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Lecture 1 Introduction

In one-variable calculus you have studied functions of one real variable, in particular
the concepts of continuity, differentiation and integration. Functions of one variable
can capture the dependence of some quantity by only one other quantity. In practice
however, one often needs to investigate the dependence on one or more quantities
on many variables, such as time, location, temperature, air pressure, or costs of
different products etc. Therefore it in natural to consider functions that depend on
many variables. We will write f(x,y) for a function of two variables, f(x,y, z) for
a function of three variables or, more generally, f(z1,xs,...,z,) for a function of
n variables. Instead of f other letters can be used (such as g,h, F,G, H or fi, fo
etc.). Here it is assumed that a domain is specified to which the argument variables
belong. We will write R? for the set of all pairs (z,y) of real numbers, R? for all
triples of real numbers and R" for all n-tuples of real numbers. The domains of
multivariable functions are subsets of those.

It is convenient to plot functions of one variable as a graph in the two-dimensional
plane (and, vice versa, one can study curves in the plane using functions). Similar
to this, a function of two variables can be plotted as a surface in three-dimensional
space, and two-dimensional curved surfaces can be studied by functions of two vari-
ables. Visualising functions of more than two variables is more difficult.

In this unit we will cover the concepts of continuity, differentiation and integra-
tion of functions of many variables, as well as applying these concepts to study the
geometry of curves and surfaces.

1.1 Rectangular Coordinate Systems

First we will recall some concepts from linear algebra that were introduced in
Math101. Recall that a point P, in 2-space can be described by a pair of num-
bers, namely its Cartesian coordinates (g, yo)ll. We use a coordinate system of two
perpendicular axes, the z-axis and y-axis. Now, x( is the number on the z-axis
that corresponds to the perpendicular projection of Py to the z-axis (parallel to the
y-axis) and yo is the number on the y-axis that corresponds to the perpendicular
projection of Py to the y-axis (parallel to the z-axis).

!'Here we use the lower indices 0 to indicate that these are the coordinates of the point Py.



2 1.1 Rectangular Coordinate Systems

Yot 1 (X, Vo)

0 X0

In 3-space, the situation is similar. Here we need an extra axis, the z-axis.
Usually we make the z-axis vertical and pointing upward, while we make the z-axis
and y-axis to form a horizontal xy-plane as follows

z

0o Z%)

Yo

To find the coordinates a point Fy we need to project it perpendicularly to the
corresponding axis (parallel to the plane spanned by the remaining axes). This can
be done in two steps, we first find the point P} that is the perpendicular projection
of P to the xy-plane. Then zg,yy are the coordinates of P} in the xy-plane and
2o is the distance between Py and Pj with a positive sign if P is located above the
xy-plane and with a negative sign in the opposite case.

To find a point with given coordinates (xg, yo, 29) first find P with coordinates
(x0,Yo) in the zy-plane and the go up by the distance of |zy| = z if zg > 0 or down
by |z0| = —2z0 if 20 < 0 to find Py. We will use the notation FPy(zo, yo, 20) to indicate
that the point Py has coordinates (xg, yo, 20)-

Note: The coordinate system as drawn above is called a right-handed system
(when the fingers of the right hand are cupped so that they curve from the positive
x-axis toward the positive y-axis, the thumb points (roughly) in the direction of the
positive z-axis). If we interchange the positions of the z-axis and y-axis, then we
obtain a left-handed system. It can be shown that rectangular coordinate systems in
3-space fall into just these two categories: right-handed and left-handed. In this unit,
we will always use right-handed systems, and we will always draw the coordinates
with the z-axis vertical and pointing upward. We will call this the xyz-coordinate
system.

Example 1 Find the point with coordinates (1,2, —1) in the xyz-coordinate system.
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Solution: We first draw the coordinate axes to obtain the zyz-coordinate system.
Then find (1,2) on the zy-plane, draw a vertical line through the point, and move
down one unit (since zp = —1), and we arrive at (1,2, —1). O

1.2 Vectors

Shifts in the plane or space can be described by saying to what point P, a given
point P; has been shifted. The line ¢ connecting P, and P, gives the direction of the
shift. Any other point (); would be shifted along a line parallel to ¢ by a distance
equal to the distance between P, and P, to a point ()5, so that P, P, ()1, Q2 form
a parallelogram. For this description it did not matter whether we started at P; or
Q1, so instead of the pairs P (z1,y1, 21) Pa(2, Y2, 22) or Q1(X1, Y1, Z1)Q2( X2, Ya, Z5)
we may consider the object

U= (T2 — 21,y — Y1, 22 — 21) = (Xo — X1, Yo — Y1, 2y — Z)

called vector (in 3-space). To indicate that a vector ¥ is represented by an initial

point Py and terminal point P, we write v = P P;.

When the initial and terminal point are the same, no shift occurs and the corre-
sponding vector is the zero vector

0= (0,0,0).

2The same concept works in the 2-dimensional plane and any n-dimensional space. To keep
things simple, but not too simple, we restrict here to 3-dimensional space.
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Points and vectors are described by in a similar way by coordinates. In fact, a
point P(z,y,z) can be identified with a vector ¥ = (z,y, z) that shifts the origin
0(0,0,0) to P(x,y,z). Nevertheless, points and vectors are different objects. We
cannot add points or multiply points with numbers, but we can add vectors:

U1 + U = (21, Y1, 21) + (T2, Y2, 22) = (X1 + X2, Y1 + Yo, 21 + 22).

The geometric meaning of adding two vectors is to perform two shifts, first by o}
and then by #,. The result is a single shift by ¢; 4+ ¢5. Notice that the sum of two
vectors does not depend on the order of the two shifts being performed.

We can also multiply a vector ¥ = (x,y, z) by a number « (in this context called
a scalar as opposed to a vector):

at = alr,y, z) = (az, ay, az).
Geometrically, the shift av' is in the same direction as v, if & > 0 and in the opposite
direction, if @ < 0, by |a| times the original distance.

It follows easily from the arithmetic of numbers that the following properties are
satisfied:

In our computations with vectors we will rely on these properties. One can define
a more abstract notion of vector spaces by stipulating theses properties as axioms.
This will be discussed in more detail in Linear Algebra Pmth213. You may verify
that the set of polynomials, or the set of polynomials of degree less or equal to 4
also constitute an abstract linear space.



Lecture 2 Length, Dot Product, Cross Product

2.1 Length

We know that in 2-space, the distance between P;(z1,y;) and Py(z2,ys) is

d= /(22— 1)+ (y2 — y1)2.

This is at the same time the length of the vector v = P, P, denoted by ||7]].

In 3-space, there is a similar formula: the distance between Pj(x1,y1,2;) and

Py(22,y2, 20) is

d=/(z2—21)>+ (Y2 — 1) + (22 — 21)?

. . . ) - —
which again is the length ||U]| of the vector v = P, P;.

Can you prove these formulas using elementary geometry and the following dia-

grams? (Hint: Pythagoras theorem).

y

Thus, the length of a vector ¥ = (v, vg, v3) (or T = (vq, v, vs, . .

the norm of v, is given by

1] = 1/v2 + 0 + 2 (orHUH:\/v%+vg+vg+~-~+vg>.

The zero vector 0 has length 0.

(X1Y1.2,)

A (X5Y225)

7524

.Up)), also called

A vector of length 1 is called a unit vector. For example, if v # 5, then H_tlmﬁ
is a unit vector (why? Please check). The following unit vectors are of special

importance:
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= (1,0), 7 =(0,1) in 2-space,
(1,0,0), j=1(0,1,0), k=(0,0,1) in 3-space.

This is because for any vector ¢ = (v, v5), we have

U= (v,v2) = (v1,0)+ (0,v9)
= U1<1,0>—|—’U2<O,1>

= 'Uli + 'Ugj;
and for any vector ¥ = (vq, vg,v3), we have
U = (v1,v9,v3) = V11 + vg] + vsk.

These vectors are sometimes called the unit coordinate vectors.

2.2 Dot Product

The dot product assigns a scalar (number) to two vectors. It can be defined in
any dimension.

