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CHAPTER 1

Complex Numbers

1. Basic properties

22+ 1 = 0 solved by x = =i; say “i = /—17
Li2=—1(cf 22 -2=0=2=42)

Definition 1.1. “Complex number” z = a+ib st a,b € R say 2 € C”. Ifw =c+id €
C, then define

z4+w = (a+c)+ilb+d) z4+w=w+2z)
z-w = (a+1ib)(c+id) = (ac — bd) + i(ad + be) (Check: zw = wz)
Write a = Re(z) “real part” of z
b = Im(z) “imaginary part” of z

Note: ife € R, thene+z = (e+a)+1ib

ie+z = a+i(b+e) )
w:e:c:e,dzo) a+i0=a

. e-z = ea+ieb . .
w=ie=c=0,d=e . ) 0+4+1ib=1ib
ie-z2 = —eb+iea

Powers of i:
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Example: Find Im [(3 + 4i)(1 — 2i)]

Solution:
(3+4i)(1—2i) = 3.1—42(i-i)+4.1i —3.2i
= 3+8+i(4—-06)
= 11-2i
o Im[(344i)(1—2)i] = =2

Definition 1.2. Given z = a +ib € C, define the “conjugate” of z:

Z=a—1b

“z+zZ = (a+1ib) + (a—1ib)
= (a+a)+1i(b—b) =2a+i0 = 2a = 2Re(z)
(= 2Re(2))
z—z = (a+ib)— (a—ib) = (a+ib) —a+ib
= (a—a) +i(b+1D)
= 0 + 2ib = 2ib = 2iIm(2)
= —2iIm(z)

2z2=(a+1ib)(a—1ib) = (a-a—b(=b))+i(a-(=b)+ ba)
= a*+ b +i(—ab+ ab)
= @+ +i0=a’+1"

Division of Complex Nos: z =a +ib,w = c+ id

(a+1ib)(c —id)  (ac+ bd) +i(bc — ad)

" (c+id)(c —id) 2+ d?

SHRN




1. BASIC PROPERTIES

Special Case:

1 1 c . d
Conjugation:
(i) z+w=zZ+w ,
Exercise!
(ii) Zow=2Z2 W

(iii)

B 1 1
 cti(—d) W
(iv) (2) ==z
Corollary: ec Rje-z=¢e-z2=¢-2
z—w = z4+(-~w)=z+(~w)=z—w

(using the above, with e = —1)

Example: Write |2 — 2 .}2 in the form a + ib.

3+4i 3—4i
Solution:

2+i  (2+1)(B-4)  (6+4)+i3-8) 10 i5/ 2 .1
D pemeo  wrE 5B (i)
(i) 2 (2)(3 +4i) :'_8+6i:~—§-+i§-

3—4i 3-4)3+4i) F+4£ 0 2B 2B
2+i 2 10 .5 (-8 .6
(i) S+4i 3-4i 2_5_12_5_(§+‘%)

18 .11



4 1. COMPLEX NUMBERS

Therefore
(iv)

2 +i 2i 12 18+,1 18+_1
3+4i 3 —4i 25 " 25)\25 " 25
1 1

_ 18 4 1) 2 (1 .
25( 8+1)25( 8 +1)

= 5—14 (187 — 1 +i(18 + 18))

2234 -1 2232
T
2. The Argand Plane

z=x+iy < (r,y) ER* 2 = Re(z)

y = Im(z)

g St S 4

4

Definition 2.1.

“Modulus” (or length) of z : |z| = a?+y?

Properties:

(1)




2. THE ARGAND PLANE

z 1
‘_’ _ Z._' _p
w w
3+ 41)(1 +1
Example: Compute (8 +4i)( ,+ i
3 —4i
Solution:
13 + 4i]
11+ i
|3 — 4i
_ (34+4i)(1+1)
) 3—4i
Note:
2]
A
T Yy %
L . ilﬂ \ \ ¢ 3
f; \\ >
..,Zé’ _M(,g \?5"& :2.}

Z 4w

V(3+4i)(3—4i)=V324+42=5

= VI2+12=+2
— 1/32_}_42:5

]3+4i||1.+i] _5V2 3
|3 — 4i] 5

= z1+iy < (v1,0)
= To+ iy < (22, 12)
= < (v1+ 22,01 + Y2)
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3

Triangle Inequality

(1) [z +w] < [2] + [w]

(ii) |z — w| > ||z — |w]|

Proof of (ii)

|z —w]* = (z —w)(z — w)

2Z — 20 — wzZ + ww

(wz = (zw))

|z|* — 2Re(zw) + |w]?

(=a+if > |2f* = 2[Re(z@)| + |w|*
= [Re(Q)] < [¢] > |2l* = 2lz@] + [wl* = (|2] - w])®
(lz0] = |2[Jw]) sz —wl = 2] = fwl]

Induction: |z + 20 + 23] < |21 + 22| + |23] < |21 + |22 + |23]
|21+ - 4 2| < za| 4 22|+ 4 2]

Polar Representation of z

2~ (z,y) ~ (r,0)

=l = Vet 0=

tan 1(%) ifx>0
y

tan ™ (4) + 7 if 2 <0



2. THE ARGAND PLANE

|

I A4 Z=K4ry
; Fd e
Y

’ ,.‘i‘{i.:f:j

“Principal Argument” Arg(z) = 6 + 2kr € (—m, 7] (for a suitable integer k).

N = 6
ow TC_OS = z =r(cosf +isinf) := rcis(0)
Yy =rsinf

z=r1c08l +ir;sinfy, w = rycosby + irysin by

= 2z - w = ryre(cos by cos Oy — sin by sin 6y) + iryro(cos Oy sin Oy + sin 0 cos y)

But cosf cosfy —sinfysinfy = cos(by + 6s)

cos 0y sin 0y + sin 0y cosy = sin(fy + 0s)

s 2w =rre(cos(0y + 0;) +isin(fy + 02)) = riracis(6y + o)
Example: Write (1 +1i)(—1 4 +/3i) in polar form.

3§
{
|
A — i
P k8 ] L
¢ @R . i \Z%
N
[+ Y ol B
f o 14 ool
e = ol ¥z
o 5 \

(Answer : rcis() = 2\/§Ci$(111—;))



1 1

z rcosf+irsiné

(141i)(=1—iv3)

1. COMPLEX NUMBERS

B 7 cos 6 . rsin @
N r2sin? 0 + r2 cos? 6 r2sin® 6 + r2 cos? 6

B cos i sin 0
N T r

1
(cos@ —isinf) = — cos(—0) + isin(—0)
r

= —cis(—0)

r

Example: Express Scis(r/3) as rcis
r = \/§ To = 2 rs = 3
91:% 92:tan*1(\/§) 03:7T/8
o 27
-3
1
(1 -+ l)(—l — i\/g) rire .
: = —cis(f;+60,—0
3cis(m/8) T3 cis(tr + 02— 0s)
22 . —13r
= cis( )

3 24



3. POWERS OF =z 9

3. Powers of z

Summary:
z = ri(cosbty +isinb,)
w = ry(coshy +isinby)
z-w = 7rra(cos(y + 6y) +isin(0; + 62))
2= T (cos(By — 0y) +isin(fy — 6y))
w T2
Induction:
2" = 1r"(cos(nf) + isin(nd))
1\" 1
= () == f) — isin(n6
w <w) - (cos(nf) — isin(nd))
(r=1=)

De Moivre: (cosf + isin )" = cos(nf) + isin(né)

Fractional Powers:

z =r(cosf +isind)

o Suppose w™ = z
w = p(cos ¢ +isin @)

. p"(cos(me) +isin(me)) = r(cos(#) + isin(#))
Note w is not unique! p = /7 =rm

But
cos(me) = cos(f) (= O ok 41,42,
sin(mg) = sin(6) AL
All distinct values of ¢ are covered if K =0,1,---,m — 1 -, Im distinct values of w.

Write (w =)zm = 7 (cos (£ + 2%) 4 isin (£ 4+ 25)) k= 0,--- ,m — 1
Example: Find (1 —1i)/3

z = 1—i
N
R
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- ‘:;};,

7) +isin () (k=1)
21/6 (cos (27) +isin (£F)) (k = 2)
si~3T/4

What about (1 —i)~¥/3? w = (1 —i)~!

P =1 =2 (cos (3 4 288) Fsin (5 + )
Note

12 2 2V/2
i (7)) = V2oV
12/ 2 T 2V2

L (1-DY = 271+ VB) —i(VB-1)) (k=0)
273 ((1=V3) —i(1+V3))  (k=1)
= 2781 +1) (k=2)



4. LOCI AND REGIONS IN C
4. Loci and Regions in C

Example:

(1) Sketch {z € C|zz > 2Re(z)} = Q
PHy*—2r=0& (z—1) +y?°=1

A F
| y /
P . -
y,
t‘;
¥ >
/[‘ 2
f/)
"i
2) 1< |z—3+i| <2
A
# S 2 A -
Ve 2 §
l/ =
e i >

(3) ITm(z) > Re(2?)
22 = 2% 4 2izy — 2

Re(2) =2 —y* . y=2" -y’ =y’ +y—2°

1
= (y+ 5)2 —a?
1
Im(z) > Re(2?) < (y + 5)2 — 2?

e}

—
DN —

e~ =

11
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(4) X ={z € C|Re(z) > g}

[ S

(5) QNE = {z € C|EE > Re(z) > £}

.-



4. LOCI AND REGIONS IN C 13

Some important terms:

Definition 4.1. (1) A ‘neighbourhood” of 2y € C is a set

D, (z0) ={z||z — 20| < r}

(2) A neighbourhood of zy is ‘punctured” or “‘deleted” when we write

D, (%) ={0 < |z — 2| <71}

for some r > 0.
(3) A set S is “open” if every zy € S has a nbd D,(zy) C S for some r > 0.

