment.We will mentionthemin thenarrative. In this sensewe

madeno useof the tricky representationsthat McKinna andPollackdiscuss[26]. In our earlier

work [10,8] describedin chapter3 wecarriedout in PVS,for thefirst time,anamedvariableproof

of theChurch–Rosserresultfor Landin’s call-by-valueIswim, without eliminating � congruence

by tricky encodings.Thusour work canbe seenasan attemptto reconciletheory, with formal

verificationin practice.We shouldalsopoint out thatprior to this earlierwork very little useof

PVS’s inductive abstractdatatypeshadbeenmade. Thusthis work alsorepresentsthe first use

of theseaspectsof PVSto verify a non-trivial recentresult,asopposedto a classicresultthathas

beenusedsomewhatasabenchmark[36, 16,35, 32,26,30].

Thus this chapterhasseveral, hopefully complementary, purposes.On the onehandit is a

detailedpresentationof theproof of theCIU theoremfor uniform
�
-languages,on theotherhand

it is a roadmapfor theactualmechanizedproof [9], andtheissuedraisedin its development.We

22
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alsotry andaddresssomeof theissuesthatareraisedin presentingbotha theoreticalandthecor-

respondingformal development.We will usetheword theoretical to refer to thetreatmentof the

subjectmatterasit normallyappearsin journalpublicationssuchas [41, 24], to contrastit with

theword formal thatrefersto theanalagousnotion,asformalizedin thecorrespondingPVSdevel-

opment.Also in this chapterwe usethenotation üDýyþyÿº��Ú line number� to refer to theparticular

line in theunpackedfile, whosenameis üDýyþyÿi������� , of [9]. Sofor example �	��
*� 210 is theactual

statementof themain theorempresentedin this chapter. We alsoextendthis notationto include

thenameof thetheorem,lemma,or definitionwhenthis is of interest.Thus �	��
*�
�	��
*� 210 refers

to the theorem����
 in thefile �	��
]������� that lies on line 210of theunpackedversionof [9]. This

systemof presentationworkswell for thestatementsof theresultscontainedin thedevelopment,

but not for theformal proofs.An areaof PVSthatneedsmoreattention.

4.1.1 Historical Background

Muchwork hasbeendoneto developmethodsfor reasoningaboutoperationalapproximationand

equivalence.Methodsdevelopedfor reasoningaboutoperationalapproximationandequivalence

include: generalschemesfor establishingequivalence;context lemmas(alternative characteriza-

tionsthatreducethenumberof contextsto beconsidered);and(bi)simulationrelations(alternative

characterizationsor approximationsbasedon co-inductively definedrelations).An earlyexample

is RobinMilner’scontext lemma[27] whichgreatlysimplifiestheproofof operationalequivalence

in thecaseof thetyped
�

calculusby reducingthecontexts to beconsideredto a simplechainof

applications.CarolynTalcott [40] studiesgeneralnotionsof equivalencefor languagesbasedon

thecall-by-value
�

calculus,anddevelopsseveralschemesfor establishingpropertiesof suchre-

lations.DougHowe [13] developsa schemafor proving congruencefor a classof languageswith

a particularstyleof operationalsemantics.This schemasucceedsin capturingmany simplefunc-

tionalprogramminglanguagefeatures.Building onthiswork, Howe[14] usesanapproachsimilar

to theideaof uniformcomputationto definestructuredevaluationsystemsin whichtheform of the

evaluationrulesguaranteesthat(bi)simulationrelationsarecongruences.Theform of therulesis

specifiedusingmetavariableswith aritiesandhigher-ordersubstitutions.This syntaxenrichment

is very similar to the notionsof place-holderandfilling usedhereto specifyuniform semantics.

Theideaof usingsuchmetatermsto specifyclassesof rulesgiving riseto reductionrelationswith

specialpropertieswasusedby PeterAczel in [1] to prove a generalChurch-Rossertheoremand

in Klop [17] to developthetheoryof CombinatoryReductionSystems.Metatermsarealsoused

in describinga unificationprocedurefor higher-orderpatternsby TobiasNipkow in [28]. Mason
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andTalcott ([22, 23]) introducedthe CIU characterizationof operationalequivalencewhich is a

form of context lemmafor imperative languages.This lemmawasthengeneralizedby Carolyn

Talcott to a very wide classof programminglanguagesin [41]. It is this form of the lemmathat

weconcentrateon in this chapter.

Notation

Weconcludetheintroductionwith asummaryof our notationconventions.Let � 
Q�º	E
Q�Ü; besets.

We specifymeta-variableconventionsin the form: let � rangeover � , which shouldbereadas:

themeta-variable� anddecoratedvariantssuchas ��~ , �D	 , �.�.� , rangeover theset � . ���)$­�"' is the

setof finite subsetsof � . 1 x���� 8I�4	E

�f;�= is thesetof finite mapsfrom �º	 to �f; . To emphasize

applicationasanbinaryoperation,andto unify syntax,weoftenwrite �����0$���
Q�X' for theapplication��$­�X' of the function � to the argument � . We write v%wyx $��0' for the domainof a function and

�ÞÃ���$��0' for its range.Thusif � O 1 x���� 8 �4	.

�f;�= , then v%wyx $��0' O ���]$­�º	F' . For any function � ,�3ÐE� UW � ~ Ñ is thefunction � ~ suchthat v%wÊx $�� ~ 'o� v%wyx $��0')�æÐE�)Ñ , � ~ $,�X'o�d� ~ , and � ~ $6�y'`����$6�y'
for �£N����
�� O v%wyx $��0' . Also � �\� is therestrictionof � to � : thefunction ��~ suchthat v%wyx $���~�'k�v%wyx $��]'"!+� and ��~­$,�X'��#�Â$,�X' for � O9v%wyx $���~¤' . $ ��ÐH��
.Ëy
^ö�
/�.�.��Ñ is thesetof naturalnumbers

and �

&%y

�Â
��X	E
Ï�/�.� rangeover $ . In thedefiningequationsfor varioussyntacticclassesweusetwo

notationalconventions:pointwiselifting of syntaxoperationsto syntaxclasses;andtheEinstein

summationconventionthata phraseof theform ' Y $�( Y ' abbreviates ) Y+*�, ' Y $�( Y ' . For example

if - is a rankedsetof operatorsymbols,thenthe termsover - canbedefinedinductively by (as

theleastsolutionto) theequation:×/.f�#- Y $,× Y. ' . Unabbreviated,this equationreads:

×/.f�10Y�*�, Ð�2-$43�;^
.�/�.�0
53 Y ' 2 O - Y b#3�� O ×". for ËÄ�������PÑM�

Finally weusethetraditional 6 symbolto indicatewheretheformaldevelopmentuncovered

gapsin thetheoreticaldevelopment.

4.2 Syntaxof Terms

4.2.1 Background

In this sectionwe presentboth the generalframework asdescribedin [41], andmorerecently

in [24]. Concurrentlywe will describehow thesenotionsareinterpretedinto PVS,aswell asany

interestingobservationsconcerningtheir formalization.
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The operationaltheory is a small-stepoperationalsemantics,and is obtainedby defining a

notionof stateanda singlestepreductionrelationon states.Statesconsistof anexpressionanda

statecontext. A statecontext oftendescribesdynamicallycreatedentitiessuchasmemorycells,

arrays,files,etc.Theform of statecontextsneededdependson thechoiceof primitiveoperations.

Thereis anemptystatecontext, andfor eachstatethereis anassociatedexpressionrepresenting

thatstate.Valueexpressionsareasubsetof thesetof expressionsusedto representsemanticvalues.

Theseincludevariables,atoms,and
�
s. If theexpressioncomponentof a stateis a value,thenthe

stateis a valuestateandno reductionstepsarepossible.Otherwise,the expressiondecomposes

uniquelyinto a redex placedin areductioncontext. A (call-by-value)redex is aprimitiveoperator

appliedto a list of values.Thereis onereductionrule for eachprimitiveoperator, andthesingle-

stepreductionrelationon statesis determinedby the reductionrule for the redex operator. Of

courseit mayhappenthata redex is ill-formed (a runtimeerror)andno reductionstepis possible.

A stateis definedjust if it reduces(in a finite numberof steps)to a valuestate.Usingthesebasic

notionswe definethe operationalapproximationand equivalencerelationsin the usualway in

termsof definednessin all programcontexts. This is thebasicsemanticframework, independent

of the choiceof primitive operations. Within this framework we definethe notion of uniform

semantics.

Theuniformity requirementsarethateachreductionrule hold not only for traditionalexpres-

sions,but alsofor expressionscontainingparametersor metavariables.This parametricnotionof

computationis bestpresentedusingtheideaof acontext andthetreatmentherefollowsthegeneral

theorypresentedin [20].

4.2.2 The Syntaxof Expressions

A particular
�

languagerequiresasetof atoms,andasetof operations,to definethesyntax.It then

requiresthespecificationof thevaluesandstates.Thesehoweverarejustsuitablyuniformsubsets

of thebasicsyntax.

The Theoretical Treatmentof Syntax

Fix two disjoint countablyinfinite sets,7 , of variables,and � of parameters:

7���ÐE��� � O $ Ñ �Ì��ÐE��� � O $"Ñ
Thebasicsyntaxof a

�
-languageis thendeterminedby specifyingthreesets:

( 8 ): acountablesetof atoms,8 , disjoint from 7 and � ;
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( 9 ): a family of operationsymbols9Û�nÐ:9 Y � O $"Ñ ( 9 Y is asetof � -aryoperationsymbols)

disjoint from 7ë�;8Î�<� ; and

( = ): thesetof valueexpressions,a subsetof expressions,= , thatwe will specifyin moredetail

immediatelyafterthedefinitionof thesyntax.