Let @ = (uy,us), ¥ = (u1,vz). Then the dot product of @ and ¢ is given by

‘ﬁ-ﬁ:ulvl—l-uwg.‘

Similarly, for @ = (uq, us, us), v = (v, v, v3),

‘ﬁ U= ULV + UV + U3zvs,

or, generally, for 4@ = (uy,us, ..., u,), 0 = (v1,0a,...,0,),

‘ﬁ-ﬁzulvl+u2v2+---+unvn.‘

Notice that the length of a vector ¢ can be expressed as

|0]] = v v,

The relation between the dot product and the Euclidean geometric notion of
angle is the subject of the Theorem below.
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Theorem 1 Let 4,7 be nonzero vectors in 2-space or 3—space@, and let 6 be the
angle between « and v. Then

u - U= ||dll|||v]| cosB, i.e. cosf =

Proof: We prove the case that u - v are 2-space vectors. The 3-space case can be
proved similarly.

As in the diagram, we can use
u and U to form the triangle y
OPQ, where @ = (uy, us), v = (v, v3),
and OP = , 0_6)2 = ¢. Note that

the length of OP is ||u]],

that of OQ is ||V anL

the length of PQ is ||PQ|| = ||v — 1| P
since PQ) = (v; — uy,v9 — ug) = U — .

The law of cosines applied to the triangle u Q
OPQ gives
|0 —al[* = [[a]|* + [[0]]* — 2[[a]|[|v]| cos 0
o) X

which is equivalent to

— — ]' —| —| — —
lall[|i] cos & = 5 (llll* + ||9]]* - [|7 — all”)

1
= 3 {uf +ud+ 0] + 05 — [(v1 —wr)® + (v — w)?] }
ULV] + U2
= u-U
i.e.
u - v = ||ul|||V]| cosb.

O

Theorem 1 shows that dot product can be used to calculate the angle between
two vectors. In particular, two non-zero vectors , v are perpendicular if and only
ifu-v=0,ie. cosf =0.

Another consequence of Theorem 1 is the important Cauchy-Schwarz inequal-
ity
@ - 0] < |[al|]|7]]

a€-U

3In higher dimensional spaces the formula cosf = TR can be used to define the notion of

angle.
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with equality occuring only if the two vectors are parallel or one of them is the zero

vector.

Example 1. Let P, = (1,1,1), P, = (3,0,2) and Py = (2,2,3). Find the angle
—_— —
between P; P, and P Ps.

Solution: Let 6 denote the angle. Then, by Theorem 1,

_— ——
PR -PB
-

|| PLP,||[| PP

—_—
We have PP, = (3—1,0—1,2—1)=(2,—1,1)
—
PP = (2-1,2—1,3—1) = (1,1,2)
—_— —
P1P2'P1P3 = 2X1—|—(—1)X1+1X2:3
e
PP = V2 + (-1 +12=V6

|IPP)| = VI2+12+22=16

Hence

1
cos@zi:? 0 = 60° (or g)

V6V6

O

Dot product has the usual arithmetic properties which we list below, the proof
follows from the definition of dot product directly, and therefore will not be provided.
You are encouraged to prove some of them, at least (d).

If @, v, and W are vectors and k is a scalar, then

=,

= ||7]]* > 0 (and equality holds only for v = 0)

—~
o,
N—
<y
<y

Property (a) is called symmetry, (b) and (c) together bilinearity and (d) posi-
tivity. In a more abstract setting these properties are used to define dot products
in arbitrary vector spaces. This concept will be developed in Pmth213.
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2.3 Orthogonal Projections

Let @ and b be two vectors in 2-space or 3-space. Then the vector @ formed as in
the diagram below is called the orthogonal projection of # on b, and is denoted
by proj; @

(=)

If the angle 6 between @ and b is less than 90°, i.e. 3, then proj;u is in the
direction of b. Therefore proj; @ has the form

proj; i = kb for some scalar k > 0.

Using the definition, we find that the length of proj;u is

—

u-b

il cosb = |Jul|——=
[l - [0}

(by Theorem 1)

On the other hand, || projz u|| = ||kb|| = k||b]|. Therefore

- i-b 7-b
BBl = =, that is k= —.
[10]] 18]
Substituting back, we obtain
T
Theorem 2 proj; u = HE\Pb

The above formula is also true if # is greater than 90°. Please check this by
modifying the above proof.

Let us now look at some of the uses of this formula.

By definition, the distance between two sets P and 9 in 2- or 3-space is the
infimum of all distances of a point P € P and @ € 9, i.e., roughly speaking, the
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distance between the two points in P and () that are closest to each other in the
respective sets:

dist(F.9) = _int__||PQ]l.

Example 2. Find a formula for the distance D between the point P(z, o) and
the line Az + By + C = 0.

Solution: Let us use the graph at the
right to help with the argument. The dis-
tance from P to an arbitrary point () on
the line is the hypotenuse of a right trian-
gle with one leg being the distance from
P to the orthogonal projection (say Q')
and the other being the distance between

Q and Q. From ||PQ|| > ||PQ’|| we see "P

that the infimum of distances || PQ)|| is at-

tained for Q = @’. Therefore we need to X
find the orthogonal projection of P on the

line. ax+by+c=0

Let @ = (z1,y1) be any point on the line (i.e. Az; + By; + C = 0) and position
77 so that () is its initial point. Then

—
. == QP -1 )
D = |[proj; QP|| = || HIE || (using Theorem 2)
QP -ii
N — . — —
= ‘TﬁHg [l7[] - (using [[kv]] = [k|[|2]])
—
_ |QP - 1]
|17

—
But QP = (xo — 1,90 — 11),7 = (A, B). Hence

QPT_Y: = A($0—$1)+B(y0—y1)
= AZL’Q—I—ByO—AZ'l—Byl
= Axo+ Byo+ C (using Azy + By, + C =0),
7| = VA%2+ B? and
—
QP - 7|  |Axo+ Byo + O]
7] VAZ + B2

3

|

Note: The point () is introduced just for an intermediate step, it does not appear
in the final formula.
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Notice that the distance of a point P(z,y) to the y axis is just || and the distance
to the x-axis is just |y|. This can be verified by the formula with A =0,B=1,C =0
and A=1,B=0,C =0, respectively.

2.4 Cross Product

For vectors in 3-space only, another kind of product, called the cross product, is
defined. If @(uq,us,u3) and ¥ = (v1,v9,v3), then the cross product 4 x ¢ is a
vector given by

R Bt 2 B RS el P
Vg2 U3 U1 U3 Uy V2
i ]k
= Uy Uz Uz
V1 Uy Vs

Note that - ' is a number, but @ x ¥’ is a vector. The following theorem shows
some of the properties of cross product are similar to dot product, but many are
different.

Theorem 3. Cross product has the following properties:

(1) @ x ¥ is orthogonal to both @ and ¥, i.e.

—

G- (@ xT) =0, 7 (i x7) = 0.

(2) [la > al| = [[d]| - |o][sinf  (compare -7 = ||ul[||t]| cos O)
Notice that this is the area of the parallelogram spanned by the vectors « and

—

.

It follows ||@ x U|| < ||d|| - ||U]| where the equality holds if and only if @ L .

(3) (a) U x U= —(U x 4) (compare @ -0 =1v"-1u)
(b) Tx (T+d@) = (Tx7)+ (T x D)
) (W+v)xd = (Uxw)+((@xd o
Ed)) l(f(ﬁx)*) = Ekﬁ) x)*:(ax (1317) similar to dot product
(e) @x0 Ox =0

(f) @ x @ =0 (compare @ - @ = ||@]]?)
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(4) If C_I:: <a1,a2,a3>,g: <b1,b2,b3> and 5: <01,CQ,Cg>, then

ay G2 as
a - (b X 5) = bl bg bg
Ci C2 C3

(5) |@- (b x @)| is the volume of the parallelepiped spanned on the vectors @, b and

C.