Pa oy

(4) z0 € C is a ‘boundary point” (write zy € 0S or zy € Bd(S)) for S if for all
r >0 D.(2)NS#0, and D,(2)NS #0 (where S denotes the complement of
Sin C).

(5) 29 € C is an ‘interior” (resp “exterior”) point of S if there exists r > 0 such
that D,(z) C S (resp. D,(z) C S).

(6) S is “connected” if any two pts zp,z1 € S can be joined by a continuous path

nside S.

(7) Q C C is a “domain” if open and connected.

(8) Q C C is a ‘simply connected” domain if every “loop” (i.e. every path from
zp € Q to itself) inside 2 can be shrunk down to zy without going outside Q. (cf.
Ezamples 4,5)



14 1. COMPLEX NUMBERS

(9) Q is ‘multiply connected” if some path(s) cannot be shrunk (i.e., if Q@ has one

or more “holes” or punctures; cf. Fx.1,2)

(10) 2z € C is an “accumulation point” of S if for everyr > 0, D,.(20) NS # 0 (..
every boundary point of S is an accumulation point)

(11) S is a‘region” if S = QU (X C 0Q - ¢f. Er.2,5), and a "closed” region if
S =QUIN for some domain €.

(12) S is “bounded” if there exists R > 0 st S C Dg(0)



CHAPTER 2

Complex Functions

1. Continuity of complex functions

f(z)=we C..Dom(f) CC, Range(f) CC

z=x+ iy

w=u+ 1v

} = [(2) = u(z,y) +iv(z,y)
Example: f(z) = |z|*> +iz
w=|z]* +iz = 2%+ ¢y* +i(x +iy)
=24+ —y+iz
sou(zy) =2ty —y

v(zr,y) =x

Conversely

—1

y=35 (2—72)

_ 1 _
z2+Z=2z N r=5(z+72)
z—Z=2iy

Example: Consider (u,v) : R? — R? with

u(z,y) = xy
v(z,y) = 2*+ 2%
Find f: C — C such that
f(2) =ulz,y) +iv(z,y) .

Solution:

xy = _Z(Z +2Z)(2—2) = —Z(z2 — 2?)

15
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i(2?+2y%) = i{@ — %(2 —2)2}

= {2420z +2% - 2(" - 2|z|*+7°)}
= i{zz+2\z\2+22—2(22—2\2\24—22)}

_ i{_;ﬂ + 6|22 — 2%}

L .
L f(2) =utiv = —%,22 + 5‘ 12 = % (3]2]2 — 22)

Definition 1.1. Let f : C — C be a complex function, and L € C. We say

lim f(2) = L

zZ—20

if for every e > 0 there is a 6 > 0 such that 0 < |z — zo| <0 = | f(z) — L| <e.

Example: f(z) = 20D 4§ Re(z)?

Il

Show lir%f(z) =1

Proof ; i i
: 6> 6> 0
sin(f) =6 — §+a_ﬂ+...
Csin(f) 02 f* 4"
B T T

Notel—%<%<1+%:

sin |z z|?
=1 < -

|2l

Now | f(2) —1] < STJ‘Zl - 1’ + |Re(2)|? (A inequality)
< Prdodeir gl <l
zZ
|2[? 2 _ T2
< By e Ty

6 6
Sz —=0] =7 <\/?€:>|f(z)—l‘ <e.. foranys>00hoose6:\/?5

Example: f(z) = |z| +1i Arg(z). Show lirglf(z) does not exist



1. CONTINUITY OF COMPLEX FUNCTIONS

Remark

lim f(z) exists if and only if  lim  wu(xz,y) exists and  lim  wv(z,y) exists.
220 (z,y)—(wo,y0) (z,y)—(wo,y0)

Recall Arg(z) € (—m, 7]

—m7 if (z,y) € 3rd Quadrant
<0,y <0
oo lim arctan(y) = ( Y )
(=10 Tt 7 if (z,y) € 2nd Quadrant
(x <0,y >0)

. lim Arg(z) does not exist.

z——1

Theorem: If lim f(z) = L; and lim g(z) = Lo, then

(i) lim (f +9)(2) = Ly + Ly i) 1im £ Z Lty p, o

259 T L
(i) lim f(=)g(z) = L1 L,

z—20

Definition 1.2. f(z) is “continuous” at z, if all three conditions hold :
(a) f(z0) is defined
(b) ZILIIZI f(z) exists
(©) f(z0) = lim £(2)

Examples
(1) f(2) = |2| +1 Arg(z) continuous at zq for all zp € C\ {Im(z) =0, Re(z) <0}
(2) g(z) = %'f‘ +1i Re(z)%

Note ¢(0) not defined, but if we consider

g(z) z#0
g(z) = then g cts at 0
1 z2=0

17



18 2. COMPLEX FUNCTIONS
Theorem

(1) If f(z) cts at zy and g(2) cts at zg, then

(a) (f £9)(2) cts at 2

(b) f(2)g(z) cts at z

(c) f(2)/g() cts at z if g(z9) # 0

(2) If f(2) cts at zp and g(2) cts at f(z9) = wo, then the composition go f(z) = g(f(z))
is cts at zg.

(3) f(z) =u(z,y) +iv(x,y); f(z) cts at zy if and only if u(z,y) cts at (zg,yo) and
v(x,y) cts at (zo,Yo)-

(4) If f cts at 2o for all zg € R (aregion in C), then |f(2)| also cts on R. If R closed
and bounded, then 3 M € R such that |f(z)] < M for all z € R, and 32y € R
st 1f(0)l = M

Examplef( )=|z| +iArg(z). Find M st |f(z)] < M on R={z €C| \z—\/g\ <1}
(2)] = /]2 + (Arg(z2))?
\/3—1 < |7| <\/_+1,—5§Arg(z)§%
Claim: M = (1—1—\/_)

2. The Complex Derivative

Definition 2.1. Given f(z) a complex function, we define the “derivative” at zy € C by
. flzo+ Az) — f(z0)
/ —
f'(z0) = lim N
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Note: Az=Az+i Ay

Special Case: y= f(z) =u(z,y) + iv(z,y).
Ay =20
/ : 1 . .
f'(z0) = Jim = Tu(zo + Ay yo) + 1 v(zo + Az, o) — ulwo, yo) =1 v(wo. yo)]

. 1 .
= Algilo N [u(zo + Az, y0) — u(xo, yo) + i(v(wo + A, y0) — v(T0, Y0))]

) 1
= A13121}10 E [u(xo + Ax; yO) — U(Z‘O, yO)]

- 1
+ i Algilo N [v(zo + Az, y0) — v(T0, Yo)]

0 .0
= 8—5(%7%) +1 a—i(ﬂﬁo?yo)

Similarly:
(x =209, Az =0)

f'(z0) = lim - 1

” [u(zo, yo + Ay) — u(wo, yo) + i(v(x0, Yo + DY) — v(wo, Y0))]

= -1 8_y +a—y($oay0)

Conclusion: if f'(zy) exists, then

ou _ v
%(950790) = _y(xojyo) . .
o o Cauchy-Riemann Equations
a—y(xmyo) = —g(l’o,yo)
Remark: If g—z = g—;, g—z = —% at zg € C, and %, g—;, %, g—;,u,v are all c¢ts on D, (zg) for

some r > 0, then f'(z) exists.

Example:

(1) f(2) =[] +1 Arg(2)

u(z,y) = Va2 + 2 o(z,y) = arctan(2)
X
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A
ou x v —y
O /22 + 42 Ox a2 412
ou Y v
9y Vai+yr o 0y 2y
ou v
— = o =>Vri+yr=1
ox dy vy
ov ou
— = oty =1
ox oy Tty

o f'(#0) exists for all zp € {z € C| |z] =1, Arg(z) # 7} but nowhere else.

(2) f(z) =c (constant € C) = f'(z9) = 0 for allzg € C (exercise)

fle) = 2= fleo) = Jim o[z + A2) — ]

Az—0 Nz

= lim L [Zg+ (?)Zg_l Az 4 < " 1>zo(Az)"_1+(Az)”—zg
n_

= nz ! . f'(2) exists for all zy € C.

Properties of the Derivative: Suppose f'(zy) and ¢'(zo) exist.

Theorem

(1) (f £9)(20) = f'(20) £ ¢'(20)
(2) (f-9)(20) = f'(20)9(20) + f(20)d'(20) — Product Rule

(3) (i)/(ZO) _ ['(20)9(20)— f(20)9' (20) (g(2) # 0) — Quotient Rule

g (9(20))?
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(4) (fog)'(z) = f'(9(20))d'(20) — Chain Rule.

Pf: 1-4 Same as for functions of a real variable.

Definition 2.2. f(z) is analytic at zyp € C if f'(2) exists for all z € D,(z),

some r > 0.
Example:

(1) f(2) = 2] +iArg(2)

f'(20) exists for |29] =1, Arg(z) # 7 only

. nowhere analytic.

(2) f(z)=2"(n>0) f'(20) = nzy~! for all z € C.

.. analytic for all z, € C

(Such f are said to be entire functions.)

9 df

if f(2) is analytic for all 2y € Q C C, we denote the “derivative function” 7,

such that & (z)) = f(z) for all z5 € Q.