Weassumethat 9 containsat leastthebinaryoperation����� (lambdaapplication).As weshall

seelaterby taking 8���ÐáÑ and 9¨�ÌÐ������XÑ weobtaintheexpressionsof thepurecall-by-value
�

calculus,�Ïp .
Definition 4.2.1( > , ? , @ , A ): B�C�C V �qÿ:D	�Ký
EGF VIH
J � 1–160

The setof expressions,> , andthe setof
�
-abstractions,? , the setof valuesubstitutions,@ , and

thesetof parametersubstitutions(fillings), A aredefinedastheleastsetssatisfyingthefollowing

equations:

>:�K7 �<�ML��;8 �<? �N9 Y $O> Y ' B�C�C V �qÿ:D��Ký:EGF VPH
J � 43-54

?à� � 79�Q> B�C�C V �qÿ:D	�Ký
EGF VPH
J � 49

@£�:1 xR��� 8�79
S=*=
Al�:1 xR��� 8T�º
U>�=

Welet V rangeover 8 , ��
��X
�� rangeover 7 , � 
�Ö�
W( rangeover � , ¿ rangeover > , X rangeover? , Y rangeover @ , and Z rangeover A .� L is thesetof parameters,annotatedor decoratedby valuesubstitutions.Valuesubstitutions,@ , arefinite mapsfrom variablesto valueexpressions.Thedomainof a substitutionis written asv%wyx $OY)' , andis definedin theusualway. Parametersubstitutionsarefinite mapsfrom parameters

to expressions.We write ÐE��� UW [ � �(Ú»�3Ñ for thevaluesubstitution,Y , with domain ÐE��� �(Ú
�PÑ suchthat Y�$,���­'m� [ � for � Ú � . Similarly we write ÐE��� UW ¿>� �mÚ �3Ñ for the parameter

substitution,Z , with domain ÐE��� �oÚ��3Ñ suchthat Zá$,���&'Ï�Û¿>� for �ÏÚ�� . Notethata parameter

decoratedby a valuesubstitutionis anexpression.This allows usto computeparametricallywith

partially specifiedexpressions,andthusour expressionsgeneralizetheusualnotionof context. In

this moregeneralsettingwemustbesomewhatmorecarefulto definecertainbasicnotions.

The Formal Treatmentof Syntax

In keepingwith ourattemptto befaithful to thetheoreticaltreatment,weusefinite mapsin PVSto

representthefinite mapsY and Z . Also theentiredevelopmentis parametricin a setof atomsand

operations(whichincludesthebinary ����� , togetherwith thearitiesof thoseoperations.Thistheory
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is appropriatelynamedLandin , andcanbefound in B�C�C V �qÿ:D	�Ký
EGF VIH
J � 11 Implementation

of the syntaxwithin PVS is a straightforward useof the datatypewith subtypesfacility. There

arereally only two technicalissuesthatarise,andonedesignissue.We will look at thetechnical

issuesfirst, thendiscussthedesignissue.

Thefirst technicalissuearisesbecausethesetof variablesarenaturallya subtypeof thesetof

expressions.However they appearnegatively in thedomain(to thefinite setconstructor)of anno-

tatingsubstitution,andthussomeway of avoiding this mustbe found. Thesolutionis relatively

simple,andrelatively painlessin that it doesnot causea greatdivergencebetweenthetheoretical

treatmentandtheformalone.Weannotateparametersby mapsfrom finite setsof natirualnumbers

ratherthanvariables.Wethenmakeuseof thenaturalidentificationof avariableandtheindex (in

this caseanaturalnumber)from which it wascontructed.

The secondtechnicalissueis how to deal with the argumentlists to the operationsin the

language.On theadviceof Shankarwe adoptedthestyleof having a separatesubtypefor lists of

expressions,andexplicitly recursedon this structurein all our defintions.This providesthePVS

typecheckerwith additionalinformation,thatit wouldnotnormallybeentitledtoo,andasa result

substantiallyreducesthenumberof TCC’s generated.We shouldpoint out though,thatadopting

this strategy meansthatsubsequentsyntacticnotionswill reflectthis minor difference.

Finally we madea designdecisionto fully developthesyntaxprior to the introductionof the

notion of values. Thereareobviousandnot so obvious reasonsfor this. The obvious is that by

omitting thevaluerestrictionswe aredevelopinga moregeneralframework thatonedaymaybe

put to gooduse.Thenotsoobviousis thatby addingtherestriction,at thisstage,thattherangeof

annotatingsubstitutionsberestrictedto valueswouldsubstantiallycomplicatethedevelopmentof

thebasicsyntaticoperationssuchasrenaming,substitution,andfilling, especiallyin thegenerated

TCCs.Thuswechoseto ignorevaluesatthisstage,andonly laterin thedevelopment( \]�qþG^iÿ]��� 19)

definethemby recursion,asa subtypeof expressionswith thedesiredfeature.

Auxilliary SyntacticNotions

Oneof therealdifferencesbetweentheoreticalandformal treatmentsnow takesplace.Whatcan

beglossedover in apageor two in a theoreticaltreatment,cannow takeseveralpersonweeksand

significantamountsof patienceandingenuity.

Given the above implementationof the basicsyntax,we must now develop the more basic

auxilliary notionsthatareglossedover ratherterselyin any theoreticaltreatment.We mustdefine

the rank of an expression,so as to be able to defineby inductionand recursionmorecomplex

notions.We mustdefinederivednotionssuchasthefreevariablesof anexpression,andthesetof
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parametersthatoccurin it. Thesesetswill befinite, andthis factitself mustbeverified,usuallyas

TCCs.

We mustdefinesubstitution,which itself entailsdevelopingthe simplernotion of renaming.

Filling similarly mustbedefined,asmustthenotionof beingequivalentmodulotherenamingof

boundvariable( � equivalence).We mustthenalsoshow that thesesimpleaswell asimportant

operationsarefunctionalmodulothis equivalencerelation.As well asestablishingthat � equiva-

lenceis acongruence,andthatit hasall thepropertiesthatwe assumeit to have(i.e. it is indeeda

congruence:anequivalencerelationpreservedby thesyntacticconstructions).

Rank

Therankof anexpressionis definedusingthereduce nat facilty thatis automaticallygenerated

from therepresentationof thesyntaxusingPVS’s datatypewith subtypesfacility. Becauseof the

particularchoicesmadein implementingthesyntax,the theoreticalandpracticalnotionsof rank

do notcoincide.Theactualrankwe implementis:

Definition 4.2.2( _ � Ã�`X$657' ): a]��F�bÜ� 1–87

_ � Ã�`X$�¿E'Ï�
cdddddde ddddddf
� if ¿ O 7 �;8 ,

ËoÍI_ � Ã�`]$�¿s	^' if ¿-� � ���,¿s	 ,
öÞÍ x��+g $>ÐG_ � Ã�`X$�¿>�­' Ëé�����»�PÑ<')ÍÙ� if ¿-�ihÂ$�¿�;F
.�/�.�)
<¿ Y ' ,
ËoÍ x��+g $>ÐG_ � Ã�`X$OY�$­�X'
' � O9v%wÊx $4Y�'^Ñ<' if ¿-�»�Nj

DerivedSyntacticNotions

The first notionsneededin the formal developmentare the set of variables,free variables,and

parametersthatoccurin anexpression.They areall simplerecursivedefinitions,andin theactual

formal treatmentare setsof naturalnumbers. Thus they are the indexesof the variables,free

variables,andparametersrespectively. We mustalsoestablishratherobvious facts,suchasthat

thefreevariablesareasubsetof thevariables.

Definition 4.2.3( 1324$657' , 1��J$657' ): \]�:D	�m� 1-95

Thefreevariables,1P2º$&57' , andtheparameters,1��J$657' , (which arealwaysfree)of anexpression5
aredefinedinductively. Thenovel clausesare:

1P24$­� j� 'k� 0k *�lnm&oqp jsr 1P24$4Y�$,�X'Q' 1Â��$­� j� 'Ï� 0k *�lnm&oqp jsr 1��J$OYk$,�X'
'��9Ð7�QÑ
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The free variables1P24$&57' aredefinedin \]�:D��C� 14 , while the parameters,1��J$657' , aredefinedin\]�:D���� 38 . Weextendtheseto substitutionsis theobviousfashion:

1P24$Ot4'Ï� 0| *�l]m&oqpvu r 1P24$Ot*$&�Ê'Q' 1Â��$Ot4'Ï� 0| *�l]m&owpvu r 1��J$�t#$&�Ê'Q' for t O @º�;A .

Onelastderivedpieceof notationconcerningannotatedparametersappearingin expressions.

Thesetof trappedvariables,xy_ ���]z $657' , is definedto bethesmallestsetof variablesthatcontains

thedomainsof any substitutionthatannotatesanoccurrenceof aparameterin 5 .
Definition 4.2.4( xy_ ����z $657' ): {�D]���|��� 1-35

Theseamountto asimpleinductivedefinition,theinterestingclausebeing:

xy_ ����z $,� j '�� 0k *�l]m&oqp j�r xy_
����z $OYk$,�X'
')� v%wyx $OY�' {�Dn���/��� 20

Thesetof traps,liketheothernotionsdescribedabove,arethesetof indexesof theappropriate

variables,andthey satisfysimpleproperties,likebeingpreservedunderrenamings.