Proof: We only prove (4) and (1).
We prove (4) first and then use (4) to deduce (1).
Proof of (4):

ik
bxc = | b by bs
Ci1 Cy C3
by b3 |- by b3 |- by by |~
_ 2 O3 |7 | 01 U j 1 ob g
Coy C3 C1 C3 c1 Co
Hence
- by b by b by b
d’(bxé) = a 2 3 as ! 3 + as ! 2
Cy C3 c1 C3 c1 Co
a1 Gz as
- bl bg bg
C1 Cy C3
Proof of (1) (using (4)):
Uy U2 Us
E(ﬁxﬁ): U1 U Us :0,
U1 V2 U3

because the first and second rows are the same. O
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Lecture 3 Linear Functions, Lines and Planes

3.1 Linear Functions

A linear function of one variable is given by an equation of the form
y = f(x) =mz+D,

where m, b are real parameters. Its graph is a line in the xy-plane with slope m and
y-intercept b.

Linear functions are easy to handle, yet they can serve as good models for many
processes in science, nature and economy. Even non-linear processes can often be
modelled approximately using linear functions. The means to do this is differential
calculus. A function f(z) that is differentiable at some point xy can be expressed as

f(x) = f(xo) + f'(z0)(x — o) + e(z, z0),

where e(x, xg is a small error term. The function f(zq) + f'(zo)(x — x9) = mx + b
is a linear function with m = f’(zo) and b = f(xg) — f'(zo)xo. The error term is
small in the sense that it tends ‘faster’ to zero than the linear function x — g when
x approaches xy. More precisely, even the ratio of the two small quantities tends to

ZEro:
M — 0asr — x.
T — Xo
Indeed,
JR— _ / _ JR—
lim e(, xo) — lim f(@) = f(@o) — f'(x0)(® — 20) — lim f(z) = f(@o) ~(z) =0
r—r0 T — X T—T0 T — 2o T—T0 T — Xo
holds if and only if
lim f(!lﬁ') B f(!lﬁ'()) _ f,($0)a
T—T0 r — Xy
which is the definition of the derivative f’(x).
Linear functions of several variables have the form
f(z,y) =ax+by+d
flx,y,z) =ar+by+cz+d
flz1, 29, ..., 2y) = a1y + aoT2 + -+ + ATy + d
in the case 2, 3 or n variables, respectively. Here a,b,c,d, aq, ..., as are parameters.

We will investigate their geometric meaning later.

The role of linear functions of several variables is similar to linear functions of
one variable.
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3.2 Linear mappings

A linear mapping from n-dimensional space C" to m-dimensional space R™ is given

by m linear functions

y1 = fi(z, ..., 2,) = an1x1 + 192 + - - - Q1p Ty + by
Yo = fo(x1, ..., 2y) = a1@1 + A2y + - - - A2,Tp + bo
Ym = fm(xlu cee 7xn) = Am1T1 + Qp2X2 + -+ Qpp Ty + bn

In matrix notation this can be written as
¥ = A%+ b,

where X is a column vector in R", b and y are column vectors in R™ and A is an

m X n matrix.

The geometric meaning of bis a parallel displacement in direction of the vector
b. The columns of A are the images of the standard vectors

1 0
1 0
0 0 1

Important examples of linear mappings are rotations. A rotation in the plane
about the origin at an angle ¢ is described by

Y1 = COS ¢ — Sin P9

Yo = sin ¢y + cos Pxs.

_ [cos¢ —sing
A_<sin<j> cos¢)’

Rotations in 3-dimensional space are a bit more complicated. Any rotation in
3-dimensional space would map the standard vectors ;, j, k to a triple of mutually
perpendicular unit vectors 7, 7', k’. Such rotation is completely determined by those

Here b = 0 and

Notice that det A = 1.

vectors.
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Simple examples are rotations about one of the coordinate axes. E.g. a rotation
about the k-axis corresponds to

cosp —sing 0
A=|sing cosgp 0
0 0 1

Geometrically we can decompose any rotation into a sequences of 3 simple ones
about the three axes. The determinant of any rotation matrix in 3-dimensional
space is 1.

We can now prove the fact stated in the previous lecture that ||u x 7| =
||| 7]| sin 6. Assume @ x ¥ # 0. Let @ be the unit vector

Then
w1, Wy W3
|Ux V|| =w-uxv=det|u; wus wug|.
V1 Vg2 Us

Now we apply a rotation in space that maps w to k and @ to a multiple of 7. Since
U is perpendicular to @ its image is in the z,jplane. The determinant of the matrix
above does not change since the determinant of the rotation matrix is 1. But in the
new coordinates we may assume that

1_[: <U1,0,0>
U = (vy, v9,0)
w=(0,0,1)
and
0 0 1
|t x v]| =det juy 0 0 =ujvs.
V1 V2 0

This is clearly the area of the parallelogram spanned by u, v since u; is the length
of the base side and vy is the hight.

The following fact will be used later: The cube of volume 1 spanned by the
standard vectors

1 0
i=(o], J=11], J=10
0 1
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is mapped under a linear mapping with matrix A to a parallelepiped spanned by
the vectors

11 a12 a3
Q21 | , a2 |, 23
a3 32 a33

of volume det A. Hence a linear mapping stretches the volume of a solid by a factor
of det A.

3.3 Lines

In 2-space or 3-space, a line is determined by a point F, on it, and a direction
parallel to it. Here the point P will be given by its coordinates and the direction
by a non-zero vector 7.

First, consider the case of a line in 2-space, which passes through Py = (¢, yo)
zﬂ)parallel to v = (a,b). Let P = (x,y) be a general point on the line. Then
PyP = (x —x0, y—1o) is parallel to v = (a,b). Now we use the fact that two vectors

@ and U are parallel if and only if @ = tv for some scalar .

v
Hence, PyP = t¥ for some scalar ¢, /
ie. (x —xg, y — yo) = t(a,b)
orr —xg=ta, y—1yg=~1tb. R

Now, when we let ¢ run through (—o0, 00), the point (z,y, z) determined by the
above formulas runs through the entire line. We say

‘:)3 =x9+ta, y=1yo+1tb, ta parameter‘

is the parametric equation for the line passing through Py = (xg, 3o), and parallel
to U = (a,b).

In the case of 2 dimension, he two parametric equations can be reduced to one
single equation by eliminating the parameter t. Multiplying the first equation by b
and subtracting the second equation multiplied by a we get

b(z — o) — aly —yo) = 0.

Notice that the vector 7 = (b, —a) is perpendicular to ¥, since the dot product

n-v = 0. Such vector is called normal vector for the line and therefore this
equation is called the point-normal equation. It can be rewritten in the form

Az +By+C=0 (1)
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with A =b, B = —a, C = ayy—bxy. If B # 0 we obtain the usual ‘slope-y-intercept
equation’ by solving for y:

Y="B" T B

If B = 0 the line is vertical and has no ‘slope-y-intercept equation’.

Remark. If we divide equation (I) by the length of the normal vector v/ A? + B2
we obtain the so-called Hesse normal form

A B C
+ + =0
VAT B | JEiD VR

There are angles ¢1, ¢2 = 5 — ¢ such that \/ﬁ = cos ¢1 and \/ﬁ =gin¢g, =

cos ¢o. The angles ¢1, ¢o are the ones formed by the normal and the x and y-axes,

respectively. The absolute value % gives the distance of the line to the origin.

(Try to prove this.)

We rewrite now the parametric equation as vector equation. Let O be the
—

— 3 — ~ — — .
origin and denote 7 = OP, vy = OF,. Then PyP = ¥ — r3 and the line can be

represented by

r—ry=10, or 7=r)+tU, t a parameter.

This equation can be used in 3 or, more generally, in any n-dimensional space.

In 3-space, with Py = (¢, Yo, 20), ¥ = (a,b,c), 7= {(x,y, z) and r) = (xo, Yo, 20),
the parametric equations become:

r = xg+ta, y=1yo+1th, z=2y+tc — parametric equation.

¥ = 7ro+1td — vector equation.

Notice that eliminating the parameter ¢ from these equations leaves us still with
2 equations. If a # 0 we find

b b
Yy=—-x+yo— —To
a a

c c
Z= -+ 2y — —Zo
a a

A 1-dimensional line in 3-space cannot be described by a single linear equation
because one equation lowers the dimension only by 1, so 2 equations are needed®.