Example:

(1) f(
(2) f(z) ==2" :>df—nz"1
( ) f( )—a0+alz—|— +an_1zn’1+anz”:>

g—f ay +2axz + -+ (0 — 1)a,_12""2 + na,z"!
()f()——=>%=—nz_”_1:%

z) = ¢ constant = df =
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(5) Product, Quotient, Chain Rules for % (cf. previous Theorem)
Remark

(1) If f(z) analytic on Q, then f(z) continuous on Q (Proof easy).
(2) If f(z) analytic on €2, then % analytic on Q (Proof discussed later).

L’Hopital’s Rule: If f | g analytic at zg € C, f(20) = g(20) = 0, then

i 261 (298) - L1
=z g(2) 2oz \dz' dz g'(20)
Pf:
. flzo+Az) — f(20)
2)—f(20 1
e R0 Az ~ f'(=0)
lim = lim = —
z2—20 g(Z) z—20 9(2)—g(z0) i g(Z() + AZ) — g(Z()) g/<20)
Z2—20 1m
Az50 Nz

d
Now & 9 continuous near zy = lim d—f = f'(20)
2=z dz
dg
lim — = ¢'(»
7. =9 (=)

z—20

227+ 2 +1i —13i
E le: li =
xample ZIE% z24 -1 24

Theorem: If f, g analytic at zy € C, then

(1) f 4 g analytic at z

(2) fg, f/g (9(z0) #0), fog all analytic at z.
Example: f(z) =23+22-1 g(z) =2*+1

f B 422—-1
g

are entire functions Z) =
f7 g 1 ( ) 2 + 1

ie zp # + i

is analytic for all zg € C st 22 +1 # 0,

Definition 2.3. If f(z) not analytic at zy € C, but for all r > 0 there ezists £ € D, (%)
such that f analytic at & then we say zy is a “singularity” of f.

(Ex. f(z) = z?’:;izl_l has singularities at zg = =+ i.)

3. Harmonic Functions

Consider f(z) = u(z,y) +1 v(z,y) analytic. Then
Ju Ov  Ou Jv

dr  dy’ dy O
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Since % = f'(z) also analytic, it follows that v & v are twice differentiable, hence

Pu v d%u 0%*v
5 — & 5 — : (T)
ox oxdy Oy Oyox

v 0%*v 0% 0*v
Th in R?: If —— all conti f QO C R?. th
( Qec;r(;;n)m 8x8y’ 8y8x’ EIek 02 all continuous inson {} C , then
on {} C .

v v
0xdy  Oydx

-.(T);»%ﬁ%;:o.
Write aa_; + 38—;2 = A, then f analytic on ) = u, v satisfy “Laplace’s eqn”:

Au=0, Av=0, on .

Definition 3.1. ¢(z,y) : R? — R is “harmonic” on Q C R? if Ap =0 on 2. When we
say that ¢ is harmonic, it will also be assumed that all the second partial derivatives of ¢

are continuous on ).

(Hence f = u+1i v analytic = u,v harmonic)
Example: ¢(z,y) = 2° — 3y’
0% 02
oo Ap =0.
Theorem: If p(z,y) harmonic on a simply connected domain 2 C R?, there exists an
analytic fn f(z) on ©Q C C such that p(z,y) = Re(f). Also there exists analytic g(z) on
2 C C such that ¢(z,y) = Im(g).

Proof: We have to use a “Lemma” which we’ll prove later:

Lemma: If Q simply connected, and F'(z) analytic on €2, then there exists f(z) analytic
on {2 such that

df

( Idea: f(z) = / F(&)dg, well defined if all paths from 2y to z inside §2 are continu-

0
ously “equivalent”, i.e.,(2 is simply connected).
. p L0p .
Now consider F(z) = — —i— = u+iv
(2) = 5~ 9
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® o

F analytic since the partial derivatives satisfy % = @ 8_,u = —@
or 0Oy 0Oy ox
and are all continuous, .. there exists
f(z) =9(x,y) +1 A(z,y) analytic
such that
O Do _d 00, A o0 o0
Ox oy dz Ox Or Or Oy
dp 0V 0p 0V
995 Oy oy oz, y) =d(z,y) +c
ie ¢ = Re(f) —c.
Alternatively: Consider G(z) = ¢ +i ¢ =v+ip
oy ox
G analytic, since @ = 8_,u @ = —%
yHe oxr Oy’ oy  Ox
. have ¢g(2) = u(z,y) +1 v(z,y) analytic such that
dp 0p dg Ou ,0v v  Ov
dy +18:c dz Oz 1 or 8y+18x
(e, y) =v(z,y) + ¢ =1Im(g) +¢
Example: ¢(z,y) = 2* — 3y?z. Find f(2)st ¢ = Re(f) £ ¢
B ) o 0N Oy 9
F6) = Vla) +i Mag) st 52 = 52 = FE =30 =3y
o o Oy
= —7— = = —bxy

(9_y_ oxr Oy
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LU = gpi)\:/3(x2—y2)dy:/6xydx

= 3%y —yP + C(z) = 322y + D(y)

S C@)=c, Dy)=—-y"+c=
Mz,y) =32%y — ¥ +c= f(2) = 23 — 3y’x +i(32%y — y?) + ic
ie.,, f(z)=(z+1iy)®=2*+ic

Definition 3.2. Given ¢ st Ap = 0, say @ is the “harmonic conjugate” of ¢ if
p(z,y) +i(z,y) == f(z) analytic

Example: ¢ = 23 — 3y?x = ¢ = 322 — y3(+c).

Remark: If ¢ harmonic = Re(f) for some analytic f(z), then ¢ = Im(if).

v ¢  2x(x—3y*) o
x2+y2’ o2 - ($2+y2)3 - 8y2

Example: o(z,y) =

- AN =0on R?\{(0,0)}
F_@_go_,@_go_ y - . 20y —(x—iy? —()? -1

T oy @Ay @t @) (ER 2

d 1 1

= () eley) = Re(jzlm(%)
I A,
v(wy) = x2+y2_1 <z>

= —Re(2)






CHAPTER 3

Transcendental Functions

1. The Exponential Function

Definition 1.1. e = ¢ = ¢%(cosy + isiny)

c.e i=cosy +isiny for ally € R

Properties:
(i) e® = eRe®) = |e*|, y = Im(z) = Arg(e?) &+ 27k k=0,1,2,---
(ii) =1, = -1

(i)

u(z,y) = €*cos(y),v(z,y) = e"sin(y)

ou - ov
Lo = € cos(y) = 9y

ou . ov

ay = —e’sin(y) = 9

*. ¢® analytic on C (i.e. e* entire).

d
iepe e = o Zef@) = ¢ f(2)
(Exercise: show e [e*] = e and 7 [e¥] = f'(z)e!*) )

eFtw — eRe(z+’w)+iIm(z+w)

= R (cos(Im(z 4+ w)) + isin(Im(z 4+ w)))
ete? = eRUEeRAY) (cos(Tm(2))) + isin(Im(2)))(cos(Im(w)) + isin Im(w))
= R Leos(Im(2)) cos(Im(w)) — sin(Im(z)) sin(Im(w))
+i(sin(Im(w)) cos(Im(z)) + cos(Im(w)) sin(Im(x)))}
= T (cos(Im(z) 4+ Im(w)) + isin(Im(2) + Im(w)))
= (L ()" =e™)

(v) e#= = e*/e® (Proof similar)

27
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Special Case: 2z =0= e " = eiw

r=0:(e")™ = ™ = cos(my) + isin(my) (cf. De Moivre)
Example: f(z) = ¢ 2. Find

(a) f(1+1)
(b) f(1+1)
(¢) {z e Cllf(z)] = 1}

(a) z=1+i=l=L1 11443

= —ie™?
(b)
f/(Z) — e(z—%)ﬂ’ . % z — 2) ™
o () B (A
fl(1+i) = —mie™/? (1 + <1ii)2>
. s 7/
= —rmie™/? (1 e 41)2> = %1@ 2(4—21)
(c)
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2. Trigonometric and Hyperbolic Functions
Recall
eV = cosy+isin(y)

e = cos(—y) +isin(—y) = cos(y) — isin(y)

. cos(y) = %(eiy —|—e_iy)
sin(y) = % (eiy = e’iy) = % (e’iy — eiy)
Definition 2.1.
cos(z) = % (e +e7")
: o 1 iz —iz
sin(z) = %A (e —e ™)

Properties:

(1) €*,e7* entire .-. sin(z) and cos(z) entire.

(2)

d[1,; :
e sin(z) = - [Z (e — e_‘z)]

1 s iz s —iz 1 iz —iz
= 5(16 + 1€ ):i(e +e )
= cos(z)

" cos(s) = —sin(z) (Exereiso
—cos(z) = —sin(z xercise
dz
(3) sin?(2) + cos?(z) = 1 (Exercise)
() 1
: i(ztw —i(ztw
sin(z +w) = E[e( ) — i ']
1 .. . . .
= = [elzeﬂ:lw o 6—126:|:1w}
21

sin(z) cos(w)=£cos(z) sin(w) = £ [(e* — e75) (e 4+ e7) £ (e + e752) (e — e7™)]
1 [ei(z+w) + ei(sz) _ efi(sz) _ efi(erw) + ei(erw) + ei(sz) + efi(sz) + efi(erw)}

4i

— % [ei(z—i-w) _ e—i(z—i—w)] or % [ei(z—w) _ e—i(z—w)]

= sin(z + w).

(5) Similarly, cos(z + w) = cos(z) cos(w) % sin(z) sin(w).



30 3. TRANSCENDENTAL FUNCTIONS

Example: Where does —— fail to be analytic?

cos(iz)
1

Note: f(z) = cos(iz) is entire " 7z analytic if f(z) #0.