Renaming

As a preludeto defining(captureavoiding) substitution,filling, andthecompanionnotionof re-

namingof boundvariables(a.k.a � -conversion),aswe pointedout in [10], carefultreatmentsof

the
�
-calculuswill define,by structuralrecursion,thenotionof a variablerenaming¿~} k�����U� . One

nicepropertypossessedby variablerenamingsis that it preservesrank,unlikesubstitution,andto

establishits totality wemustbuild thatfactinto its type:

¿ } k�����U� �iÐi¿s	 O > _ � Ã�`0$�¿s	^'��i_ � Ã�`]$�¿E'^Ñ
Actually we mustbuild muchmore information into its type. For examplewe mustassertthat

renamingpreservesthe subtypesusedin definingthe basicsyntax. In otherword it maps
�

ex-

pressionsto
�

expression,applicationsto applicationsetc. Even the simplernotion of renaming

generatesover twenty TCCsthat mustbe verified. Renamingitself is of interestbecauseof the

nestedrecursionthattakesplacein the
�

clause.

Definition 4.2.5(Renaming ¿ } k�����U� ): ��^��|�+�Ü� 26

$ � �q�­¿7' } k�����U� � �|� �\$Q$�¿ }�� ����W� ' } k������� ' for
�

fresh,i.e.
� NO 1P24$�¿E'�� ÐE��
��DÑ .

Notethatwe alwaysrenamethe
�

boundvariables,regardlessof whetheror not a clashmight

haveotherwiseoccurred.To producesuchfreshvariablesweposita function ¾]¿FÀ thatpulls them,

or at leasttheir indices,outof ahat:
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Definition 4.2.6( ¾]¿FÀ ): B�C�C V �qÿ:D	�Ký
EGF VPH
J � 112

¾]¿FÀ¹�
���]$�$£' UW $ satisfying $\[�� O ���]$�$£'
'L$s¾]¿FÀé$���'áNO �Ì'
Substitution

Wecannow turn ourattentionto theglamouroperations:substitution,andfilling.

Definition 4.2.7(Substitution ¿�j ): ��^��/�G�Ü� 110–182

¿�j is the resultof simultaneoussubstitutionof free occurrencesof � OÌv%wyx $4Y�' in ¿ by Y�$­�X' ,
takingcarenot to trapvariables.Takingcarenot to trapvariablesamountsto definingsimultane-

oussubstitutioninto a
�

expressionby the following scheme,which makesuseof thepreviously

definednotionof renaming,

$ � �q�­¿7' j � �|� �\$Q$�¿ }�� �� ��� ' j ' for
�

fresh,i.e.
� NO 1P2º$�¿E')�*132º$OY�' .

In the caseof decoratedparameterswe definesimultaneoussubstitutionas follows, $­� j�� ' j �
� p j��� r , whereY�j	 �nÐE� UW Y�	E$,�X'�j � O v%wyx $OY�	F'�Ñ .

We alsoprove thatour notationis not misleading;in thefollowing lemmatheleft handsideis

renaming,while theright handsideis substitution.

Lemma 4.2.8(Renaming): ¿ } k������� �Û¿ } k������� ��^��|�G�Ü����^��|�G� aqÿ�F��+�Dÿ¼� 166

Filling

Definition 4.2.9(Filling ¿�� ): BDýtþMþ4� 1–73

¿ � is the resultof simultaneoussubstitutionof decoratedoccurrencesof � O»v%wyx $�ZB' in ¿ byZá$,� ' instantiatedby the(suitablysubstituted)decoration,againtakingcarenot to trapvariables

(otherthanthosein therangeof thedecoration).For decoratedparametersit is definedasfollows,

$,��jy'��ß��Zá$­�"'�js� if � O»v%wyx $�ZB' , and �Njs� otherwise,where Y�� is definedpoint-wise: Y��ß�
ÐE� UW Y�$,�X' � � O:v%wyx $OY�'�Ñ . In the caseof

�
-abstractions,we defineparametersubstitution

exactlyaswewouldvaluesubstitution:

$ � ���­¿7' � � �|� ��$
$�¿ } k�����W� ' � ' for
�

fresh,i.e.
� NO 1324$�¿E')�£1P24$�ZB' .

whichagainmakesuseof thepreviouslydefinednotionof renaming.
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� Equivalence

While the notion of beingequivalentmodulothe renamingof boundvariableseasilyextendsto

this moregeneralsetting[20] by simply clarifying whatcanandcannotbebound:parametersare

neverbound;variablesin thedomainof anannotatingsubstitutionareneverbound;variablesin the

rangeof anannotatingsubstitutionmaybebound.We begin by presentingthe(proof) theoretical

definitionof ?@ [20]:

Definition 4.2.10( ?@ ): �iÿ��:b��iþG���	�+� 1–108

$�� ��z5� ' [ ?@ [ provided [ O 8 ��7 $�  � ' ¿s	 ?@ ¿L~	 �.�.� ¿ Y ?@ ¿L~Y
hÂ$�¿s	E
.�.�/�0
<¿ Y ' ?@ h�$�¿/~	 
.�.�/�)
<¿/~Y '

$�¡�¢�£ zS¤ ' v%wyx $Ot�	F'k� v%wyx $�t¼;
' t�	H$&�Ê' ?@ t+;F$6�<' []� O9v%wyx $OtC�&'
tm	�?@ t+;tm	E
�t¼; O @ or tm	E
�t¼; O A

$6� � _ �<x ' Y�	 ?@ Y];
� j��Þ?@ � j�¥ $�¦ �Êx £/§ � ' ¿ } k � ����W�	 ?@ ¿ } k ¥ �� ���; for

�
fresh.

� �D	E�­¿s	 ?@ � �0;F�­¿�;
Thereis substantialleeway in thepreciseway oneformalizes ?@ . Theseissuesarediscussed

at lengthin [26] sowe shallnot dwell on themhere.Themainpoint to make is thatwe attempted

two formalizations,in keepingwith thewell testedruleof having weakintroductionprinciplesand

strongeliminationprinciples.Thestrongform wasdevelopedin �iþG�����¼� 1-450 whereweactually

formalizedthenotionof beingaproof in theabovesystem,anddefined ?@ by

¿s	J?@ ¿�;©¨� $hg�ª aproof in theabovesystem '/$OªN« ¿s	J?@ ¿�;
' �iþG�����¼� 185

Establishingfactssuchastransitivity, symmetry, andreflexivity requiredtheformal manipulation

of proof objects.Theweakform wasdevelopedin �iÿ���b��iþG�����+� 1-48 andwasa simpleinductive

definition alongthe lines we usedto prove the Church–Rossertheoremin [10]. The two forms

wereprovedequivalentin �iÿ���b���þG�����+� 85 . However it wastheweaker form thatprovedthemost

usefulin thesubsequentdevelopmentof theCUI theorem.

Both the formal andtheoreticaltreatmentrequirethe developmentof a large library of facts

concerningthis relation.Themostbasicfactsnecessaryarecollectedheretogetherin a lemma.

Lemma 4.2.11( ?@ ): 1. ¿s	 ?@ ¿�;ºe _ � Ã�`X$�¿s	^'��i_ � Ã�`0$�¿�;Q' . ��ÿ���b��iþ+�����+���iÿ��:b�a]��F�b*� 76

2. ?@ is reflexive. �iÿ��:b��iþG���	�+���iÿ���b�aqÿyüiþyÿ
¬Dý~�qÿÜ� 88
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3. ?@ is symmetric. �iÿ��:b��iþG���	�+���iÿ���b��:­�����ÿ:��DDý
®¼� 94

4. ?@ is transitive. �iÿ���bn�iþG�����f���iÿ���b�{nDn��F|�KýG��ý~�qÿÜ� 97

5. ¿s	 ?@ ¿�;�e 1P24$�¿s	F'k�¹1P24$�¿�;Q' . ��ÿ���b��iþ+�����+�
�iþ+����� B
\f� 104

Substitution preserves � Equivalence

The main result concerningthe relationshipbetween� equivalenceand substitutionis that the

latterpreservestheformer:

Lemma 4.2.12(AlphaSubst): �iþG��������^��|�G�£�:�iþG��������^��|�G� {��iÿnE�D�ÿ��*� 132

¿s	 ?@ ¿�;Äb#Y�	 ?@ Y];ºe ¿ j �	 ?@ ¿ j ¥; 6
As pointedout in [20] theproof of this is somewhatdelicate,actuallyit is evenmoredelicate

thansuggestedthere.Sincetheproof presentedtheredoesnot standup to thetestof formalizing

in PVS.In [20] thesuggestedproof requiresestablishing,directly, the following threeproperties

by simultaneousinduction.

Lemma 4.2.13(Alpha): ��þG��������^��|�G�#�
��þG��������^��|�G� ��¯����Ü� 132

1. $�¿s	 ?@ ¿�;Äb¨¿L~	 ?@ ¿L~; '4e ¿ } k����°�±� �	 ?@ ¿ } k����°�±� �	
2. $ � 	cNO 1P24$�¿7'Äb � 	 N�»� N� � ;
'4e $�¿ } � � ���� ¥ �	 '5} k����°&� ?@ $�¿ } k����°&�	 'S} � � �� � ¥ �
3. $�¿ } k�����W�	 ' } �������� ?@ ¿ } k�������	 for

� NO 1P2º$�¿s	^'
However the actualproof first must establish(by simultaneousinduction) the correspond-

ing threepropertiesfor renamingratherthansubstitution�iþG��������^��|�G�£�:�iþG����� ²�D	EG� Cqÿ+���	�¼� 70 .