4This wouldn’t be true if we permitted non-linear equations. E.g. y? + 22 = 0 describes the
z-axis {y =0,z = 0}.
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Example 1. Find an equation of the line L which passes through P;(z1,y1, 21) and
PQ(ZL’Q, Ya, Zg) where P1 % PQ.

Solution: If we can find a vector to which the line is parallel, then we can use the
formulas discussed above to find the equation. Clearly Pi Py = (o —x1, Yo — Y1, 20—
2z1) is such a vector. Hence the parametric equation is

rv=x1+t(r—11), y=31 +t(y2 —y1), 2 =2 +t(22 — 21).

In vector form

. ——
T’:<Zl§'1,y1, Zl>+tP1P2. O

Example 2. Show that the vector 77 = (A, B) is perpendicular to the line Az +
By+C =0.

Proof: Let P, = (x1,y1) and P> = (%2, y2) be two points on the line, i.e.
Ar1+ By +C =0, Azxy+ By, +C =0.
Then it suffices to show 77 = (A, B) is perpendicular to P, Py = (xs — 21, Y2 — 1),
i.e. to show 77 - PP, = 0.
We calculate

ﬁ]TP; = A(zy—x1)+ Blya — v1)
Azy + By, — (Axy + Byy)
—C — (-0C)
=0

and hence prove what we wanted. O

3.4 Planes in 3-space

A plane in 3-space is uniquely determined by a point Py = (o, %o, 20) on it and a
vector 17 = (A, B, C') perpendicular to it. Such a vector is called a normal vector
of the plane.
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A general point P = (z,y, 2)

is on the plane if and only if n
— R

PP isgpendicular to n, i.e. ByP -1 =0.

Since PyP = (x — xo, y — Yo, 2 — 20) and

= (A, B,C), we have

.
RyP-ii= Az — x0) + B(y — yo) + C(z — 20),

and the equation of the plane is

Alx —xo) + Bly —y0) + C(z — 2) =0

This is called the point-normal form of the equation of the plane.
Note that on simplifying the above equation for the plane, we see that the equa-
tion has the form
Ar+By+Cz+ D =0 where D =—Axy— Byy— Cz. (2)

Now, if C' # 0 this can be rewritten as a ‘graph’ equation

2=—=r— =y— —=. (3)

Notice that one linear equation in 3-space lowers the dimension down by one to
a 2-dimensional plane.

Remark. There is also a Hesse normal form for planes in 3-space. Divide equa-
tion (2)) by v/ A% 4+ B? 4+ C2. Then there are angles ¢1, ¢, ¢3 such that \/ﬁ =

= cos ¢3. The angles ¢1, @2, P3 are the angles
D]
VA24B24C?

B c
COS¢1, \/W = COS¢2, \/W
between the normal and the respective axes. The number
of the plane to the origin 0(0,0,0).

is the distance

Example 3. If (4, B,C) # 0, then the equation
Ar+By+Cz+ D=0

describes a plane having normal vector 7 = (A, B, C). (Compare with example 2
above: Az + By + C =0 is a line having normal vector 77 = (A, B).)

Proof: Since (A, B,C) # 0, at least one of the three components A, B,C' is not
zero. Suppose C' # 0 (the other cases can be proved similarly). Then for any given
X0, Yo, we can find a unique zp such that the graph equation (3)) and hence the plane
equation is satisfied. Substituting this into

Ar+By+Cz+ D=0
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we see the equation is equivalent to
Alx — o) + By —yo) + C(2 — 29) = 0.

This is a point-normal form of the equation of a plane with normal vector 7 =
(A, B, C') passing through the point (xq, yo, 20)- a.

Example 4. Find an equation of the plane through three different points P (x1, y1, 21),
Py(12, Y2, 22) and Ps(w3,ys3, 23).

Solution We need to find a normal vector for the plane.

. . . % %
With the three given points, we can form two vectors P; P, and P;Pj3, both
lying on the plane. According to the properties of cross product, PP, x P, Ps is
perpendicular to both P; P, and P, P;, hence to the plane.

. —_— ——
Thus we can use 7 = P; P, x P, P; as a normal vector.

n

. e ——
Since PPy = (xg — 21, Y2 — Y1, 22— 21) and PPy = (v3 — 21, Y3 — Y1, 23 — 21)
and the equation can be written as

(=21, y—y1, 2—21) 11 =0

we can use property (4) for cross product to write the equation above in the following
neat form:

r—T1 Y-y 22—z

Ta—x1 Yoa—y1 22—z | =0

T3 —21 Ys—Y1 <3 — %1

Example 5. Find the distance d between Py(xo,yo, 20) and the plane Az + By +
Cz+ D =0.

Solution We generalize the method used in Example 2, Lecture 2.
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Let @ = (x1,y1,21) be any point on the
plane, and hence it satisfies

A$1+By1+021+D:0.
Then

g

d = |projzQFoll,
where 77 = (A, B, C)) is a normal vector.
We have

QR
é .
proj;QFy = |ﬁ||20n

St

|
a(zo — x1) + b(yo — y1) + c(20 — Zl)ﬁ
a? 4+ b2 + 2
|A(zg — 1) + B(yo — y1) + C(20 — 21)

. = =
||prOJfL’QPO|| = A2+Bg+02 ||n||

[Azo + Byo + Oz — (Azs + By + C2)| g
- B? + (2
AL B+ C? AT B C

D
= [Azo + Cyo + C20 + D) (using Azy + By + Cz; = —D)

Thus

‘ALL’O + By(] + CZO + D‘
VAR y B2+
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Lecture 4 Quadratic Surfaces

4.1 Quadratic Functions

Quadratic functions of one variable
q(z) = az® + br + ¢

with parameters a # 0, b, ¢ are the next simplest after linear functions. They are also
often used to model processes in nature, science and economy. The Taylor formula
tells us that a function f(z) that has continuous derivatives up to third order can
be approximated by a quadratic function in the following way:

f@) = fxo) + f'(0) (2 —20) +%f”($o)($—$0)2+6(%$0) = ax® 4+ br+c+e(z, 1),

where a = f”(xo b= f(m0) — f"(z0)30, ¢ = f(m0) — ['(w0)z0 + L (xo)xo and the
error term

1 " 3
o) — x0)

tends to 0 even faster than the quadratic function (z — x¢)? as  tends to zy, i.e.

e(x,zg) =

e(z, xg)

lim =0.

z—zo (T — x0)?

This has been used to investigate critical points for local maxima and minima.
Since the graph of a quadratic function is a parabola with an absolute minimum
at its vertex if @ > 0 or a maximum if a < 0 one concludes that a function that
is two times differentiable has a local minimum or maximum at a critical point if
a= f//(xo >0ora=", (xo < 0. Indeed, if f'(x¢) = 0 (for =g being critical) we have

f(@) = 5 f"(@o)(x — z0)* + f(w0).

N —

The situation of many variables is similar, but slightly more complicated because
of the large amount of possible quadratic terms. Let us look first into the case of
two variables.

f(z,y) = ax® + bxy + cy® + do + ey + f.

We introduce a more systematic notation that uses indices and turns out to be
even more useful in higher dimensions. Denote the first variable = by x; and the
second variable y by z5. Then denote a = aqq1, b = 2a12 = 2a91, ¢ = ag, d = aq,
e = ag, f = a. The indices of the new a’s tell us immediately how many and which
factors x1 or x5 follow. Also we don’t need to invent new letters for the huge amount
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of coefficients that occur in higher dimensions, and we may use sigma notation. The
equation becomes

2 2
f(z1,9) = a1127 + 2012019 + a2005 + a1 1 + a2x9 +a = E E ;T + E a;x; +a.
i=1 j=1
In three dimensions we get

2 2 2
f(x1, T2, x3) =a112] + a22x3 + assxs + 24197129 + 2013713 + 2023203+

+ a1x1 + asxs + azxrs + a

In higher dimension we only need to replace 3 as upper bound of the summation
by the dimension n

flx1, 20, .., 2y ZZ&,]xzx]jLZaZxﬁ—a

=1 j=1

4.2 Quadratic Curves

In Math102 we have studied implicit equations of curves F'(x,y) = 0

A second-degree equation in z,y has the general form

Az’ + By +Cy* + Dx+ Ey + F = 0. (4)

It gives a quadratic curveﬁ. By switching to an alternative coordinate system we
can significantly simplify the equation (). In a first step we will apply a rotation
of the plane about the origin by a suitable angle ¢ in order to get rid of the mixed
term Bry.