1 1
But cos(iz) = 5 e +¢f] = 3 [e" (cosy — isiny) + €” (cosy + isiny)]
1 L, . _
= 5 cos(y) (7" +¢€”) + 5l sin(y) (e —e™%)
= 0&cos(y)=0; e"=¢e", ie
Sy= g +7k; z=
Now define tan(z) = 232((?)7 sec(z) = ﬁ(z), etc
Recall “Hyperbolic” sine and cosine:
et — e e+ e
inh(z) = ————; cosh(z) = ————
sinh(x) 5 cos (x) 5
Now define |sinh(z) = £=F—; cosh(z) = <=
Properties:
(1) sinh(z), cosh(z) entire.
(2) <L sinh(z) = cosh(z); £ cosh(z) = sinh(z)
(3) 6iz _ efiz
sinh(iz) = — = isin(2)
cosh(iz) = % = cos(z)

(4) cosh®(z) — sinh?(z) = (cosh(z) + sinh(z))(cosh(z) — sinh(z)) = e* - e* =1

inh
Now define tanh(z) = o <Z>;
cosh(z)
1
h = ———; etc.
sech(z) cosh(2)’ etc

Example: Give the domain of C in which sech(z) is analytic.

Note: cosh(z) is entire .". sech(z) fails to be analytic when

cosh(z) =0, ie., e +e* = e"(cosy+1isiny) + e “(cosy — isiny)

=0
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ie., cosy(e® +e*)=0and siny(e®* —e ) =0
Le.,y= 73 *7mkand z=0.
. sech(z) analyticon Q = C\{0+1i(3 £ 7k) |k =0,1,2,---}

3. The Complex Logarithm

Recall e = e”(cos(y) + isin(y)) = |e*| = €”
Arg(e®) =y =1Im(z) £ 27k
cLelosr = 5 = eRellog(®) — |7 = Re(log(z)) = In |2|

Arg(e°s®)) = Arg(z) = Im(log(z)) & 27k
oo log(z) =1In|z| +iArg(z) £ 27ki ;£ =0,1,2,---
Definition 3.1. Log(z) = In|z| + iArg(z)

Example: 2z, = %(—1 + \/gi); |z0| = 1; Arg(z) = %ﬂ

Log(z) = In(1)+ 2 =22

: . ¢ Log(z3) = 2Log(z) — 27i
Log(z3) = In(1) +iArg(z}) = - % } (20) (20)

In general,

log(z122) = In|z122] +1Arg (2122) £ 27ki
= In|z |+ In|z| +iArg(z1) + iArg(zs) £ 27ki

oo log(z1z0) = log(z1) + log(z2) £ 27ki
log(z") = mnlog(z) £ 2mki.
Example: Solve (e — 1)? = e*

Now e2? — 2e* + 1 = 2% iff 2¢* = 1
ile. z=1n (%) + 27ki

31
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Note log(e®) =

In |e*| + iArg (€*) £ 2mki

= logeR®) 4 ilm(z) + 27ki

= Re(z) +ilm(z) £+ 27ki
= z+27ki

o Log(e?) = z if Im(2) € (—m, 7]

Consider Log(z) = In|z| +iArg(z) = u + iv

ou - _ L S
o (22 + y2)1/2 2(22 + y2)1/2 22 + o2
ou 1 1 oy — Y

3_y - (22 + y2)1/2 ’ 222 + y2)1/2 ey = 22 + 12

arctan(¥) x #0

v=Arg(z) =4 = =0,y >0 . .ctson C\{y=0,2 <0}
_z z=0,y<0
O s e N S S
"0 1+(£)2 2 x4 y?’ 8y_1+(£)2 v 2?4 y?
ou ov Ju ov
T 9y an o 5 on C\{y =0,z <0}
d 0 ou ,0v
Now —F, = Tog(z) = 4%
ow — 0g(2) . og(z) 8m+lax
v v 1
a4y 24y 2E 2
(cf. Llogz =1) - Log(z) analytic on Q = C\{y = 0;z < 0}

Definition 3.2. : The analytic function f(z) = Log(z) on the domain

Q=C\{Im(z) =0; Re(z) <0}

is called the “Principal Branch” of log(z).
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Remark: f(z) =log|z| +iArg(z) + 27ik, for any fixed k = +1, 42, defines a secondary
(or non—Principal) branch of the complex logarithm on €. (Note: 2 simply connected).
The half-line {Im(z) = 0; Re(z) < 0} is called a “branch cut” for log(z).
Example: Consider ¢(z,y) = arctan <§) where —7 < arctan < ) <
Find

(a) The harmonic conjugate ¢ (x,y)
(b) The domain 2 on which ¢ + it is analytic.

(a)

Flz,y) = 9 06 0 1 1__y
Y= o 8y or 1+<£)2 y a2+ y2
Yy
¢ 1 —x —x
99 /N2 2 2 x
dy 1+<§> y:o a2ty
) _y+iz iz i df .
' F(x’y)_x2+y2_22 oz dz y+iv =iz)
= f(z) =ilog(z ):—Arg z C’+1log|z| = log(a? + y?)?)

)+
(b) But ¢(z,y) = Re(f) = arctan <§>

x T
where — 7 < arctan (—> <7 & —71< 5 arg(z) <m
Y

- T (><37T
PR a —
g =M=

. Define f(z) = g—arg(z)+ilog|z]

= arg(z) +ilog|z| where — g <arg(z) < —
. f = ¢+ it has an analytic branch on

Q= C\{Re(z) = 0;Im(z) <0}
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r

z—1
z

Example: Find the maximum domain 2 C C on which f(z) = Log (
Note: Log (1) =log [*}| +iArg (21)

Clearly z #0,1,Arg (57) # 7 = arg(z — 1) # arg(z) £

But arg(z — 1) = arg(z) £ 7 < 2z € (0,1)

. Log (%21) analytic on C\[0,1] =

) is analytic.

z

g

4. Complex Exponents

Recall z # 0 € R = 2¢ = ¢°°¢(®) for any c € R
. Define 2z # 0 = 2¢ = e°'¢(®) for any c € C

Example:

1
clog(z) = =(logli| +iArg(i) £ 2rik)

3
oM M e
6 3
7Ti_ 57Ti' 9ri  37i —7l

66 6 2 2
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us /3 1. o
1 e;. = Y +5i (k=0)
s =g et = B 4li (k=1
et = —3i (k=2)

(2)

z=14+1i,c=i=clog(z) = i(log|l+i|+iArg(l+1i)+ 27ik)
= i(log V2 + i% + 27ki)

- —%j:27rk+%log2

1+8k

(141 = e~ (5 )milog v2

= o (F)m (cos(log V2) + isin(log \/§>

Now f(z) = 2° = e?29(2) = f(2) is analytic on the same domain
Q2 =C\{Im(z) =0;Re(z) <0}

as Log(z) (note e is entire) .". we may define the “Principal Branch” of z2¢ as

ecLog(2) on . Moreover

d d d

@ZC — %66[/09(2) _ e(:Log(z) . E(CLO‘Q(Z))
EecLog(z) — EZC — Cchl
¥4 ¥4

Example: Using the principal branch of f(z) = 2z find f’(Z!). Where is f(2)

analytic?

d d
Ezmh(z) = cosh(z)zeh) 1. o cosh(z)

= cosh(z) - 2%~ 4 sinh(2) 2% Log(2)

: wi/2 —mi/2
1 e +e
OW COS <2) 5
: wi/2 _ —7i/2
sinh my - < ~°¢ 4
2 2

. o\ -1 .
L f <%1) = 0- (%1) +iLog (%1)
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Note cosh(z) is entire .-, z9(2) = ¢oosh(z)18(2) jg apalytic on
Q = {Im(z) = 0;Re(z) < 0}.

(Exercise: Do the same for f(z) = zth())



CHAPTER 4

The Complex Integral

1. Complex Path Integration

Definition 1.1. : A ‘smooth path” between two points zy and z, in C corresponds to a
map 7y : [0,1] — C ,~(t) = x(t) + iy(t), such that
(i) 7(0) = 2057(1) = 2
(i) x(t) and y(t) are differentiable functions for all t € (0,1)
(iii) For each z € v([0,1]), there is at most one t € [0, 1] such that y(t) = z.

Remark: ~ may also be represented in “implicit form” as a graph y = f(z) or x = g(y)
in R?.

Examples:
(1) 20 =2,21 =2+41,7(t) = 1(3+1¢t) + it ; implicit form: y = 2z — 3 between 2
and 2 +1i

37



38 4. THE COMPLEX INTEGRAL

Definition 1.2. :

(i) “Complex line element” Az = Az +iAy =
‘Infinitesimal line element” dz = dx + idy
Hence if ~(t) = x(t) + iy(t) smooth path in C, can define ‘path element”
dz = 2dt +i%dt. Now
(i) for any complex function f(z) = u(x,y) +iv(x,y), define the “Path integral”

/ U fe)de = / " (ule,y) + (e, y))(de + idy)

20

T Y1 T1 Y1
= / udm—/ vdy+i{/ vdx+/ udy}
o Yo

o Yo

1 1
= / (uz’ — vy')dt + i/ (va' 4 uy')dt
0 0

Example: z; =12, = —1, find fi_i % dz along the unit semicircular arc lying in Re(z) >

Method (1):

pu— i pu— pu—
fmutiv (x —iy)? 22 —y?—2ixy
(x* —y?) +2ixy  2®—y? . 2xy

(l’2 _ y2)2 + 4?[72y2 - (l’2 + y2)2 + 1(1.2 + y2)2
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/i_if(z)dz _ /Ooudm—/1_1vdy—|—i{/oovdm+/l_ludy}

1 2 1 2 .2
- / 2 Iy2 2dy—i/ $2 y22dy
o1 (2% +y?) o1 (2% +y?)