Thenusingthesefactsconcerningrenamingestablishthefirst twopropertiesabove,againbysimul-

taneousinduction.Notethatthethird propertyof lemma4.2.13is actuallyapropertyof renaming.

It is now relatively simpleto prove thatsubstitutionpreserves � congruence.

The formal developmentand proof of the CIU theoremalso requiressomeother relatively

simplepropertiesof substitutionand � congruence.They aresummarizedin thefollowing lemma.

Lemma 4.2.14(SubstProps):

1. $ v%wyx $OY�	F' V v%wyx $4Y];
'
'5!k1P2�$�¿E'Ï�K³ e $�¿ j�� ' j�¥(?@ ¿ p j � ¥� r �iþG���	����^��|�+�*�:�iþG���	����^��|�+� ��F�Fiÿ:Df� 136

2. �ßNO 1P24$�¿7'ºe $�¿ } �U���ks� ' } k����° � � ?@ ¿ } �U���° � � ��þG��������^��|�G�#�
��þG��������^��|�G� �]E+F���Dn�]®+�Ü� 140

3. 1P2�$�¿E'�! v%wyx $OY)'Ï�K³ e ¿ ?@ ¿ j �iþ+��������^��|�G�#����^��|�G� B
\f� 149



CHAPTER4. THE CIU THEOREM 33

Filling preserves � Equivalence

Wemustnow establishsimilarpropertiesof filling, theprinciplebeingthatfilling alsopreserves �
congruence.

Lemma 4.2.15(AlphaFill): �iþ+�����:BDýtþMþº�:�iþG���	�:BDýyþMþ {��iÿnE�D�ÿ��*� 51

¿s	J?@ ¿�;Äb´Z`	�?@ ZJ;ºe ¿ �
�	 ?@ ¿ �]¥;
This is provedby simultaneousinductionalongwith thefollowing fact.

Lemma 4.2.16(FillSwap): �iþG���	�:BDýyþMþ+�:�iþG�����
BDýyþMþ ��¯����Ü� 47

� NO 1P24$�ZB'ºe $�¿ � ' } k�����U� ?@ $�¿ } k�����U� ' �
As in the caseof substitutionthe developmentandproof of the CIU theoremrequiresestab-

lishingseveralsimplefactsconcerningfilling. Thesewecollecttogetherin thefollowing lemma.

Lemma 4.2.17(FillPr ops): �iþG�����:BDýyþKþº� 65–82

1. v%wyx $�ZB'µ!*1��J$�¿E'��#³ e ¿ ?@ ¿ �
2. ¿s	 ?@ ¿�;�e 1��J$�¿s	F'k�¹1Â��$�¿�;Q'

3. $�¶ �¸·K_ 1��J$�¿>�­'k�#³ b¹�4	cN�»�f;
'ºe $�¿ }�¹�� ���° � � ' }�¹º¥ ���° ¥ � ?@ ¿ }�¹"» ���° » �¸·K_ �
4. $ ¶ �¸·K_ 1��J$�¿>�­'k�#³ b¹�4	cN�»�f;
'ºe ¿ }�¹"� ���° � ��¼ }�¹y¥ ���° ¥ � ?@ ¿ }�¹º¥ ���° ¥ �&¼ }�¹"� ���° � �

Definition 4.2.18(Term, Closed): �qþ�En�Êÿ:½f� 1-27

We adoptthe conventionthat an expressionwith no parametersis calleda term. Furthermorea

termwith no freevariablesis closed. Thusbeingclosedimplieshaving noparameters.

Thesenotionsare usedheavily in the statementand proof of the CIU theorem,and conse-

quentlywe mustalsoestablishsimplefactsconcerningthem,suchasthatthey arepreservedby �
equivalence,andthatthey arebothpreservedunderfilling (sincethey remainunchanged).

Values

Definition 4.2.19(ValueExpressions( = )): \]��þ+^iÿ]�4� 1-122 6
Thesetof valueexpressions,= , containsall variables,atoms,and

�
s. It mayin additioncontain

expressionsof theform h�$ [ Y ' . Operators,h , thatproducevalueexpressions,arecalledconstruc-

tors. A binary(non-mutable)pairingoperationis aprototypicalconstructor. = mustalsosatisfy:

(triv) = is closedunder ?@ \]��þG^iÿ���� 75
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(vsub) [ O = e [ j O = \]��þG^iÿ���� 81

(inst) [ O = e [ � O = \]��þG^iÿ���� 84

(dich) ¿ � O = e $�¿ O = '�¾ $�¿-��� j b´Zá$,�"' O = ' \]��þG^iÿ���� 87

We let [ rangeover = .

We can now define \]��þ+^iÿ]���
¿�ÿ�¯�À+� 37 the subtypeof expressionsthat we will restrict our

attentionto in the sequel. Theseare expressionswhich only containparametersannotatedby

valuessubstitutions,substitutionswhoserangeis a subsetof = . We will continueto denotethis

new setby > , thoughin the formal treatmentit is called ¿�ÿ�¯�À . Oncedefinedwe mustalsoshow

that renaming,valuesubstitution,andfilling all preserve the definingpropertyof ¿�ÿ�¯�À . This is

donevia judgementsto enablethePVStypechecker to usethemin thetypecheckingprocess.

The following lemmasimply points out a simple consequenceof the closureconditionson

values.

Lemma 4.2.20(inv): \]��þG^�ÿ]�4��\]��þG^�ÿ]����^��/�G� C�ÿ+�����¼� 99

¿ j O = e ¿ O =
Proof: Pick ¿s	 suchthat ¿ j	 O = , andlet � bea freshparameter. Put ¿á�:� j , Z�� Ð.� UW ¿s	/Ñ .
Then

¿ � �ë$­� j ' � �KZá$,�"' p js�:r �KZá$,�"' j � ¿ j	 O =
since� j NO = wecanuse(dich) to concludethat ¿s	 O = .

4.3 Semanticsof Terms

4.3.1 Operational Semantics

In a
�
-languagecomputationstateis representedasaclassof expressions.Eachparticularlanguage

will possessit’ sown classof stateexpressions,reflectingthenatureof theprimitiveoperationsthat

it is basedon. In what follows we fix a distinguishedparameterÁ to designatethe positionat

which effectsareto be observed in a context representinga computationstate. We call this the

stateparameter.

Definition 4.3.1(Stateexpressions( Â )): ��E~����^�������ý:EGF£� 19 6
For aparticular

�
-languageÂ is assumedto beasubsetof > . Wecall Â thesetof stateexpressions.Â is assumedto satisfythefollowing uniformity conditions:

(triv) Â is closedunder ?@ ��E~����^�������ý:EGF£� 27



CHAPTER4. THE CIU THEOREM 35

(par) Ã O Â¨e Á O 1Â��$OÃK' ��E~����^�������ý:EGF£� 31

(vsub) Ã O Â¨e Ã j O Â assumingÁ#NO 1��J$OY�' ��E~����^�������ý:EGF£� 34

(inst) Ã O Â¨e Ã � O Â assumingÁÜNO $ v%wyx $�ZB')�£1��J$�ZB'Q' ��E~����^�������ý:EGF£� 37

Ã rangesover Â and Á O Â is theemptystateexpression.

Definition 4.3.2(Computation States( ÄÅ@ )): ��E~����^�������ý:EGF£� 46ÄÅ@ ¨� Â �w> is the setof computationstates.We let Æ rangeover ÄÅ@ andlet Ãà��¿ be the

statewith statecontext Ã and expression ¿ . The computationstate Ãd�C¿ is said to be a value

stateif f ¿ O = . Givena state Ã �o¿ , we associatea correspondingexpressionby filling thestate

parameterin thecontext with theexpression,i.e. Ã�}�Ç ���°È� . A stateis closedjust if its corresponding

expressionis closed,in otherwordsif Ã }�Ç ���°&� hasno freeparametersor variables.Applicationof

valueandparametersubstitutionsto statesis definedby in theobviousway: $�Ã"�o¿E' j �ÉÃ j �o¿ j
and $�Ãf�3¿E' � ��Ã � ��¿ � . Notethatby (vsub) and(inst) theseareonly meaningfulif Á NOôv%wyx $OY)'
and ÁÜNO $ v%wÊx $�ZB')�£1��J$�ZB'Q' .
Definition 4.3.3(Reduction ( VXW , VXW<Ê ) and Definedness( Ë )): �Mÿ+�	��F���ý
®��º� 28

Given a reductionrelation for a
�
-language: Ã��º¿ VXW Ã ~ �º¿ ~ , the following definitionsare

standard.The transitiveclosureof VXW is VXW<Ê
Definedness: �Mÿ+�	��F���ý
®��º� 38

$�Ã4�]¿7'nË©Ì $�¿ O = '�¾ $�Ã4�]¿ V]W�Ê Ã ~ � [ '
Approximation: �Mÿ+�	��F���ý
®��º� 42

$�ÃF	���¿s	F'ÎÍ $�Ã7;o�]¿�;Q'�Ì $�ÃF	J�]¿s	�'nËÙe $�ÃE;o�]¿�;
'nË
Equidefined: �Mÿ+�	��F���ý
®��º� 45