Recall that such rotation is performed by a mapping
T =cospu+sinpuv (5)
y=—singu+ cosopuv

where z, y are the old coordinates and u, v are the new coordinates. You may check
that the unit vectors i = (1,0) and j = (0,1) are mapped to a pair of mutually
perpendicular unit vectors.

5Quadratic curves are often called ‘conic sections’ because they arise when a cone and a plane
intersect in 3-space.
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Theorem. By a suitable rotation of the form (4) the equation (4) turns into
AW+ CvV*+Du+Ev+ F' =0,

where A", C', D', E', F' are some new coefficients.

Proof. By plugging the expressions (B) for z,y into the equation ({]) we find the
coefficient in front of uv to be

B’ = 2Acos ¢ sin ¢ + B(cos? ¢ — sin® ¢) — 20 sin ¢ cos ¢ = (A — C) sin 2¢ + B cos 2¢.

Here we used standard trigonometric formulae. To make this expression zero we
need oA
cotp = ———.
¢ B

If B # 0 this determines a unique angle ¢ between 0 and 7. If B = 0 the mixed
term didn’t occur in the first place. O

Without developing the relevant theory (this will be left to Linear Algebra
Pmth213) we notice that the new coefficients written as a matrix can be computed
in the following way:

1 B : B :
(¢ ¢)= (0 ) (g &) (B %)

2 2
(You may check this by direct computation.) By our choice of ¢ we have B’ = 0.
In the classification of quadratic curves below you will see that the type of curve
depends on whether A" and C’ are positive, negative or zero. Notice that A" and C’
are the eigenvalues@ Of the matrix at the left hand side. It turns out that the old
and new coefficient matrices have the same eigenvalues, determinant (which is the
product of the eigenvalues) and trace (which is the sum of the entries at the main
diagonal, hence the sum of the eigenvalues). It follows that the eigenvalues have the
same sign if the determinant A'C' = AC — B{ is positive and opposite signs if the
determinant is negative. If both eigenvalues have the same sign then it is the sign
of A.

Assume now that the quadratic equation has no mixed term. The second step
depends on whether A, C' are zero or not. If A # 0 and C # 0 we use a shift of the
coordinate system to get rid of D and E. By completing the squares we find

E D? E?

D
Ax2+C'y2+Dx+Ey+F:A(x+ﬁ)2+0(y+%)2+17————:0.

5You may recall the concept of eigenvalues from Math101. A more thorough theory of eigen-
values will be developed in Pmth213.
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Hence the equation takes the form
Az — 20)* + Cly —wpo)* = F,

_ _ D _ _E 1 _ D? E?
Wherexo——ﬂ,yo——%,F—H—i—E—F.

If A=0but C #0o0r A+# 0 and C = 0 then we complete the square for the
variable with the non-vanishing coefficient and leave the other unchanged to get

C(y—yo)*+Dx=F or A(x — 9)> + Ey = F.
The following are the representative examples.

1.IfA>0,B>0and F' >0 (or A <0, B<0and F' <0) we divide by F”
and get the equation of an ellipse with half-axes a = \/F'/A and b = \/F'/C
centred at (g, yo)-

y

. r—120)* | (¥ =)
Ellipse: ( e o) +( E 0) =1

2. If A# 0 and E # 0 we may divide by E and find a vertical parabola with
vertex (Zo, Yo)-

y
Parabola: y — yp = a(x — Io)z
Here a = —% and yy = —%.
(a>0)
X

3. If C # 0 and D # 0 we may divide by D and find a horizontal parabola with
vertex (Zo, Yo)-

T — g = b(y—y0)2

__cC - _F
Here b = —% and xp = — 7.

(b>0)
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4. fA>0,C<0and F' >0 (or A<0,C >0 and F' <0) we divide by F’
and find a hyperbola.

(z — 550)2 (y — y0)2 y

Hyperbola: 5 — B =1

a
Here a = \/F'/A, b= /—F'/C.

5. IfA>0,C<0and F' <0 (or A<0,C >0 and F’' > 0) we divide by —F"
and find again a hyperbola.

(z — 20) B (o — ) — 1 y
b? B

o2
Here a = \/—F'/A, b= +/F'/C.

N
RN

6. The remaining cases are in some sense degenerate and not really quadratic
curves. We list them for the sake of completeness.

(a) fA>0,C>0,F'=0(or A<0,C <0, F" =0), the equation becomes
A(z — 20)? + C(y — yo)* = 0, which is a single point. (Which?)

(b)) If A>0,C <0, /=0 (r A<0,C >0, F' =0), the equation
A(z — 20)? + C(y — yo)® = 0 describes a pair of crossing lines, namely,

y=1yot+/—A/C(x — x0)

(¢c) fA>0,C>0and F'/A<0 (or A<0,C <0and F'/A < 0) we get
Az — 20)? + C(y — yo)* = F’ , which is the empty set.

(d) IfA#0,C=0,E=0and F'//A<0(or A=0,C#0, D=0 and
F'JC < 0) we get (x — x¢)? = F'/A (or (y — yo)*> = F'/C'), which is the
empty set.

() fA#0,C=0,E=0and FF//A>0(or A=0,C #0, D =0 and
F'/C > 0) we get v = xo£/F'/A (or y = yo £/ F’/C), which is a pair
of parallel lines.

(f) fA#0,C=0,E=0and F"=0(or A=0,C#0,D=0and F' =0)
we get (z — 29)? =0 (or (y — yo)? = 0), which is a single line.
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4.3 Quadratic Surfaces

27

A second-degree equation in z,y, z has the general form

Az? + By* +C2* + Doy + Exz + Fyz+ Gr + Hy + Iz + J = 0.

It gives a quadric surface (a quadric for short).

A classification of these surfaces

would be similar to the classification of quadratic curves carried out above, but

requires more effort and time. We ignore here the degenerate cases and list the 6

important types:

2

Ellipsoid: —2 ‘Z— + Z—2 =1
Hyperboloid of one sheet:
552 y: 22

[

Hyperboloid of two sheets:

$2 y2 22

b2 2

T Y

Elliptic cone: z 2T

Elliptic paraboloid: z = r Ly

(i
\W
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¥ a2 z
Hyperbolic paraboloid: z = &=~ — —
bg a?

The most important quadratic surfaces for this unit are the paraboloids because
they approximate the graphs of functions at its critical point and show whether the
critical point is a maximum, a minimum or neither of them. Clearly,

(z = 20) = Az — 20)> + C(y — y0)”

is a ‘cup-like’ elliptic paraboloid with vertex at (xg, o, 20), i-e (o, Yo, 20) is a local
minimum if both A, C' are positive and an upside down cup-like elliptic paraboloid
with vertex at (xo, Yo, 20), 1.€ (Zo, Yo, 20) is a local maximum if both A, C' are negative.

If A and C have opposite sign then the resulting surface is the ‘saddle-like’
hyperbolic paraboloid, i.e we have neither maximum nor minimum.

The cases when A or C' (or both) are zero are indecisive.
If we started with a paraboloid of the form
(2 = 20) = A(w — x0)* + 2B(z — 20)(y — y0) + C(y — wo)*

we can perform a rotation in the z, y plane about (¢, yo) exactly in the same way as
in the classification of quadratic curves to get rid of the mixed term 2B(x—x)(y—yo)-
Without doing this we can decide whether the critical point (zg,3o) is a maximum,
minimum or saddle point by looking at the determinant

A B

det)B o

):AC—BQ

and the coefficient A. IF AC — B? > () we have a maximum or minimum depending
on whether A < 0or A > 0. If AC—B? < 0 we have a saddle. The case AC—B? =0
is indecisive.