1 2.17 1 0
g / =y = /2y\/1—y2dy=—/ Vidp =0 (p=1-y%
- - 0

1

1 x2—y2 1 9
——dy = 1—29%)dy = =
/_1(x2+y2)2y /_1< Z/)Z/ 3

Method (2): (t) = cos((1 —2t)%) ; y(t) = sin((1 —2t)7)

soux' (t) —vy'(t) = [cos2 <(1 - 2t)g> — sin? ((1 - Qt)gﬂ 7 sin ((1 — 2t)g>

1 0
/ ux'dt = / 20% — 1dp = 0 (u = cos((1 — 2t)g))
0 0

- [P = [ =0 (= cos(1 =)

0

1
/ ur’ — vy'dt =0
0

Exercise: Show fol v’ 4+ uy'dt = _§
Define

|dz| = |dz + idy| = |2+ iy'|dt
— V@R

.. Given v : [0,1] — C a smooth path st y(0) = zo,7(1) = 2,

z1 1
/ |dz| = / V(@) + (y')? dt = L(v) “path length”
20 0
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Now consider f(z) st foy :[0,1] — C, and |f o v(t)| < M,, i.e.,, M, is an upper
bound for |f| on the image of 7, then

| /:f(Z)d2| < [l

= |[f oIV (@) + (y)? di

0

< Mv/o V (2")2+ (y)* dt = M, L(v)

T
Example: Consider I = eie®)dz along y = 1 — 1z%. Show that |I]| < (1.2)e™/?

without evaluating [ precisély.

y = 11— V@2 + )2 =Vv1i+e

1
— () = /\/1+t2 dt ¢ =tan(0) — v+ = sec(0)
0 dt = sec?(0)do

w/4 w/4
= / sec® 0dl = / sec f + tan? @ sec 0db
0 0
w/4 ,K
/ secd) = In(secf + tan6)]; = In(1+ v/2)
0

w/4 /4
/ tan®fsec0df = tan@sec 6]3/4 - / sec® 0do
0 0
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A
w/4 1
" / sec® d 0= 5(111(1 + \/5) + \/5) = L()
0
Now
f(Z) _ eiLOg(E) — |f(Z>| _ {€i10g|2|—Arg(2)‘
= e Arg(z) _ eArg(z) < e7r/2
w/2
ML) = 57 {4 V) + va)
~ 1.15¢™?

2. Cauchy’s Theorem

Definition 2.1. A ‘simple closed contour” is a loop v (v(0) = (1) = z) such that
v([0,1]) forms the boundary of a simply connected bounded domain 2 C C
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We say v has “positive” orientation with respect to €2 if interior of 2 always left of

v(t) as t moves from 0 to 1. For positively oriented 7, we define the “contour integral”

f(2) dz, and recall

v

Green’s theorem: If P(z,y), Q(z,y), gP aap g—Q %—Q are all cts fns on QUOS, where
Y

0f) = ~ is a positively oriented simple closed contour, then

/Pdm+Qdy // (%_a_y) dx dy.

_ _Ov
By ; By - oz

,',/f(z)dz = /udx—vdy—l—i/vd:v—i—udy
2l v
= // @%-@ dxdy+i// Qu_ Dv dx dy
o \O0x Oy

and we have proved

Now f(z) =u+ iv analytic =

Cauchy’s theorem: Let C' be a closed simple contour, and let f(z) be a complex function

which is analytic on some domain containing C'. Then | o f(z) dz=0.

Example:

(1) f(z) = Log(z), analytic on 2 = C \ {Im(z) = 0;Re(z) <0}
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~C={zeCllz—i|l=4%} = [, Log(z) dz=0

sinh(z)
2 = tanh(z) =
@) f1) = tan(z) = St
*. analytic on Q:C\{z:i(giwk) k=0,1,2,---}
= tanh(z) dz =0
|z—2—i|=1
1 , dz
(3) f(z) = 7 analytic on C\ {0} .. cannot apply Cauchy theorem to ~ But
|z|=1

2] =1 = 2(t) = ™ =

d 12 127t 1
/ _z:/ %dt:m/ dt = 2ri
l2j=1 Z o € 0

d
Exercise: Show / —i = 0 for all integer n > 2.
|2|=1 %
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)

Deformation of Contours:
Let C1,C; be closed simple contours such that C; = 09;,j = 1,2, Cy C 4

N AN
/

Divide € \ €5 into two simply connected domains with boundary I';, 'y as follows

Now consider f(z) analytic on € \ Q) =
f(z)dz = / f(2) dz = 0 by Cauchy’s theorem.

Fl 1—‘2

Note

Fl U F2 = CQ U (—Cl) s.0= / f(Z) dz = L e f(Z) dz

'y ul'y

= /02 f(z) dz — . f(z) dz

ce, f(R)dz = [ f(2) dz.

More generally, consider (', C5 as follows:
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Then 3 C5 such that

Theorem (deformation of contours)

45

If C1, C5 are closed simple contours such that C'; can be continuously deformed into Cs

without passing through a singularity of some analytic function f(z), then

f(z)dz = ; f(z) d=.

Ch

=

Example: f(z) =;; Ci={lz[=1}; Cr={lz—-1-i[=1};

(=
)

C3={lz—2|=1}
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| s =i [ ogas= [ s -o
C1

CQ CS
3. The Fundamental Theorem of Calculus

Principal of Path Independence:
If 41,72 : [0,1] — C are two paths such that v,(0) = 29,7;(1) = 21,7 = 1,2 and the
region {2 bounded by v; Uy, is simply connected, then any function f(z), analytic on a

domain containing €2, satisfies

L e de = / RCES

does not depend on v

le /ZO f(z) d= st ¥(0) = 2z0,7v(1) = 2

(Proof:
PN A
/ f(z)dz = 0 :/ f(z) dz — / f(2) dz.)
Y2—71 7 Y2
Now suppose f(z) = % on some simply connected domain 2 C C , then for any

v [0,1] — Q sty(0) = zp,7(1) = 21 € Q we have the Fundamental Theorem of

Calculus:

f;ol f(z) dz = f;ol % F(z)dz = 01% % dt
1 o
= [} g = P(y(1)) - F(y(0))

= F(z1)— F(2)-

Example:
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47

d

f(z) =~ = - Log(z) on C\ {Im(z) = 0,Re(2) < 0}
1+i 1
:>/ ~dz = Log(l+1i)— Log(-1—1i)
—1-i %
— log\/§+i%_ (IOg\@_i%)
= ir
(2) f(Z) _ ; COm ute
TGy O
(a) fi2+21 f(z) dz
(b) f|z+3\=1 f(z) dz
. 1 A B
Solution: (a) G-D+3) (-1 (z+3)
A+B =0 —
— (A+B):134-B = Lie - A-qB=T
3A-B =1 4 4
2+2i 12 L
/1 f(z)dZ:Z/l Z_le_Z/i z—I—Sdz
1 2 2+2i
= ZLog(z—l)] _ZLOg(z+3)]

1

Z{log|1+2i|+iArg(1+2i)—10g|—1—|—i|—iArg (—1+1)
—log |5 + 2i| —iArg(5+2i) +log |3 +1i| +iArg (3+1)}

1 5 ) (142i)(3+1)

“Jlog (=) +iA

e () 1 (s

1 ) 14 02

“loe [ —2— iAre [ — — 22

it () e (5 5))

11 ) +i tan( 2)

7 10s 75 7 arctan(——
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1 1 1 1
b/ f(z dz:—/ dz——/ dz
©) |2+3|=1 =) 4 Jisig=12—1 4 Jipg=12+3

1
Now / dz = 0 by Cauchy’s theorem, while
|z+3|=1 # —
1 1
w=z+4+3 = / dz:/ — dw = 2mi
|z+3|=1 z+3 |w|=1 w
' / dz 27 —mi
“Jipgg=1 (2= 1 (2 +3) 4 2

4. The Cauchy Integral Formula

Theorem: Let f(z) be analytic on a domain €2 C C. Let C be a closed simple contour in
Q, and z, € Q lying in the interior of C, then | f(2) = 5= [(z)dz |

27i Z2—20

Proof: For r sufficiently small, let |z — 29| = r lie in the interior of C', then deformation

of contours =

e[ e
|z—z0|=r

c Z— 2 2—2

since % analytic in the region between |z — zo| = r and C.
0

d d
Similarly / S / S 2mi.
C?T 2 lz—zo|=r # — %0
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Now consider

/|z_z B TG 4~ omif(0) :/ fe) = f(=0) ;.

<20 |z—z0|=r Z =20

Note that f(z) cts at zp = Ve > 0, 30 > 0 such that |z — 29| < 6 = |f(2) — f(20)| < .