$�ÃF	���¿s	F'ºÏÜ$�ÃE;o�]¿�;Q'<Ì $Q$�ÃL	Þ�]¿s	^'nË©Ì $�Ã7;`�X¿�;
'nËK'
Equal:

$�ÃF	���¿s	F'k�ë$�ÃE;`�]¿�;
'ÐÌ $hg [ O =æ
�Ã O ÂÏ'/$5ÑÒ ·K_ $OÃF���]¿>�,' VXW<Ê Ã4� [ '
Equivalued: �Mÿ+�	��F���ý
®��º� 48

$�ÃF	���¿s	F'ÔÓ $�Ã7;`�]¿�;Q'�Ì $�ÃF	��]¿s	^'qÏ+$�ÃE;(�]¿�;Q'ébÛ$�ÃF	Þ�]¿s	^'nËÙe $OÃL	J�X¿s	F'k�ë$�ÃE;o�]¿�;Q'
Length: �Mÿ+�	��F���ý
®��º� 55Õ Ã��]¿ Õ is theleast� O $ suchthat Ãº�]¿ reducesto a valuestatein � steps,if Ã4�]¿�Ë .
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The formal treatmentof the transitive closureof a relation,andits rank (usedin definingthe

lengthof a computation)aretheoriesthat we wereableto reusefrom our proof of the Church–

Rossertheorem[10]. They aretreatedin D�ÿ�þ4� 1–210. To definereductionrulesfor general
�
-

languages,and formulatethe centralpropertiesof reductionandequivalence,we introducethe

notionsof redex andreductioncontext. Sinceevaluationis call-by-value,aredex is simplyannon-

constructoroperatorappliedto the appropriatenumberof valueexpressions.Redexesandvalue

expressionsmustbedisjoint, thuswe mustaccountfor thefact thatsomeexpressionsof theformhÂ$ [ ;F
.�.�/�0
 [ Y ' maybevalueexpressions.

Definition 4.3.4(Redexes( >-� )): ��E~����^�������ý:EGF£� 65

Thesetof redexes, >-� , is definedby:

>-�3�Ö9 Y $×= Y ' V =
Note that redexes in our framework may or may not reduce. The point is that they aresimply

expressionsof a particularshape,in otherwords: candidatesfor reduction.Thesetof redexesis

closedunderthefollowing uniformity conditions.

Lemma 4.3.5(RedexUniformity): �]E~����^n�]����ý:E+F*� ??

Redexessatisfythefollowing uniformity conditions:

(triv) >-� is closedunder ?@ �]E~����^n�]����ý:E+F£� ??

(vsub) Ø O >��ce Ø j O >-� ��E~����^�������ý:EGF£� 88

(inst) Ø O >-�ce Ø � O >-� �]E~����^n�]����ý:E+F£� ??

We usethe distinguishedparameter� to denotethe evaluationparameter(or hole), andwe

definethenotionof areductioncontext, Ù , accordingly. Reductioncontexts(alsocalledevaluation

contexts in theliterature)identify thesubexpressionof anexpressionin whichreductionto avalue

mustoccurnext. They themselvesrepresenttheremainderof thecomputation,i.e thecontinuation.

In our approachthey correspondto theleft-first, call-by-valuereductionstrategy of [33] andwere

first introducedby [6].

Definition 4.3.6(ReductionContexts( Ú )): ��E~����^�������ý:EGF£� 70

Thesetof reductioncontexts, Ú , is thesubsetof > definedby

Ú ��Ð � Ñ`�Î9ÜÛÂ� Y �X;/$�Ð [ O = � NO 1��J$ [ '�Ñ Û 
5Ú 
/Ðq¿ O > � NO 1��J$�¿E'^Ñ Y '
Welet Ù rangeover Ú . Weadopttheconventionof writing Ù [ ¿ ] insteadof Ù }�Ý ���° ¥ � .
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Observe that both thedefinition of redex, andthe definition of reductioncontexts dependon the

particularchoiceof values,andthusvary from one
�
-languageto another. Also notethat Ú will

satisfyasimilar setof uniformity conditionsasthosesatisfiedby states(Definition4.3.1):

Lemma 4.3.7(Rcx Uniformity): �]E~����^��]����ý
EGF*� 1-233

Reductioncontextssatisfythefollowing uniformity conditions:

(triv) Ú is closedunder ?@ ��E~����^�������ý:EGF � 109

(par) Ù O Ú e � O 1Â��$�Ù-' ��E~����^�������ý:EGF£� 94

(vsub) Ù O Ú e Ù j O Ú assuming� NO 1��J$OY�' ��E~����^�������ý:EGF � 189

(inst) Ù O Ú e Ù � O Ú assuming� NO $ v%wyx $�ZB')�£1��J$�ZB'Q' ��E~����^�������ý:EGF � 224

A term,anexpressionwithoutparameters,is eitheravalueexpressionor decomposesuniquely

into aredex placedin areductioncontext. Thisgeneralizesto thepresentsituationin thefollowing

fashion.

Lemma 4.3.8(Decomposition): �]E~����^��]����ý
EGF*�:a�®+¬ Þqÿ]®�E~����E���ý~��ý:EGF {��iÿnE�D�ÿ��*� 179

For any
�
-language,if ¿ O > theneither ¿ O = or ¿ canbewritten uniquelyaseither

(i) Ù [ Ø ] where Ù is a reductioncontext and Ø O >-� , or else

(ii) Ù [ �Nj ] where Ù is a reductioncontext, and �Nj O � L is adecoratedparameter.

In the latter casewe say that the expressionis touching the parameter, while in the former

we saythat theexpressionmaybereducible. Therequirementthat theevaluationparameterdoes

not occur in eitherthe leadingvalueexpressions,or the trailing expressionsis necessaryfor the

uniquenssaspectof this lemma.A simplecounterexampleis thefollowing:

Ùo	(�ih�$ � 
 � ' ÙÞ;k�KhÂ$ � 
�ØÊ' Ùo	 [ Ø ] �ßh�$ÈØ�
�Øy'��´ÙÞ; [ Ø ]
4.3.2 Uniform Semantics

Wenow specifywhatwemeanby a
�
-languagehaving uniformsemantics. Thekey requirementis

thatreductionstepsthatdonot touchaparameterareuniformly independentof whattheparameter

might standfor. In addition,we requirethat: singlestepreductionis essentiallydeterministic;

reductionis preserved by valuesubstitution;a state,and its associatedexpressionstartedin the

emptystatecontext, areequi-defined;andif onestatereducesto anotherthenthe two statesare

equi-definedandthereducthasshortercomputationlength,if defined.
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Definition 4.3.9(Uniformity (U)): �Mÿ+����F���ý
®��4� 1–121 6
A
�
-languageis saidto haveuniformsemanticsif it satisfiesthefollowing:

(i) Functionalmodulo ?@ andimplicit bindings: �Mÿ+�	��F���ý
®��º� 70

$UÑÒ ·K_ $�Ã^�3�]¿>�,' ?@ $OÃ ~� �]¿ ~� 'Q'ºe $
$�ÃF	Þ�]¿s	 VXW Ã7;`�]¿�;Q'ºe $�Ã ~	 �X¿ ~	 VXW Ã ~; �]¿ ~; 'Q'
$UÑÒ ·K_ Ãº�]¿ V�W Ã^���]¿>�,'4e Ã }�Ç ���° � �	 ?@ Ã }�Ç ���° ¥ �;

(ii ) Uniform in valuesubstitutions: �Mÿ+�	��F���ý
®��º� 75

Ãº�]¿ V�W Ã ~ �]¿ ~ e $�Ã4�]¿7' j V�W $OÃ ~ �]¿ ~ ' j provided v%wyx $4Y�'�!ß$Oxy_ ����z $�ÃK'0��xº_ ����z $OÃ ~ 'Q'Ï�i³ and ÁÜNO 1��J$OY�' .
(iii ) Stateevaluation: �Mÿ+�	��F���ý
®��º� 79

Ãº�]¿ ÏàÁ4�:Ã }�Ç ���°&�
(iv) Well-founded: �Mÿ+�	��F���ý
®��º� 82

$�Ã4�]¿ VXW Ã ~ �]¿ ~ bÖÃ4�]¿�Ë�'4e $�Ã ~ �]¿ ~ ËÜb Õ Ã ~ �]¿ ~ Õ Ú Õ Ã ~ �]¿ ~ Õ '
(v) Parametric: �Mÿ+�	��F���ý
®��º� 86

ÃL	J�X¿s	 VXW Ã7;o�]¿�;ºe $�ÃL	Þ�]¿s	^' � VXW $�Ã7;`�]¿�;Q' � for any Z O A with Á#NO $ v%wyx $�ZB'��*1��J$�ZB'Q' .
(vi) Dichotomy: �Mÿ+�	��F���ý
®��º� 90

AssumingÁÜNO v%wyx $�ZB' , if $�Ãº�]¿E'S� V�W Ã ~ �]¿ ~ theneither

Ã4�X¿ touchesaparameterin thedomainof Z , or

Ã4�X¿ VXW Ã7;o�]¿�; , for someÃE;(�]¿�; suchthat Ãy~D�]¿/~ ?@ $�Ã7;`�]¿�;Q' �
(vii ) Closure: �Mÿ+�	��Fn��ý
®��4� 95& 100

(i) $�ÃF	��]¿s	 VXW ÃE;(�X¿�;
'4e 1P2�$�Ã }�Ç ���° ¥ �; 'âá�1P2�$�Ã }�Ç ���° � �	 '
(ii) $�ÃF	��]¿s	 VXW ÃE;(�X¿�;
'4e 1��J$OÃ7;o�]¿�;Q'�á»1��J$�ÃF	��]¿s	^'Äb $�ÁÜNO 1��J$�¿s	F'ºe ÁÜNO 1��J$�¿�;Q'
'

In the languageswe consider(U) holds for the following reasons.(U.i) holds becausethe

only non-determinismin a reductionstepis thechoiceof namesusedin thestatecontext. (U.ii)

holdsbecausereductionsthatdo not dependon thevaluesof freevariables,areparametricin the

valuesthatthosevariablestake. (U.iii ) holdsbecausereductionof Á¼�]Ã }�Ç ���°È� essentiallyrecreates
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thestatecontext Ã . (U.iv) follows sinceif a stateis defined,thenany reductionmakesprogress.