4.4 Sketching Surfaces

Sketching the graph of a surface is usually much more difficult than sketching a
curve. Omne practical way to sketch a surface is by using a method called mesh
plot: one builds up the shape of the surface using curves obtained by cutting the
surface with planes parallel to the coordinate planes.
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The curve of intersection of a surface with a plane is called the trace of the
surface in the plane.

Let us now look at several examples to see how the mesh plot method can be
used in sketching surfaces.

2
Example 1. Sketch the graph of the surface 2? — yz + 22 =1

2
Solution: For any fixed y value, the equation can be written as 22 + 2% = 1 + yz

which gives a circle (for fixed y) in the zz-plane. If we take y = k, and put the

circle in the plane y = k (by moving the one in the zz-plane and keeping the motion

parallel to the y-axis), then when we choose different k, we obtain many circles

which are parallel but with different radii (the circle on the plane y = k has radius
k2

1+ —).
+4)

g T
VU —

X X

The above graphs show the circles (k = —2,—1,0, 1, 2) and a sketch of the surface

obtained by smoothly connecting these circles. O
v 22

Example 2. Sketch the graph of z = T o

Solution: Take y = k. Then the equation becomes z — %2 = _71552, which is of the

form (z — z9) = az? and hence is a parabola. The following graphs show various
parabolas obtained by varying k£ and a sketch of the surface by connecting these
parabolas.
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(LN (N y
N N

Example 3. Sketch the graph of 422 + 4y% + 2% 4+ 8y — 42 = —4.

Solution: We can change the equation into one of the standard forms to help us
to know the shape of the surface. We use the completing squares method:

42° + (4y° + 8y +4) + (2 — 4z +4) = —4 + 4 + 4,
ie.
42 + 4y +1)* + (2 — 2)* = 4,

or

(= —2)
4

Thus we know it represents an ellipsoid with center (0, —1,2).

2+ (y+ 1)+ =1.

z

12

z
Write 2’ = z,y’ = y+1and 2/ = z—2. Then the equation becomes =% + " + T 1.
We can use the mesh plot method to sketch the surface in the x'y’z’-coordinate sys-

tem and then move it to the xyz-coordinate system according to the relationship
¥=x,y=y+1land 2/ =2 —2. O

Note: 2/ =x—x0,y = y—yo, 2 = 2— 2 shows the 2/, 1/, 2’ axes are parallel to the
x,y, z axes, respectively, and that the origin (2/,y/, 2’) = (0,0, 0) in the z'y/z'-system
is at the point (x,y, z) = (2o, Yo, 20) in the zyz-system.
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Lecture 5 Vector-Valued Functions

5.1 Vector-Valued Functions and Their Graphs.

The function y = f(x) assigns to each x from the domain D C R a real value y from
the codomain B C R, and hence it is a real-valued function. The equation of a line
in 2-space has the form

x =xy+ta, y=1yo+tb,

which can also be written in vector form

— —

7 =Ty + 0,
where 7 = <$,y>7FO = <.§L’0,y0>,17: <CL, b)

We can regard 77 = 7y+1v as a function which assigns to each t a vector ¥ = 7y+1v.
Thus we have a vector-valued function here.

In general, a vector-valued function in 2-space has the form

The real-valued functions z(t), y(t) and z(¢) are called the components of 7(t).

-

Clearly 7(t) = z(t)i + y(t)] + z(t)k is equivalent to

We call this later system of equations the parametric form of the vector-valued
function 7(t) = z(t)i + y(t)] + z(t)k.

Let 7(t) be a vector-valued function in 2-space or 3-space defined on some closed
interval [a, b]. Then the range of 7 describes a curve C, which we call the graph of
7(t), or the graph of the equation 7= 7(t). It might be helpful to visualise a vector
function as the trajectory of a point moving in space in dependence of time ¢.

Clearly C' has the parametric equation

x = x(t), y =1y(t) (in 2-space)
x = x(t), y=y(t), z = 2(t) (in 3-space).
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Example 1. Describe the graph of the function

7(t) = costi+ sintj, 0<t<2r.

Solution: The equation has the parametric form
r=cost, y=sint, 0 <t <21

which is just the parametric equation for the unit circle 22 +y? = 1. Thus the graph
is the unit circle. O

Example 2. Describe the graph of the vector-valued function

F=(—2+1)i+3tj+ (5—4t)k, tecR.

Solution: The equation is equivalent to
r=-24t y=3t z=>5—4t.

We know this is the parametric equation for the line passing through (—2,0,5) and
parallel to the vector (1,3, —4).

Or we can simply rewrite the vector equation as
7= (=2,0,5) + (1,3, —4).

This is the equation of the line through (—2,0,5) parallel to (1,3, —4). O

5.2 Limits, Continuity and Derivatives

The notions of limit, continuity and derivative for real-valued functions can all be
passed to vector-valued functions through the components. Namely,

(1) Limit. For 7(t) = 2(t)i + y(t)], define
th—n>1a F(t) - <th—II>1az(t)) ;_I— (th—n}ay(t)) ;

For vectors in 3-space, the definition is similar. If at least one of the limits of
the component functions does not exist, then we say tlim 7(t) does not exist.

(2) Contgll:;]nty. 7(t) defined on some domain D C R is said to be continuous at
ty € if

"Sometimes the condition that #(t) is defined at ¢y is stated explicitly, but we take the point
of view that continuity or non-continuity are notions that make sense only for points that are a
priori in the domain of the function.
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(a) lim 7(t) exists and

t—to

(b) lim 7(t) = 7(to).

t—>to
Clearly 7(t) is continuous at t, if and only if all its component functions are

continuous at tg.

Derivative. The derivative of 7(ty) is defined by

~, d _ Fto+h) — 7t
F(to) = r(r) = tim T D7),

This can be reformulated as
7(t) = 7(to) + 7' (to) (t — to) + €(t, to),
where the error term €é(t, ty) has the property

fi 1€ R _ (6)

i.e. ||€(t, to)|| tends to zero faster than t —t. In other words, is approximately
a linear function

where 7y = 7(tg) — to7 '(to) and ¥ = 7'(t9). The error is small, even compared
to the small quantity ¢t — t,.

We introduce here a convenient notation that we will use later, namely
g(t, to) = O(t — t()),

to express ().

More generally the o notation

f(t) = olg(t)) as t — to

has the meaning

L L)

t=to [g(1)]

Notice that this notation is always related to a variable (here) ¢ approaching a
certain limit. This limiting process has to be stated or to be known by default.

Example. 2 = o(z) as ¢ — 0; cosz = o(1) as  — J; 2™ = o(a") as © — 0

if m > n, we say 2™ tends to zero at a higher order that x".

The convenience of the o is the simplicity of its arithmetic. Without knowing
the particular functions we can state:

1. o(z™) £ o(z™) = o(2™) (as x — 0.)
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o(z") x o(z™) = o(z" ™).
3. o(z") = o(z™) if n > m.
If f

f(z) is a bounded function defined in some neighbourhood of 0 then

f(z)o(z") = ofz").

Notice that o(x) is not the notation for a function, but only expresses a prop-
erty of a function.

In coordinates the derivative of a vector function is
F't)=2'(t)i+y'(t)] if #(t) = x(t)
Pl =2 )i +y' )]+ 2 (O)k if 7(t) = 2(t)i + y(t)

The following theorem collects some of the most important properties of deriva-
tives for vector-valued functions.

Theorem 1

—

(1) 7¥'(tp) is tangent to the curve 7 = 7(t) at 7(ts) and points in the direction of

increasing parameter.

' (t) £ 7 (1)

)+ f(t)7(t) (product rule)
'(t) (chain rule)
)

o (t) +71(t) -7 '(t) (product rule for dot product)

l

7
[F(t) x ()] = 7 '(t) x 75(t) + 71(t) x 7 '(t) (product rule for cross
product)

(4) If ||7(t)]| is constant for all ¢, then 7(t) - 7 '(t) = 0, i.e., 7(t) and 7 '(t) are
always perpendicular.