.. choose r < 4 so that % < SUD|,_g =y U(Z);M <=
|z—z0|=r
Hence M, L(7) inequality, cf. p. 35 = M\dz\ < M |dz|
|z—z0|=r ‘Z - ZO| |z—z0|=r
€
< —-27r =27e
r
d — d
Now / f(Z) z . 27Tif(20) _ / f(Z) f(ZO) ? (*)
c ? %0 |z—z0|=r 2= 20
< / M\dd < e (1)
|z—20|=r |’Z - ZO|

But (*) does not depend on r > 0,.. for any £ > 0, choose r < §, and conclude

(1) = [, 22 dz = 2mif (=)
Example:

(1)

224+32-2
224+22—-3

/ g(z)dz = / —22+32_2 dz—l/ —22+3z_2dz—1/ —22+32_2dz
|24+3|=1 zt3=1 (2 — (2 +3) 4 Jiyg=1 21 4 Jiog=1  2+3

1 1
= Z~0—1-27rif(—3) where f(z) = 2® + 3z — 2
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/i~
B

(2) 22432-2
224+22—3

[ o = [ e
= /F1 g(2)dz + /F2 g(z)dz

- /Clg(z)dz—I—/CQg(z)dz

1 224+32—2 1 22 4+32—2
= - —_——dz— - —_—dz
4 Cy Z—]_ 4 Cs Z—'—S

= W - -3} =2mi

Rewrite Cauchy Formula: f(z) = -5 [, L% du

271 JC w—z

.. differentiating under [ sign, e.g., when % cts on C,

df 1 d [ 1 1 f(w)
E‘%/Cf(w)ﬂ (w—z)dw_% C(w—z)de

d" !
Moreover %f(z) = n—,/C#dw
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Example:
22 +1 2)dz 27
(1) / 1 :/ g< ) - :—'g/”(l)
=1 (2 = 1)z +2) a—1j=1 (2 — 1) 3!
241 2241 2241 P24+52+1
g(2) = ——=; d(») = — - = i
22 z+2 (2+2) (z+2)
//(Z) 2245 _2(Z2+52—}—1)__2+8
! (2422 (z+2)3 (2+2)
"(z) = -1 + 3(2—8) _ 2-26 / g(z)dz _ 2mi =25  —25mi
I (24283 (242 (242t et (2 — 1) =% 81 3

sinh(z)dz
@ /|| EENEE

dn sinh(z) if n even
Note f(z) =sinh(z) = — f(2) =
f(2) (2) dz"f( ) { cosh(z) if n odd

g ShG) _ d (sinh(z))

(z =117 dw'® \ (2 —w) B
_ sinh(z) s W
s /Iz—i|:1 i) i)17dz = 1—6!dw16(smh(w)) -
27i ] T, _i
= 1—6!smh(1) 1—6!(6 —e)

*d
(3) / ﬁ, where C' is the rectangle with corners z =2 +£1, -2 +1i.
c \#" — 7

(22 =12 = (2= 1)*(2+1)? . let C = C; U Cy, where

C1 has corners 2 + 1, +i

C5 has corners — 2 +1i, +i
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On C4, let f(z) = =

e z= —f(z) z = 7Tii w
/Cl @1’ /C Goip® = g, W)

62

(2 —1)2
_cdz —f(z) z = 7rii w
/02 G /C Gt 2 g (0)

_ o e? 2
B (w—1)*  (w—1)3
2d
/ 26—2 = ime+0
o (22 —1)

Remark: Cauchy’s formula implies that if f(z) is analytic, then -2 f(z) exists for all n.

On Cy, let f(z) =

5. Applications of the Cauchy Formula

Let f(z) be analytic on a simply connected domain 2 C C. Consider z, € €2, and

a circle |z — zp| = r contained in . Then

1 27r1t .
f(z0) = —/ _f(z) dz = f ot re - 2mire ™ dt
|z—z0]

2mi 2 — 20 omi J,  remit

- / F(zo0 + re™)dt
0

I :
= —/ f(zo + 7€) do
2 Jo

.. f(z0) = average value of f(z) on the circle |z — zg| = r. (Gauss’ Mean Value Theorem)

Can use this to prove:
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“Maximum Modulus Principle:” If f is analytic on a closed, bounded region
R CC, and f is not constant then

My =sup|f(z)| = f(¢) for some ¢ € OR, and

z€R

|f(Q)| > |f(z)| forall ze€ R\OR.
Also have
Liouville’s Theorem: If f(z) is entire, and |f(2)| < M for some finite M € R and for
all z € C, then f(z) must be constant.

Proof: Consider C': |z — zy| = r, some fixed z, € C, then

f’(Zo) — L/C%dzj

271 z — ZO)
1 1
ROl L)Q |dz| < —M, - 27r
21 Jo | (2 — 20) 2
2rit 2mit
where M,,, = sup % = sup |f(7“€2 )|
e | (re?™)2 | ey T

Now, we assumed that |f(z)] < M for all z € C
. M
osup |[f(re*™)| < M = M, < —
te[0,1] r
M

-, for any zp € C, we have |f(z)| < 2 - r = 2 — independently of r > 0 .. | f'(z0)| = 0.
Corollary (Fundamental Theorem of Algebra):

The polynomial equation P(z2) = ag + a1z + -+ + a,2" = 0,a, # 0, always has n
solutions z, € C.

Proof: Suppose P(z) = 0 has no solutions for some non—constant polynomial P. Then

P(z) # 0 for all z € C. Now P entire and nowhere zero = f(z) = —Péz) also entire.
Moreover,
a1 Go
= P = el %

= lim |P(z)| = lim |2]|"]a,| = o0
|z]—00 —00

|2l

) 1
|Zl‘£nmm =0=[f(z)| <M

" % constant = P(z) constant.






CHAPTER 5

Complex Power Series

1. Convergence of Complex Series

A “complex series” is a summation S(z Zanz where a,, € C for all n. We
n=0
N
denote by Sy(z) the “N-th Partial sum”, i.e., Sy(z) = Zanzn, and hence define the
n=1

sequence {Sy(2)}%_; of partial sums.

Definition 1.1. (1) Given zy € C, we say S(zp) “converges” at zy if o = ]\}E{l)o Sn(20)

exists, i.e., for alle > 0, there exists Ny such that |0 — Sy (20)| < € when N > Ny.

(2) The ‘Domain of Convergence” of S(z) is the set Q C C such that zy € Q <
S(zo) converges.

(3) Conversely, S(zp) “diverges” if A}im Sn(z0) does not ezist.

Example: Find Domain of convergence of S(z Z 2"
Note 1 — 2V = (1 — )(1+z+---+zN—1)
. SN—I( ) 1 2NV
Now 2z = reie = ZN =7 61N0

= lim 2V =0ifr =]z < L.

1 _ZN+1 1
. Guess lim Sy(z) = lim = if |2| < 1.
N—oo N—oo 11—z 1—=z

(= o(2)
1 1—ZN+1 ’Z‘N+1
_ — <
1—=2 ( 1—=2 )‘ |1 — 2| c
sV <l — 2| & (N41)logl|z| < log(e|l — 2|)

log(e[1 — z|)
log |z|

But |o(z) — Sn(2)| =

& N> —1

55
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—noting log |z] < 0 if |z] < 1.

" ]\}EI;OSN(z) =15 for all z st |z| < 1.

Now, by analogy with real series there is the
o0
Divergence Test: If lim |a,z;| # 0, then E a,z| diverges.
n—oo

n=0
Example: Note |z| > 1= lim |2"| = lim |2|" = lim ™ #0
n—00 n—00 n—00

~S(z) = Zz" diverges if |z| > 1.

n=0

Definition 1.2. S(z) = Z a,z) converges “absolutely” if the real series Z lanzy | con-
n=0 n=0
verges. S(zy) converges “conditionally” otherwise.

Recall:

(1) Absolute convergence = ordinary convergence.
(2) If S(z0) absolutely convergent, then order of summation not important.

(3) S1(z0) and Sy(zg) abs convergent = S - Sa(z) abs.cgt. where

Si(z) = ianz", Sa(z) = ibnz" =
0 0

S1-8(z) = chz" where
0

n

Chp, = E ajbn_j

J=0

Example:

oo

1
= Zz” for |z| <1

n=0

- ()
_ f:( 3 zzm) _

k=0 \m+n=~k

(k+1)2F
k=0
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o0

Change of Variable: If S(w) = Zanw” converges for all w € Q and f : C — C

n=0
(o]

is an analytic function such that w = f(z), then S(f(z)) = Zanf(z)” converges for all

n=0
ze Q) = {z € <C|f(z) € Q}.
Example: S(w Zw converges for |w| < 1:
n=0
A
w = e = () = Z e* converges for |e?| < 1, where |e!?| = eRe(?) = o=1m(2),
n=0

eTmE) <1 e —Im(z2) < 0& Im(z) >0
Conversely, Im(z) <0 = hm le?| = lim e ™) £ 0

n—oo
o0
Z e diverges for Im(z) < 0.
n=0
1
Domain of Convergence of Z e (= I ):
n+1
Ratio Test: Consider p(z) = lim Intl? | _ | "+1|] ]
n— o0 anz” n—>oo ’anl

Recall

(i) If p(z0) < 1 then S(zp) converges absolutely at z, € C.
(ii) If p(z0) > 1 then S(zy) diverges at z.
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(iii) If p(20) = 1 or p(z9) does not exist, then don’t know.

Example:
2, 2" . n!
1
= i
A )

— 2" 1 1 11

N d _— = S — . - = 1 .« —
ow consider HZ:% oy (z) P (z) o nt1 |2
= Oforall 2z#0

—n

E z—‘ converges for all z # 0.
n!
0

2. Uniform Convergence

e}

Definition 2.1. S(z) = Z a,z" “‘converges uniformly” on R C C if for all e > 0 there

0
exists Ny such that |S(z0) — Sn(20)| < € for all N > N, independently of z; € R.
Recall ‘Weierstr%gs’ M-test ”:

Consider S(z) = Z a,z". If there exists a sequence {M,}32, of positive real num-
0

bers M, such that |a,z"| < M, for all z € R C C, and Z M, < oo, then S(z) converges
0

uniformly on R.