Clearlyif thereductstateis defined,thentheoriginal stateis defined.(U.v) and(U.vi) formalizes

the uniformity requirementfor reductionsteps. (U.vi) statesthat either computationtouchesa

parameteror is parametric.Thesearesatisfiedby reductionrulesthattreatthereductioncontext as

anabstractentity, andthatdependon thekind of constructionof a redex argument,but not on any

informationaboutsubparts.This is easilyexpressedusingtheparameters.Finally, (U.vii) holds

becausecomputationneitherintroducesnew parameters,nor new freevariables.Furthermorethe

stateparameterdoesnotpropagateinto theexpressionbeingevaluated.

4.3.3 Approximation and Equivalence

Now we defineoperationalapproximationandequivalenceon termsandlay thegroundwork for

studyingpropertiesof theserelations.In whatfollowswefix a particulardistinguishedparameter,

� , distinctfrom Á and � . Welet ã rangeoverexpressionswith � astheonly freeparameter. Such

expressionsplay therole of traditional
�
-calculuscontexts, andwe extendour convention,stated

in definition4.3.6,of sometimeswriting ã [ ¿ ] insteadof ã }O¹ ���°È� . Notehoweverthatfor example

thetraditionalcontext
� �q�v�����)$&��
 � ���ä������$ [ ] 
��t'Q' doesnot correspondto

� ���ä������$,�X
 � ���v�����0$­� 
��t'Q'
but ratherto onewherethetrappingshavebeenmadeexplicit attheoccurrenceof the � parameter:� �q�ä�����3$,�X
 � ���v�����0$­� } k����k�å � �� � � 
��t'Q'F�
Definition 4.3.10(Approximation ¿s	çæë¿�; , Equivalence ¿s	 Ó � ¿�; ): �:���nD�E�¬Ü� 1–76

For terms ¿s	 , ¿�; define

¿s	èæ ¿�;�Ì $\[âã ã [ ¿s	 ] 

ã [ ¿�; ] closed'/$�Ám�µã [ ¿s	 ] ÍéÁm�µã [ ¿�; ] '
¿s	 Ó � ¿�;�Ì ¿s	çæ ¿�;éb¨¿�;�æ ¿s	
Note thatwe arerestrictingour attentionto terms,ratherthanarbitraryexpressions.It is easyto

seethatoperationalapproximationis a congruenceon terms: if ¿s	àæ ¿�; , then ã [ ¿s	 ] æêã [ ¿�; ] .

Similarly for operationalequivalence.

4.4 The Proof of CIU

4.4.1 The CIU Theorem

Wemaynow statethemainresultconcerninglanguageswith uniformsemantics,theCIU theorem.

Theorem 4.4.1(CIU): �	��
Ü������
*� 210 6
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For a
�
-languagewith uniformsemantics:

¿s	èæ ¿�;�Ì $\["Ã�
sÙÄ
UY ÑÒ ·K_ Ã4�nÙ [ ¿ jÒ ] closed'L$�Ãº�]Ù [ ¿ j	 ] ÍéÃ4�nÙ [ ¿ j; ] '
undertheassumptionthat 1P24$�¿s	�'Ï��1P24$�¿�;Q' .

CIU is anacronym for closedinstancesof uses, sincethevaluesubstitution,Y , closesthe ¿>� ,
while thereductioncontext, Ù , representsa useof thevaluereturned,in theappropriatestate,Ã .
Thusonly thevalueof theexpressions,¿>� , areobserved. Althoughthetheoremholdswithout the

addedassumptionthat 1P2º$�¿s	^'c��1P2�$�¿�;Q' , we have asyet beenunableto verify this usingPVS.

This is thesubjectof ongoingwork, andwehopeto beableto remove this assumptionshortly.

This assumptionis usedin the following lemma, which guaranteesthat we may preserve

closednessby replacingsomenumberof occurrencesof ¿s	 by ¿�; .
Lemma 4.4.2(Closed): ����
*�
��ý�^ �qþ�E��Êÿ
½f� 83 6
Suppose¿ satifies1P24$�¿E'(�´³ , 1��J$�¿E'èáÎÐE�4	.
Q�Ü;�Ñ , 1P2�$�¿s	^'o��1P2�$�¿�;Q' , ¿ }�¹�� ���° � å ¹º¥ ���° � � is closed,

and ¿ }�¹�� ���° ¥ å ¹º¥ ���° ¥ � is closed.Then ¿ }�¹�� ���° � å ¹º¥ ���° ¥ � is alsoclosed.

To seethatthefirst two conditions(without thethird) arenecessaryconsiderthefollowing:

¿-� � �Ê	L� � �K;^��� } � ¥ ���� ¥ å � � �� ¹Ôë4ì �&íî ì ��ï ì ¥4íîÔð ±äñ¥ �	
¿ }�¹"� ���� � å ¹º¥ ���� � � � � �Ê	/� � �K;^�!�Ê	/
 ¿ }�¹"� ���� ¥ å ¹º¥ ���� ¥ � � � �Ê	.� � �K;^�!�K;^
 but ¿ }�¹"� ���� � å ¹º¥ ���� ¥ � � � �Ê	.� � �K;^�­¿ ~ �
To seethatthefirst threeareall necessaryconsider:

¿-� � �K;��!� } � ¥ ���� ¥ å � � �� { ��ò�ó ¹ ë4ì �&íî ì ¥�ï ì ¥Oíîµô ìOõ ¬ ö � ñ¥ �	
¿ }�¹ � ���� � å ¹ ¥ ���� � � � � �K;�� � �Ê_.�!�K;�
 ¿ }�¹ � ���� ¥ å ¹ ¥ ���� ¥ � � � �K;^�!�K;�
 but ¿ }�¹ � ���� � å ¹ ¥ ���� ¥ � � � �K;�� � �Ê_.� � �Êj.�!�Ê	.�

Anotherusefullemmain the PVS proof allows us,aheadof time, to replacea parameter, by

whatit is aboutto befilled with.

Lemma 4.4.3(Delay): �	��
#����ý�^ Þqÿ�þ:�
­f� 100

If ¿ is a term,then Ù [ ��j ] }�¹ ���°È� ��Ù [ ¿�j ] }�¹ ���°&� �
4.4.2 The CIU Proof

Thefactthatonecanpresenta syntacticreductionsystemfor imperative
�
-calculi wasdiscovered

independentlyin 1986-1987in [23], andin [7]. As well asbeingconceptuallyelegant,it hasalso

provided thenecessarytools for severalkey resultsandproofs. In additionto eliminatingmessy
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isomorphismconsiderations,to dealwith arbitrarychoiceof namesof newly allocatedstructures,

it alsowasakey stepleadingto theformulationof theCIU theorem,first presentedin [22]. There

arenow severalproofsof this result in the literature. The theoremfirst appearedin [23] andthe

proof (sketch)presentedthereusedtechniquessimilar to thosedevelopedhere.A somewhatmore

detailedandgeneralversionof this sametechniqueappearedin [41]. A second,distinct, proof

waspresentedin [12] that simply shows that the CIU relationis a congruence.This proof also

appearsin amoregeneralsettingin [21].

Proof: (CIU e ) �	��
*���	��
naf� 153

The(CIU e ) directionis relatively simple,andrequiresproducinga context ÷ suchthat ÷ [ ¿>� ]
evaluatesto Ãë�ÅÙ [ ¿�j; ] . Supposethat ¿s	øæ ¿�; , and chooseÃ�
sÙÄ
UY suchthat Ã �ÜÙ [ ¿�jÒ ] is

closedfor ���ù%¹Ú ö . Sincetheseexpressionsare closed,we may assumethat the only free

parameterin Ã is Á , andthat Y�$,�X' is a term,for each� O9v%wyx $4Y�' . ExtendY to úY by mappingeach

� O xº_ ����z $OÃK' V v%wyx $4Y�' to itself. Notethat ¿nûj� ��¿ j� . Chooseannew parameter� andconsider

theexpression÷Ì�KÃ }�Ç ��èü ë4ý íî öºþ� ñ � .
Lemma 4.4.4: �	��
#���	��
na ÿiÿ�þG�iÿ:D��¼� 129÷ [ ¿ Ò ] �ë$OÃ }�Ç ��èü ë×ý íî ö þ� ñ � ' }�¹ ���°��S� �#Ã }�Ç ��èü ëOý íîwð þ�» ñ �
Now by this lemma Á���÷ [ ¿ Ò ] areclosed,thusby definition4.3.10wehave that

Ám�µã [ ¿s	 ] ÍéÁ4�µã [ ¿�; ] �
Then ÁÜ��÷ [ ¿ Ò ] ÏRÃ#�|Ù [ ¿�jÒ ] by lemma4.4.4,and(Unif .iii ). Thus ÃÜ�/Ù [ ¿�j	 ] Í ÃÜ�"Ù [ ¿�j; ] as

desired.