Proof: For (1) notice that the vector equation of a secant through () and 7(¢)
is
7(t) = r(to) + vt

where
(t1) — 7o)

ti—to
The tangent vector is the limiting position of secant vectors where t; approaches .
This limit is, as in single variable calculus, by definition the derivative 7/ (¢g).

U=
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The properties (2) (a)-(e) can be proved in the same way as in one variable
calculus, or, even simpler, reduce to those properties.

Although (3) (a) also reduces to properties of one variable functions we will give
a proof that shows the advantage of the o notation. Notice that our proof below
works for any dimension. We have

P (t) = 71 (to) + 71 (o) (t — to) + ot — to)
FQ(t) = Fg(to) + FQ /(to)(t — to) + O(t — to)

=

By forming the dots product of both sides and using dot product rules we get

71 (t) - T2(t) =r1(to) - Ta(to) + T1(to) - 7 '(to) (t — to) + 71 "(to) (t — to) - To(to)+
71(to) + 71 '(to)(t — to)) - o(t — to)
)

-o(
-o(t —tg)

FQ /(to)(t — t(])) (6]

Here we have used that 7 (to) +71 '(to) (t —to) and 7(tg) +72 '(to)(t —to) are bounded
in some neighbourhood of ¢y, i.e.

171 (to) + 71 "(to)(t —to)|| < M
|75 (t0) + 72 '(to) (t — to)|| < M

and therefore, by the Cauchy-Schwarz inequalities,

|(T1(to) + 71 "(to)(t — o)) - ot — to)| < M| o(t — to)|| = o(t — to)
|(Ta(to) + 7% "(to)(t — to)) - ot — to)| < M| o(t — to)|| = o(t — to).

This line proves the claim.

The proof of (3) (b) is exactly the same with - replaced by Xx.

To prove (4), let us first recall that ||7(t)||> = 7(t) - 7(t). Hence 7(t) - 7(t) = C
for all t.
It follows that
0=(C)y = (1) -F(t))
7'(t) - 7(t) + 7(t) - 7'(t) (using property (3)(a))
= 27(t) - 7'(t)
This implies 7(¢) - 7 '(t) = 0 for all . The proof for (4) is complete. O

Example 3
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(a) Find 7'(t) for 7(t) = (2+1t)7 + (3t)] + (4t — 1)k

(b) Find 7'(¢) and 7'(0) for 7(t) = —sinti 4 costj.

Solution:
(a) Flt) = (24t)T+ (30 + (4t — 1)k
= 1+3]+4k
(b) F'(t) = (—sint)i+ (cost)]

= —cost?—sintj’
7'(0) = —cos0i—sin0j

-

= —1

Note: In part (a), the graph of 7(t) is a straight line and 7 '(¢) is a constant
vector which is parallel to the line. Recall that property (1) in Theorem 1 says
7 '(t) is tangent to the line and our example confirms this. In part (b), ||7(¢)|| =
V/(=sint)2 + (cost)2 = 1 and property (4) in Theorem 1 says 7(t) - ¥/(t) = 0. Here
we can also check directly:

Ft)-7'(t) = (—sinti+ cost))- (—costi —sintj)
= (—sint)(—cost) + (cost)(—sint)

= sintcost —costsint = 0.
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Lecture 6 Integration of Vector-Valued Functions,
Arc Length

6.1 Integration

Recall that if 7(t) = z(t)i + y(t)] + 2(t)k, then the derivative of 7(t) is the vector
function whose components are the derivatives of the components of 7(¢):

The integral for 7(t) is defined in the same fashion:

/ (i / (bt T+ / "t T+ /abz(t)dt :

The fundamental theorem of calculus is also true for vector functions, i.e. if
R(t): [a,b] — R3 is a vector function such that

R'(t) = 7(t)
then ,
/ 7(t)dt = R(b) — R(a).

Any such vector function is called antiderivative and the set of all antiderivatives is
denoted by

/F(t)dt: /x(t)dt Z+/y(t)dt]+/z(t)dt k.

Notice that any two antiderivatives differ by a constant vector C=cii+ czj+ 0312,
i.e. an integration constant in each component.

Using the definition and properties for integrals of real-valued functions, one can
prove easily the following properties:
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Example 1. Find [ 7(t)dt and fo t)dt, where

Ft) =%+ (2t +1)]

Solution: / F(t)dt = / t2dti + / (2t + 1)dt]
- <3+Cl) F(PHt+C) T
3 - o
= §i+(t2+t)j+0
! J B AI'Z Lz, o7
*tt:—'tt":—' .
/Or() <31+( —|—)j)0 3i+2)
1 1 . 1 .
or / )t = / 2dt7 + / (2t + 1)dt]
0 0 0
1
= B}H t2+t)}y
1

6.2 Arc Length

We know from first year calculus that if 2/(¢) and 3/(¢) are continuous, then the
curve given by

(x(0).y(0))
has arc length \\
L= [ AP +y(0)? d. (x(ay(@)

This formula generalizes to 3-space curves:

The arc length of the curve (x(b),y(b),z(b))

r=zx(t),y=yt),z=2(t),a <t <b

is given by -—j(

(x(@) y(a).2(a))

L= f\/x )2+ 2/(t)? dt. / y
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Example 2. Find the arc length of the curve 7= a cos i + asin tj', 0<t<2m.

Solution:

V()2 +y/(t)2dt = ' V/(—asint)? + (acost)2 dt

2w
0 0

2 2
= / \/&2(sin2 t + cos?(t)) dt = Va?dt =2ra. O
0

0

6.3 Arc Length as a Parameter

If we visualise a curve as the trajectory of a moving object it is clear that the same
trajectory can be travelled at a different speed. This means that the same curve
is represented in the parametric form with different parameters, and thus it has
different parametric equations.

For example,

x(t) = acost, y(t) = asint, 0<t<2rm
x(s) = acos(s?), y(s) = asin(s?), 0<s<V2r
z(u) = acos(2me™"), y(u) = asin(2me™), 0<u< oo

all represent the same curve: a circle
with center (0,0) and radius a.

D
N,

To avoid such ambiguity, it is desirable to have a universal parameter for the
parametric equations. This can be done by stipulating that we travel the curve with
speed 1, i.e. 1 length unit i 1 unit of time. In other words, the arc length is used as
parameter. Let us now see how this can be done.

Let C' be a given smooth curve. We first introduce the arc length parameter
using the following three steps:
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(1)

(2)

6.3 Arc Length as a Parameter

choose a point P on the curve,
called a reference point;

Starting from F,, choose one

direction along the curve to be

the positive direction and Py
the other to be the negative

direction;

If P is a point on C, let s be the “signed” arc length along C' from F, to P,
where s is positive if P is in the positive direction from F, and s is negative if
P is in the negative direction from F,.

Let us suppose that C' is initially given by the parametric equations

=), y=ylt), z=z()

and Py = (x(to),y(to), 2(t0)), P = (z(t),y(t), 2(t)), and the positive direction
of C' is the direction of increasing ¢.

Then we know from the last section that

s = /t V' (u)? 4y (u)? + 2/ (u)? du

This gives s as a function of ¢. Differentiating we obtain

= I+ O+ A

Example 3. Find parametric equations for x = acost,y = asint,0 < t < 2,

using arc length s as a parameter, with reference point for s being (0,a) in the

xy-plane.

Solution: The point (0,a) corresponds to ¢ = 7 on the curve.

Therefore,
t
s = / V' (w)? + ' (u)? du
Et
= / V/(—asinu)? + (acosu)? -du
: 7T
= / \/?dt:a<t—§>.
x
Solving for t from s = a (t — g) we obtain

t_s+7r
a2
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As t varies from 0 to 27, s varies from —Za to %ﬂa. Hence, the parametric
equations in s are

s T . /s 0w s 3
x:acos(——l——>,yzasm(——l——),——a<s<—7Ta.
a 2 a 2 2

Or, in vector form

. s T\ = . /(S T\~ T 3
r:acos<—+—) +asm<——|——>],——a<s<—7ra.
a 2 a 2 2
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Lecture 7 Unit Tangent and Normal Vectors

7.1 Smooth curves

We call a curve smooth if it has a tangent at each point and the slope of the tangent
changes in a continuous way from point to point. In particular this means that the
curve has no edges or cusps.