Example: S(z) = Zz" converges absolutely on |z| < 1 - e.g.,S (% + %1) converges
n=0
[e.e] 1 n
e |1 i L 1
absolutely since ’5 + 51‘ =5 < 1= ; (\/5> < 00.
Now |2 < &5 = |27 = 2" < () = M.

Z 2" converges uniformly on R = {|z| < \%}
0

In fact, Zz" converges uniformly on {|z| <r} for 0 <r <1, but not on {|z| < 1}.
0
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[e.9]

Theorem: Suppose S(w) = Z a,w" converges uniformly on R C C, and f:Q — C is
0
analytic, w = f(z), such that R C f(Q).
Then
(1) If v is a smooth path in f~'(R) C Q

[YS(f(z))dz: iffanf(z)”dz

@) L) = Y e (7)) = S nanf (7 L on ().

= Zanf(z)” is analytic on f~'(R) C Q. In particular, S(z) analytic
0
on R (cf. (1) plus “Morera’s theorem”).

Example

(1) S(w) = Zw” converges uniformly on |w| <r <1

0
oo

F(2) = S(eF) = Z "z analytic on Im(z) > —logr > 0
Domaln of analyt1c1ty of F(z) = {z € C|Im(z) > 0}
= Zw on |w| <1.. F(z) = = on {Im(z) > 0}.
Hence 1f7 C {Im(z) > 0} st y(0) = 20,7(1) =z

e [5 $Lm
= i {%6"4} + (2 — 20)

i 1
—i= inzg __ -
20 1 ; ne 1 : nen
o0 n d o0
S(a:):Z%#d—S@):an_l: if |z] <1
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xT

st [ () =5 () =) <1

',iezz:i</izlil<ei<—i[l—ln(e—l)]—(z—i))

/Z d¢ , / dw “ dw / dw
— = —1 _— frnd _ + -
i 1—el 1 w(l—w) w 1 1—w

= —i {Log(eiz) + 1 — Log(1 — €*) 4 log(1 — é)}

|
——
MH\

.‘.Ze = i([l—i—iz—Log(l—eiz)} (—1) — z +1i)
1
= —iLog(l — €"%)
on {Im(z) > 0} N {0 < Re(z) < 27}
3. Taylor Series

Theorem 1: If S(z) = Z a,z" converges at zy # 0, then S(z) converges uniformly on
0

the set of all z such that |z| < r, where r < |2|. Hence S(z) is analytic on {|z| < |2o|}.
Proof: S(z) converges = lim |a,||20|" =0 .. 3 C > 0 such that |a,||z|" < C for all n.
Now consider z € C st |z Sn:? |20, write
“(rr)
|20
for all n.

!2\)"

anl|zI™ = lapllzo]” | — ] <

anllf” = lanllol" (2

Let M. :C(L>n then ij :ij(L)nzc !
" ’ZO| 7 0 ! 0 |ZO‘ 1-7

| o]

Since 77 < 1. Hence Weierstrass = Z a,z" converges uniformly on {|z| < r}.
0

Change of Variable: If S(z —a) = Z a,(z —a)" converges at zg # a € C then S(z—a)

0
converges uniformly on {|z — a| < r}, where r < |zy — a|. Hence S(z — a) analytic on

{|z — a|] < |20 — aol}-

Definition 3.1. : The largest r such that > o a,(z — a)" converges for all z € {|z —

al| < r}, given a € C, is called the ‘radius of convergence” of S(z — a). The set
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{lz—a| < rmax}, where rmay is the radius of convergence, is called the “disc of convergence”

of S(z —a).

Theorem 2: Suppose f(z) is analytic on a disc of radius r about a € C then there

exists a power series S(z —a) = Z a,(z — a)™ which converges to f(z) for all z € D,(a).

0
(n)
Moreover, a, = fT,(a) for each n.
Proof: First consider a = 0 € C, and z, € C such that |z,| < 7. Now choose 7’ such that

|z0] <" <, and define C" = {|z| = r'} in C. Cauchy’s formula =

1 f(z)
- | ¥y
f(Z()) 27Ti cr 2 — 20 ®
1 f(z)dz
a 27Ti ol Z( —270>
ne L
20 1 e 20\ ™
Note |2 =1 = |2 < 10— = > (2)
M e R

S = o [ 25 ()

n=0
1 [, [ fxdz
1 0 o R

o0
. . 20\ " .
since f analytic and g (—0> converges uniformly on |zg| < 7" < |z| <7’ <.
z
0
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e d
cof(z) = 5 EO cnz for all zp € D,.(0), where ¢, = . %
270 L,
= o,

n!

>, fn)
cf(z) = Z / (O)z” on D,(0).

Change of variable: z = w — a, f(w) = f(w —a) = f(2)

o0

i F) (1
) = fw—a) =3 LWy

n.
0

Remark: If r is the largest radius for which Z
0

f"(a)
I

(z —a)" converges to f(z) on
n!
D,(a), then f(z) must have a singularity at some pt zy such that |zg — a| = 7.

Example: f(z)=
fO) = — M f™(0)

(1—2)m+ " al

Hence E / ‘< )z” = E 2" converges to f(z) on D;(0), with singularity at zy = 1.
n!
0 0

4. Laurent series

Recall the “Riemann sphere” S = CU {oo} (cf., e.g., Churchill and Brown, p.38).
Define a “complex coordinate near infinity” to be the set of all complex numbers
w € C such that w = %, where z € C is the usual complex coordinate near 0 € C. Hence

w = 0 corresponds to “z = 0c0” on S.

Now consider D,,(0) = {z€C]||z| <7} and

1
D,,(00) = {w e C||w| <ry} such that ry > p_ Then
2

1
Dm(O) N D,«2(OO) = {Z eC | T’_ < |Z| < Tl}.
2
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n

Suppose S1(z) = Zanz converges on D, (0) and Sy(w Zb w" converges on
0

D,,(c0). Then on D,,(0) N D,,(c0) we can write

s - (1)

= i b,z ".
0

1 [e.@]
rite L(z) 1(2) + 52 (Z) ;Ckz
ap if k>0
where ¢, = b if k<0
a0+b0 if k=0.

o™ s /
VAR

Note LL(z) is convergent on the annulus D, (0) N D,,(c0) = D,,(0) N D1 (0)

Laurent’s theorem: Suppose f(z) is analytic on an annular region A = {r < |z| < r'},

then for all zy € A there exists a power series Z cr2® = L(z) such that L(zy) converges

1 d -
to f(z0). Moreover ¢ = 2—/ J(z)dz for all k, where C' = {|z| = s} for some s € (r, 7).
i

Sk+1
Proof:
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Cauchy formula =

_ L[S
fz0) = 27 52— 20 dz
S (O N B B (OB
2m1 JL=p, Z — %0 271 J=p 2 — 20

Now / » fo—iodz -~ /| - @ (i (%)n) dz

L L)
_ Y 2"V ( / » o f(z)dz)

n=0
~1
(m=—(n+1)) = Z 0 / mt1
m=—00 |z]=p1 <
N 2L T
2mi z|l= 2k+1 e
Hence f(z) = chz(’f, where ¢, = I#1=p2
- # f|Z|=p1 j’ﬁ(_i)ldz if k < -1

.. deformation of contours = = / = / .8 € (r,r').
el=pr Jlel=pe Jlal=s
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Moreover Z ckzg converges uniformly inside A. O
Change of Variable: f(z) analyticon A= {r < |z—a| <7} = f(2) = ch(z —a)"

1 f(2)dz
such that Cr — 2_7]'i /C m






CHAPTER 6

Residue Theory and Applications

1. Complex Residues

Definition 1.1. : Let f(z) be analytic on the punctured disc

D, (z0)\{20} = {2]0 < |z — 2| < 1}.

1
The “Residue” of f at zo is given by |Res(f, z9) = 2—/ f(2)dz
1 |z—z0|=r"

for any 0 <71’ <.

_ > 1 f(z)dz
— k = —
Consider Lf(z,zo) = E cp(z —20)", cx = o /|zzo=7“ (z — 2)FH1

—00

Then = f(z)dz = L/iozck(z—Zo)kdz

271

1 k
2mi _ZOO * [Z—zo|:7"’<z ZO) :

2riif k= —1
But / (z — 20)fdz = i
|z—zo|=r" 0 k# -1

L f(2)dz =c_

271

|z—z0|=r"

. Theorem: Res(f,z)) =c_;.
67
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1 i1 i 1
. = = — - — =7
Example: f(z) Sl 2:71 2. i . Res(f,1)
Note = ;. = 1 .= = 1 :
z+1i (z—1)+21 2i(1—3(z—1))
i1 1< /i, )\
EEEE P <§<H>>
Liei) = 235 (A} oipm i
: z = = - (z—1)" — =(2 —
A 442\ 2
i .
o.c.1 = —= = Res(f,i)
2
Now consider domain 2 C C, such that f(z) analytic on Q\{z1, -+, 2}, z; €
f(2)dz =
o9
k
/ f(z)dz + Z/ f(z)dz
C1UCo i=1  |z—zil=¢
Cauchy Theorem: f(z)dz=0
C1UCo

.. Residue Theorem:

If 09 is a closed simple contour, and f(z) is analytic on Q\{z1,- - , 2} for z; € Q, then
1 k
27 Jog f(z)dz = ;Res(f, zi)



Example: Compute /

1. COMPLEX RESIDUES

dz

=3 #°

using residues
|z

dz
= R 1 R -1
/|Z|:3z2—1 68(22—1’ )+ 68(22—1’ )
1 1
Now 1 = 2 _2
22 -1 z—1 z4+1
1 2 1 d 1
Res ,1] = Res|—%-,1 :—,/ = _Z
22 —1 z—1 47 |Z71|:€Z—1 2
1 -1 1 d 1
Res 7_1 - RQS 2 ,_1 - —— < = ——
22 —1 z4+1 Ami Ji e 2 +1 2

)
/|z|3 #—1

Example: f(z)= &hz()) Compute Res(f,0).
zsinh(z
s _ 4 22 23
e’ = +Z+a—|—§+"'
= _ . (12?2 (i2)?
e = 1+iz+ 5 + i + .-
_ e —e =1 (L 2(i2)  2(i2)°
sin(2) = T:E{Ql” 3 Ta T
B 22 2P B z
_Z—y_i_g_ =z
e —e* 1 23 5
inh — — 29,4922 L% L.
sinh(2) . 2{z+ Sy }
B .3 5 L
= z+§+§+--- =z
sin(z) _ 1 23_?‘1‘25_?
" zsinh(z) Al+ 5+ 5+
1 222 -
= JU-rd=ad
.c.1 = 1=Res(f,0).