Proof: (CIU å ) �	��
*���	��
]C+� 206

Assumethat

(ciu) $�["Ã�
sÙÄ
UY ÑÒ ·K_ Ãº�nÙ [ ¿ jÒ ] closed'/$OÃº�]Ù [ ¿ j	 ] Í Ãº�nÙ [ ¿ j; ] 'F�
Weprove

$\["Ã�
<¿ ÑÒ ·K_ $�Ã4�X¿7' }�¹ ���°��S� closed'/$Q$�Ã��]¿7' }�¹ ���° � � Í $OÃº�]¿E' }�¹ ���° ¥ � '
by inductionon thelengthof thecomputationof $�Ã4�]¿7' }�¹ ���° � � .

The proof is relatively straightforward modulo the hard case. The hard caseis when ¿s	 is

a value,and $�Ãl�%¿E' }�¹ ���° � � non-trivially reducesto a value. This caseitself mustbe proved by
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anotherinduction. This inductionis on thenumberof non-nestedoccurrencesof � thatoccurto

the left, or below, wherethe computationis currentlytaking place. An occurrenceof � in ¿ is

saidto be non-nestedif it is not in the scopeof a
�
-expression,or in the rangeof a substitution

annotatingaparameter.

(CIU å ) BaseCase: �	��
#���	��
�C �n���Êÿº� 156

Supposethat $OÃa�%¿7' }�¹ ���° � � is a valuestate. Thus ¿ }�¹ ���° � � mustbe a value. Thusby (dich) of

definition4.2.19,either ¿ is a valueor elseit is of theform � j for someY , and ¿s	 itself mustbe

a value. In thecasewhere ¿ is a value,we have that ¿ }�¹ ���° ¥ � is alsoa valueby (fill ) of definition

4.2.19,and hence $OÃÎ�¼¿E'5}�¹ ���° ¥ � is also value state(note that Ã�}�¹ ���° ¥ � O Â is implicit in the

hypothesis).So supposethat ¿s	 is a value,and that ¿ is of the form ��j for some Y . Also letÃ Ò �KÃ�}�¹ ���°��S� and Y Ò �ßYµ}�¹ ���°��U� for �m�I%ºÚ»ö . Thenin this case

$�Ã4�]¿7' }�¹ ���° � � �#Ã }O¹ ���° � � �X¿ j ë ö íîÔðQ� ñ	 �#ÃL	J�X¿ j��	
is avaluestate,andhence

Ã }O¹ ���° ¥ � �X¿ j ë ö íîwð ¥ ñ	 �#ÃE;(��¿ j�¥	
mustalsobe a valuestateby (fill ) of definition 4.2.19. We alsoclaim that ÃE;��J¿ j ¥	 is closedby

lemma4.4.2.By assumptionÃ7;`�]¿ j�¥; is closed.Thuswemayusethe(ciu) hypothesiswith ÃC�KÃE; ,Ù�� � , and Y*�KY]; to concludethat

Ã }O¹ ���° ¥ � �X¿ j ë ö íîwð ¥ ñ	 �#ÃE;(��¿ j�¥	 Í Ã7;`�X¿ j�¥; �#Ã }O¹ ���° ¥ � �X¿ j ë ö íîÔð ¥ ñ;
Now simplyobserve that

$�Ã4�]¿7' }�¹ ���° ¥ � �ë$OÃº�Ê� j ' }�¹ ���° ¥ � �KÃ }O¹ ���° ¥ � �]¿ j ë ö íîwð ¥ ñ; �KÃ7;`�]¿ j�¥; �
So $�Ã4�]¿7' }�¹ ���° ¥ � Ë .
(CIU å ) Induction Case: �	��
*�:����
]C �~ÿf� 166

Now supposethat $OÃº�]¿E' }�¹ ���° � � Ë non-trivially. Thusthereisa $OÃM�Þ�]¿.�^' suchthat $�Ã��]¿7' }�¹ ���° � � VXW
$�ÃM�B�]¿.�^' and

Õ $�ÃM�B�]¿E�^' Õ Ú Õ $�Ãº�]¿E' }�¹ ���° � � Õ . Henceby (Unif .vi) either

(i) thereis astate $�Ã ~ �]¿ ~ ' suchthat $�Ã4�]¿7' VXW $�Ã ~ �X¿ ~ ' and $OÃ ~ �X¿ ~ '5}�¹ ���° � � � $�Ã � �]¿ � ' , or else

(ii) $OÃº�X¿E' touchestheparameter� .

(CIU å ) Induction Case(i): �	��
*���	��
]C+� 221

In (i) we have by the inductionhypothesisthat $�Ãy~(�Þ¿/~·' }�¹ ���° � � Í $OÃt~`�J¿L~�' }�¹ ���° ¥ � , andthusby
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hypothesis$OÃ ~ �P¿ ~ '5}�¹ ���° ¥ � Ë . This caseis completedby observingthatsince $�ÃÜ�3¿E' V]W $�Ã ~ �3¿ ~ ' ,
by (Unif .v) wehave that $�Ãº�]¿E' }�¹ ���° ¥ � VXW $�Ãy~D�X¿L~�' }�¹ ���° ¥ � . Thus $OÃº�X¿E' }�¹ ���° ¥ � Ë asdesired.

Weareleft with case(ii ) where $�Ã4�]¿7' touchestheparameter� . Without lossof generalitylet

¿-��Ù [ � j ] . Weconsidertwo casesdependingonwhetheror not ¿s	 O = :

(CIU å ) Induction Case(ii) ( ¿s	cNO = ): �	��
*���	��
]C+� 221

Since ¿s	CNO = wehaveby (Decomposition) (i.e. lemma4.3.8)thateither ¿s	 uniquelydecomposes

into Ùo	 [ Ø>	 ] , or else Ù`	 [ � j��	 ] . However the latter caseis ruledout since ¿s	 is a term. So ¿s	C�Ùo	 [ Ø>	 ] . Now by lemma(delay)

$�Ã4�]Ù [ � j ] ' }�¹ ���° � � �ë$�Ã4�nÙ [ ¿ j	 ] ' }�¹ ���° � � � $�Ã4�]Ù [ Ùo	 [ Ø>	 ] j ] ' }�¹ ���° � � �ë$OÃº�nÙ [ Ù j	 [ Ø j	 ]] ' }�¹ ���° � �
Now since Ù [ Ù j	 ] is a reductioncontext, and Ø j	 is still a redex by (inv) (i.e. lemma 4.2.20),

we have that $OÃ¼�	Ù [ ¿ j	 ] ' doesnot touchtheparameter� andsoreducesuniformly by (Unif .vi).

Thus $�Ã � Ù [ ¿ j	 ] ' VXW $OÃy~(�J¿L~�' for some $OÃt~(�J¿L~�' . Thusby (Unif .v) $OÃà� Ù [ ¿ j	 ] ' }�¹ ���° � � VXW
$�Ãy~]��¿L~�' }�¹ ���° � � andhence$OÃt~X�3¿L~�' }�¹ ���° � � Ë , soby theinductionhypothesis$OÃt~]��¿L~�' }�¹ ���° ¥ � Ë . Now

alsoby (Unif .v) $�Ã�� Ù [ ¿�j	 ] '5}�¹ ���° ¥ � V�W $OÃ ~ �Ä¿ ~ 'S}�¹ ���° ¥ � , consequentlywe may concludethat

$�Ã»�çÙ [ ¿ j	 ] ' }�¹ ���° ¥ � Ë . Now put ÃE;f� Ã }�¹ ���° ¥ � , ÙÞ;Ü� Ù }�¹ ���° ¥ � , and Y];+� Y }�¹ ���° ¥ � . Thenby

lemma4.4.2wemayinstantiate(ciu) andconclude

Ã7;`�nÙÞ; [ ¿ j�¥	 ] ÍéÃE;(�]ÙÞ; [ ¿ j�¥; ] �
ConsequentlyÃE;(��ÙJ; [ ¿ j�¥; ] Ë , asis $OÃº�]¿E' }�¹ ���° ¥ � Ë sincethey areidentical.

(CIU å ) Induction Case(ii) ( ¿s	 O = ): ����
*���	��
]C \]��þG^�ÿ¼� 182

Sincewe areassumingthat $OÃ£�k¿7'S}�¹ ���° � � Ë non-trivially, we know that theterm ¿~}�¹ ���° � � is not a

value,andsomustdecomposeuniquelyinto Ù � [ Ø � ] . Furthermoresince ¿s	 is avaluewecanfind

a ÷ containingboth � and � , andan � suchthat:

Ù � �#÷ }�¹ ���° � � Ø � ��� }�¹ ���° � � ¿-�K÷ }�Ý ��	���
Although � neednotbearedex, and ÷ neednotbeareductioncontext, sincein generalbothcould

containoccurrencesof � .

We sayannon-nestedoccurrenceof � is touchedin ¿ if it occurseitherin � , or to the left of

the � in ÷ . In whatfollowsweshallwrite

¿t$Ä� 

�£
.�.�.�)
Q�
 �
� �
all touchedoccurrences

all otheroccurrences� �

 �
� 
Q� 
.�.�/�)

�»'
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to indicatetheoccurrencesthataretouchedandthosethatarenot. Wealsoassumethatthetouched

occurrencesarecorrectlyorderedfrom left to right. In thattheleftmosttouchedoccurrencecorre-

spondsto thefirst � in this list, while theright mosttouchedoccurrencecorrespondsto the � just

beforethe .

Now theinductionhypothesiscanbeusedto show that

$�Ã4�]¿M$�¿s	.
<¿s	.
/�.�.�0
<¿s	 � 

�£
.�.�.�)
Q�"'
' }�¹ ���° � � Í $�Ã��]¿t$�¿s	E
<¿s	.
/�.�.�0
<¿s	 � 

�£
.�.�.�)
Q�"'
' }O¹ ���° ¥ �
sinceby construction¿M$�¿s	.
<¿s	.
.�/�.�0
<¿s	 �£

� 
.�/�.�)

�"' doesnot toucha hole,but ratherdecom-

posesinto thepartially filled ÷ and � . Thepartialfilling of ÷ and � arenow, alsoby construction,

a reductioncontext anda redex. Thusboth sideswill reduceuniformly by a singlestep,andthe

inductionhypothesisappliesto thesereducedexpressions.

Thusputting ÃE;��#Ã }O¹ ���° ¥ � wemayconcludethat

$�ÃE;(��¿M$�¿s	E
<¿s	.
.�.�/�0
<¿s	 ¿�;F
H¿�;^
.�.�.�]
<¿�;Q'
'nË
We now prove, by induction on the numberoccurrencesof parametersin ¿t$,�£

� 
/�.�.�)

�
¿�;^
<¿�;�
.�.�.�)
<¿�;s' , that

$�ÃE;(��¿M$�¿s	E
<¿s	.
.�.�/�0
<¿s	 ¿�;F
H¿�;^
.�.�.�]
<¿�;Q'
'ÎÍ $OÃ7;`�X¿t$�¿�;F
<¿�;^
/�.�.�0
<¿�; ¿�;^
<¿�;^
/�.�.�)
<¿�;Q'Q'
Thebasecaseis trivial, sinceif thereareno parametersto theleft of the , thelefthandsidestate

is identicalto theright handsidestate.Thuswe needonly show how we mayreducethenumber

occurrencesof parametersin ¿t$,�£

� 
/�.�.�)

� ¿�;F
<¿�;^
.�/�.�0
<¿�;Q' by one.

We do this by consideringtheexpression:

¿t$�¿s	.
<¿s	/
.�.�.�)
<¿s	/

� ¿�;F
H¿�;^
.�.�.�]
<¿�;Q'
obtainedbyfilling all but theright mostnon-nestedoccurrenceof � in ¿M$­� 

�£
.�.�.��

� ¿�;^
<¿�;�
.�.�.�)
<¿�;s' .
By constructionthis expressionis touchingtheparameter� andthuscanbewritten as Ù ~ [ �Nj ] .

Thuswemayuse(ciu) to conclude

$�ÃE;(��Ù ~ [ ¿ j	 ] 'NÍ $�ÃE;o�]Ù ~ [ ¿ j; ] '
Or in otherwords:

$�ÃE;(��¿M$�¿s	E
<¿s	.
.�.�/�0
<¿s	.
<¿s	 ¿�;F
<¿�;�
/�.�.�)
<¿�;Q'Q' Í $�ÃE;`�]¿t$�¿�;F
H¿�;^
.�.�.�]
<¿s	.
<¿�; ¿�;^
<¿�;^
.�/�.�)
<¿�;Q'Q'
It then only remainsto show that ¿t$,�£

� 
/�.�.�)

�£
<¿�; ¿�;^
<¿�;�
.�.�.�0
H¿�;Q' satisfiesthe induction

hypothesis,andhasonelessoccurrenceof the parameter� . Clearly the numberof non-nested
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parametersdecreasesby one.To seethat ¿ ~ �Û¿t$,�£

� 
/�.�.�)

�£
<¿�; ¿�;^
H¿�;^
.�.�.�)
H¿�;s' hasthedesired

decomposition,andreducesnon-trivially weconsidertwo cases,dependingonwhetheror not ¿�; is
a valueor not. When ¿�; is a valuethesamedecompositionremainsvalid, andasthecomputation

is uniform,non-triviality follows. If ¿�; is notavalue,thensinceit is a termit mustbeof theform:ÙÞ; [ Ø�; ] . Then ÷ ~ �ë¿M$­� 

�£
.�.�.��

�£
sÙÞ; ¿�;^
<¿�;�
.�.�.�)
<¿�;>' and � ~ � Ø�; suffices.

4.5 CIU Conclusions

Themostobviousconclusionto draw from thework reportedin thischapteris thatit is possibleto

usePVSasa tool in thedevelopmentof modernoperationaltechniques,anda productive tool at

that. It is not hardto seethattoolslikePVSwill, in thefuture,play animportantpart in language

design,implementation,andevenprogramdevelopmentitself.

Theformalizationof theannotatedholestechniqueis alsoa highlight of thework. Providing

theunusualtechniquewith aunquestionablebasis.Howeverthemostimportantaspectof thework

reportedhereis theway it, to mix metaphors,draggedthegroundbreakingpaper[41] over thehot

coals,or put it througha fine toothcomb. Thefinal product[24] is certainlythebetterfor it. To

recap: the processof formalizing the CIU theoremrevealedthreemajor categoriesof problems

with thepublishedtheoreticalversions.Unstatedclosureconditionson thesetof values,andset

of states.Unstatedbut necessaryuniformity requirementsneededfor theproof to becarriedout.

Finally someextraconditionsonthetermsor contextsconsideredin theactualCIU proofto ensure

thatreplacingoneexpressionpreservestheclosednessof thecomputationstatesinvolved.

4.5.1 PVSStatistics

Theactualproof of CIU in PVStook approximatelyfour months(July 00 throughearlyNovem-

ber 00). The actualmachinechecked proof involves the proving of two hundredandsixty six

(266) distinct facts,and takesPVS two thousandsix hundredandsixty six (2662)seconds(44

minutes)of CPUtimerunningonaLinux machineconfiguredwith 2GBytesof mainmemoryand

4 û 550MHz Xeon PIII processors.The dumpfile containingall the PVS definitions,facts,and

proofsis 8.362MBytesandis availablefrom http://mcs.une.edu.au/˜pvs/ [9]. It thus

representsroughlyfour timesasmuchwork aswasrequiredto prove theChurch–Rossertheorem

in PVS,asdescribedin theearlierchapterandreportedin [10].
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Conclusions

Themostimportantconclusionis thatPVScanbeusedasatool in modernoperationaltechniques.

The abstractdatatype mechanismof PVS is extremelyuseful in definingsuchstructuresasthe

syntaxof expressionsfor languages,althoughsomeaspectsof this featurecouldbe improvedto

provide moreautomatedproving. All in all, however, the useof ADTs for inductive definitions

removesa lot of themoremenialwork from thespecificationprocess.

Severalbugswerealsodiscoveredin PVSitself andthesehavebeensubmittedto thedevelopers

of PVSatMenloPark. Thediscoveryof bugsin theimplementationof PVSleadsto improvements

bothin theintegrity of thesystem,andalsotheprover. SincePVSversion2.1wasannouncedon

April 24,1997,roughly500bugshavebeensubmitted.Theseincludeproblemswith all aspectsof

PVSsuchasthetypechecker, parserandprover.

To our knowledgethework on theChurch–Rossertheoremis thefirst time that � -equivalence

hasbe formalizedin a mechanizedproof. Thus certaindetailsconcerningthe propertiesof � -

equivalencehave for thefirst time, beensubjectto therigorsof formal verification. Thuswe can

concludethatreasoningwith ?@ andits propertiesin a theoremprover is a practicaloption. How-

ever, working in thequotientspacemodulo ?@ is still preferabledueto thereducedcomplexity.

Theprocessof formalizingtheCIU theoremrevealedthreemajorcategoriesof problemswith

the publishedtheoreticalversions. Unstatedclosureconditionson the setof values,andsetof

states. Unstatedbut necessaryuniformity requirementsneededfor the proof to be carriedout.

Finally someextraconditionsonthetermsor contextsconsideredin theactualCIU proofto ensure

that replacingoneexpressionpreservesthe closednessof the computationstatesinvolved. Thus

suchmethodsof verificationareindeedusefulfor testingexisting theoryfor problemssuchasthe

omissionof necessaryconditionsandassumptions.

The CPU time taken to prove the CIU theoremis much greaterthan the CPU time for the

47
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Church–Rossertheorem(2662secondsfor CIU asopposedto 362 for Church–Rosser). This is

in partdueto themorecomplex typedefinitionsfor CIU includingsubtypesfor expressionsand

values.The generationof TCC both in the specificationandin the prover playeda large part in

theamountof time requiredfor theCIU proof. Methodsfor combatingthis problemeitherwith

judgementsor lemmaswoulddefinitelybeakey issueof furtherwork donein PVS.

So finally in summary, the main conclusionsthat canbe drawn from the work donein this

thesisare:

� PVScanbeusedasa tool in modernoperationaltechniques;

� thework on theChurch–Rossertheoremis thefirst known proof that formalizes� congru-

ence;

� theproof of theCIU theoremis thefirst useof PVS to prove a recentresultin operational

semantics;

� formalverificationcanbeusedto uncoverproblemsin existing theory.

Thusin the future, tools like PVSarelikely to play an importantrole in languagedesign,imple-

mentationandevenprogramdevelopmentitself.
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