69
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2. Isolated Singularities

Definition 2.1. : Given Ls(z, 2) ch z— zo , define the “‘Principal Part”

-1

Lz, 20)] = > erlz — 20)".

—0o0

(1) f(z) has a “pole” of order N at z, € C if

-1

[Lf(z, 20)] = ch(z — %), ie =0 VEk < —N.

-N

1
= Z_1p has poles of order 3 at z = £1
Z J—
sin(z)

———— has pole of order 1 at z = 0.
zsinh(z)

(2) f(2) has an “isolated essential singularity” at z, € C if [L(z, 2))] has infin-

itely many terms.

Example: 1 1 1 1
et = l4—tgmtggto
_ 1 Vk>0
U T

(3) f(2) has a “Removable singularity” at z, € C if f(z9) may be redefined to
make f analytic at z.
Example: f(z) = % —1_ g_?_Fg_T _

- not defined at 2y = 0, but analytic if we define

sin(z) 5
f<z>={ > f70

1 z=0.

Remarks:

(1) f(2) has a pole or order N at zy =
0# lim |(z — )" f(2)| < o0 and
Z—Z20

lim | (2)] = oo

z—20
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since Lp(2,20) = con(z—20)"" + -+ iz —20) " oo+ a(z—2) + -

- ﬁ(C—N+C—N+1(2—ZO)+"'CO(Z—ZO)N+"')

cf. Graph of |f(2)] :

44
il A

HH

(2) f(z) has a removable singularity at zy =

lim (z — 20) f(2) = 0.

zZ—20

(3) f(z) has essential singularity at zy = lim,_,., |f(2)| does not exist (# o00).

(cf. “Cassorati-Weierstrass” thm)

Example:
_ 1 1
(1) f(z) = 1) :xgq(z—l)?’f(Z)—yE} (z+17° -3
Ly(z,1) = ;ck(z —) s e = %

sin(z)

(2) f(2) =

Definition 2.2. : “Order” of f(z) at z,
( o0

Nif f(z) ~ (2 — zO)NZan(z — 20)" ag # 0(“zero”

= hl’I[l) z2f(z) = lir% sin(z) =0

0
Ordf<2’0> = —N Zf f(z) ~ ;Nza (Z _ ZO)n ao 7é 0(“p0l6”)
(2—20) n
0

—o0 if zg essential.

[ 0 if 0 [f(20)| < o0

71
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Suppose ords(zg) =k, ordy(z) = ¢, then
frg = |-=) Zan(z - Zo)n] [(z — 2p)" me(z — z0)™
0 0

= (2 — z)* Z cp(z — 20)P where ¢y = agby # 0.
0

c1 = &1[)0 + Gobl

coordpg(zo) =k + ¢

1 1
Moreover — = by # 0
g (Z—Zo)e[bo—i‘bl(Z—Z())—’—“‘](07é )
— b 1 1
Define 1 — (2 — z) = iy — )" = = =
el =olema) = Dl = = )
1 oo
Now T = Zcp” if |l <1 (ie.,]z —2) <€)
0
1 1 )
o= () et i+ ] =
9 bo
ordi(z) = -,
Loordpg(z0) = k—4L.
2
Example: Find ord;(0) for h(z) = Z. _?)FBZ.
sin”(z)
f(z) =32+ 2% = ord;(0) = 1.
22 20
Sm(z):z—g—ka—
22 2t
=z(1- 3l + e )
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In general

f(z)=con(z—20) N+ Fei(z—2) e+

= (z—2)"f(z)=cn+enm(z—20) 4+ +ca(z—20) T +eo(z—20)V + -+

1 dN—l

(N —1)ldzN-1 [(z = 20)N f(2)] = co1 + oz — 29) + -+

) 1 del N
Example: Compute (2)dz for f(2) = -
|z|=1
1
Now/ ,dz = 2miRes (,—,O)
5|21 2 8in(z2) zsin(z)
ord;(0) = —2= f(2)=coz ?+c 2z ' +eog ezt
. 1d
.. Res(£,0) = lim 12 [2%f(2)]

. d z
= lim— |——
2—0 dz | sin(z)

= 1o {sinl(z) - sinj(z) 'COS(Z)}
sin(z) — z cos(z) }

sin?(2)

cos(z) — cos(z) + zsin(z)
2sin(z) cos(2) }

{
(L'Hopital) = lim{
{

in (L in (1
Example: / w = Res (Sm ) ,0> - 27

|2=1 z
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.. Res (1 sin (%

z

),0) =c_1=0.

6. RESIDUE THEORY AND APPLICATIONS

1 1 1

z 2331 255!

1 1 1

22 431 651
Lin()(20)

3. Applying Residues to Real Integration

1. Trigonometric Integrals:

2m
Consider integrals of the form: /
0

Recall sinf

P(sin 6, cos 0) |
————=df ; P 1 s,
Q(sin 0, cos 6) ; P, () polynomials

if z=cosf +1isinf = €'
i
-1

= = _:Z since Z = z~! when |z| = 1.
2i
-1
Similarly cosf = : +22 Now z = €/ = dz = iel’df
=izdf
1
iz
o p P[1 1 dz
—(sinf,cos0)df = / —<—,z—z_1,—z+z_1),—
| & ) algeegtr ) 8
Example:
2
T db d
@em [ - [
o a-+siné 2|=1 iz (a + (T))
o ot
|z]=1 2iaz + 22 -1
Note 2% + 2iaz —1 = (z+ia)> -1+ a?
= (2 +ia)* - (iVa2 —1)*
= (z4i(a+Vva®-1))(z+1i(a— Va®—1))
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' /%i:/ 2dz
CJooatsing  Juo (2 +i(a+ Va2 —1)(z +i(a — Va2 — 1))

1
Now a + Va2 — :ﬁ.'.‘a%—vcﬂ—l’ > 1=>\a—va2—1’§1
a — a® —

la+Vat—1|<1=|la—Vva®-1] > 1
But |a +Va?> — 1| =1<% |a] <1 .. assume w.l.o.g.

la| > 1

la++vaZ—1| > 1

a+sinf

}i/oﬂd—ezRes(f(z),—(a— a? —1)i) - 27i

(f(2) = 2{[z +i(a + Va? = D][z +i(a— Va> - 1)]}7)

2 _ 9(2)
z+i(a+ Va2 —1) then f(z) = z+i(a—+a?—-1)

.. Cauchy formula =

Let g(z) =

2i Res(f(2), —(a — Va@ — 1)i) = / |—1z+i(g(2)dz

a—+va?—1)
= 2mig(—i(a — vVa? —1))

47 2T

NV —1 Va1

2. Improper Integrals:

o] 2

rt+1

27k

dx. Note 2* +1 =0 when z = A(F+5) (k=0,1,2,3)

Example: /

—00

oo 2 0 2 b 2
T xedx x4dx
Write dr = lim 4+ lim
/_Oox4+1 a——oco [, xt+1 baoo/o x4+ 1

a

. Consider contour Cy := [0,b] U [0,ib] U~ such that v = {be”|0 <9 < Z} and b > 1.
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Note /
C

6. RESIDUE THEORY AND APPLICATIONS

22dz 22 .
= 27iR im/4
21 m €S<z4+1’e )

= 2r7i 2_152/4 [(z — ¢im/4) s

(simple pole: N = 1)

o 22 .
= (27i) Zl1£/4 {E} = Zi1£/4 [

(L’Hopital’s Rule)

2 4

Now z € [0,0] = z =tb (t € [0,1])
z € [0,ib] = =z = tbi (t € [0,1]) =
z = be?(dz = izdf)

Recall M = max

22dz Lop22dr . Y —v23de .
Ll M v Ll A vvr e T
Clz—l—l ) b1 b1 .

2d b
/ c < ML= MW—
z4+1 z4

0<0<m/2

Moreover |z| = b=

Clim ML = lim

" b—oo b—o0 2(1) 1)

T (141)=(1+1) lim

22

4—1—1‘ ]2\4—1 b—l
b3
T _ 0

b p2dx

b—oo Jo xt + 1

(x = bt)

|

™
2v/2

iT
2z

(1+1i

22dz
A4




3. APPLYING RESIDUES TO REAL INTEGRATION

Y1 22141 22

2 [} 2 0 2
Finally Y even / T = / T i
¥ +1 o Tr+1 |

_/°° x2dx T 1+i T
0

:>/OO v’ d T
r=—
| V2

7
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