If a curve in the xy-plane is described as the graph of a function y = f(x): (a,b) —
R that has continuous derivative then the curve is a smooth function. However, the
following example shows that if 7(¢) has continuous derivative, the curve 7 = 7(t)
may not be smooth.

Example 1. Let 7(t) = % 4+ t3j, then 7 '(t) = 2ti + 3t% is continuous. The
parametric form for the graph of 7(t) is x = t?, y = 3, which is equivalent to
2 = |y|3 and it represents a curve which is not smooth at (0,0).

y

Indeed, the direction of the tangent at 7(¢y) is given by (z'(to), v/ (to)) = (2t, 3t?).
For ty = 0, the cusp point, this is the zero vector which does not give any direction.
Let us try to look a this curve as a graph. Since the vertical line test gives two
intersection points, the curve is not the graph of a function y = f(z) but it is the
graph of a function = = g(y) = ¥/y2. Notice that the derivative of g(y) is, according

to the chain rule
B dx ﬁ—f 2t

= =4 - =
dy 2 3t

J'(y)

and does not exist at ¢t = 0, i.e. (z,y) = (0,0). The vanishing denominator 3¢* is
clearly the problem here.

If we have a parametric curve (x(t),y(t)) such that %(to) # 0 then the function
y(t) has an inverse t = h(y) on some (possibly very small) interval containing yo =

y(to). In this case the derivative h'(yy) = y,(lto). This is the statement of the
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inverse function theorem. It follows that x = ¢g(y) = z(h(y)) is the desired
graph equation.

This motivates the following definition.

—

A parametric curve 7 = 7(t), a <t < b, is called smooth if

(a) 7'(t) exists, (b) 7'(t) is continuous in (a,b) and (c) 7'(t) # 0 for all ¢ in (a, b)

-

If 7(t) = x(t)i + y(t)] + z(t)k, then (a)-(c) above are equivalent to

(a’) 2'(t), y'(t), 2/(t) all exist,
(b)) 2'(t), y/'(t), #/(t) are all continuous in (a, b),

(¢’) at least one of 2/(t), y'(t), 2/(t) is different from 0 for any t in (a, b).

7.2 Unit Tangent Vector

If C:7=r(t) is a smooth curve (in 2-space or 3-space), then

is well-defined (why?), and it is a vector tangent to the curve with unit length (recall
property (1) in Theorem 1 of Lecture 5). Such a vector is called a unit tangent
vector to C' at t.

z T

)

X

Example 2. Find a unit tangent vector to the curve 7= 27 + tsf at t = ty, where
to # 0.

=

!
t .
(to) ig such a vector.

Solution: f(to) = 17 (t0)]

=
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We calculate

7'(to) = 2tei +3t3],

17 o)l = /(2t0)? + (33)2 = \Jasz + ot
= |to|\/4 + 9t
Thus
=t 2 - 3t0 -
T(ty) = i+ 7 4> 0
(to) VAt+oB /it 0
= 2 - Bt(] - .
T(ty) = - 1+ J if ty <O0.
() <\/4+9t8 VA+ 982 ) ’

O

Recall that if 7= 7(t) is a smooth curve, then we can introduce the arc length
parameter s at a reference point, say, at t = tg.

t
s=s(t)= [ 1I7"(w)du
to
From the properties of integrals,

S0 =5 [ 17 @ldu =117

If the initial parameter ¢ is already the arc length, i.e. ¢ = s, then §'(t) =t =1
and thus, from the above identity,

17 (@] = s'(t) =1

ie. [|7'(s)|| = 1. Thus, in the arc length parameter, we always have
S Ts) L aF
T(s) = - =7'(s), or T=—.
|17 (8] ds

7.3 Principal Normal Vector

Recall that if ||7(¢)|| = C, then 7(t)-7'(t) = 0, i.e. 7(t) and 7/(r) are perpendicular:
7(t)L7'(t). Applying this result to T(¢) (note || T(t)|| = 1), we see T(t) LT"(¢). This
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implies that 77(¢) is a normal vector to the curve 7 = 7(t).
When T7(t) # 0, we can normalise it
to obtain ~
; T'(t <
Ny = -0
17 sonl A

z T

called the principal unit normal vec-
tor to C. X

To a smooth curve, at any given point on it, there is a normal plane and any

vector on the normal plane is a normal vector to the curve. N(t) is a special normal
vector and has several useful properties in

practical problems. However, we are not going
to persue this matter in this unit. c

Normal Plane

Example 3. Fine T(t) and N(T) for the circular helix

7(t) = acos ti 4 asin tj+ cth where a >0, ¢ > 0.

Solution:
7/(t) = —asinti+ acost] + ck
I7'(#)]| = +/(—asint)?+ (acost)? + 2
= \/CL2(SiH2 t + cos?t) + 2
N
Therefore,
Al Ut —asint -~ acost - c -
T() = (o= i+ i+ F
Pl - vere T verd T Vere
—acost - asint - -

7 — +0
Va2 + c2 Va2 + 02]

=, —acost \’ —asint \?
1"l = | T 77—
va?+c? Va2 +c?

B a? a
Ve +E Ve ye
. T'(¢ . .
N(t) = ﬁ/( ) = —costi — sintj.
17 (t)]l
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Let 7 = 7(t) = ()i + y(t)] + z(t)k be a smooth curve in 3-space. Then at any
given point Iy = (2o, Yo, 2o) on the curve, say, (zo, Yo, 20) = (z(to), y(to), 2(to)),
we have a tangent line and a normal plane.

Normal Plane
/

As 7'(to) = @' (to)i +  (to)] + 2 (to)k
is parallel to the tangent line, and is

—— Tangent Line

normal to the normal plane, we have the following equations:

Tangent line: x = xo+2'(to)t, y = yo+y (to)t, 2 = zo+ 7 (to)t
Normal plane: 2'(tg)(x—x0)+y' (o) (y—yo)+2'(to)(2—2) = 0.

If 7 = 7(t) = x(t)i + y(t)] is a smooth curve in 2-space, then we have similar
results but this time we have normal line instead of normal plane to the curve. The
equations are

Tangent Line

Tangent line: © = xo+2'(to)t, v = yo+y'(to)t /
Normal line: 2/ (to)(z—x0)+y (to)(y—yo) = 0

—
Normal Line

Po

Example 4. Find equations for the tangent line and normal plane to the curve

7= costi + sintj+tE at t = 3.

Solution:
7'(t) = —sinti + costj + k.
Att=ty=1,
T = VN T =
1) - T iV e Tk
7(to) COS(2)Z+SIH(2)j—|—2
— T =
= 74+ LF
Le. 29=0,yo=1, 20=73.
T - VI =
7'(ty) = —sin§i—|—cos§j—l—k‘

= —i+k
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i.e. ZL’/(T,(]) = —1, y/(to) = 0, Z/(to) =1.
Thus the tangent line is
toy=1 z=2+t
T = — = Zz = — N
Y y 7 2 Y
the normal plane is
1z —0)+0(y—1)+1(z — g) =0,

i.e. -
—x ——=0.
+z 5

0.

Example 5. If the 3-space curve 7 = x(t)i +y(t)

7+ 2(t)k lies in a plane a(z — z0) +
b(y — yo) + ¢(z — z0) = 0, show that T(¢) and N(t)

also lie in this plane.

Proof: To show f(t) and N (t) lie in the plane, it suffices to show they are perpen-
dicular to the normal 7i = (a, b, ¢) of the plane, i.e. to show
i-T(t)=0, it-N(t)=0.

As the curve lies on the plane, the general point (x(t), y(t), z(¢)) on the curve
satisfies the equation of the plane:

a(x(t) —x0) +0(y(t) — o) + c(2(t) — 2) = 0.

That is

1.e.

Hence )
i-T(t) =1 - = (- 7'(t)) = 0.

This shows T lies in the plane.

Now differentiate 7 - T'(t) = 0 we deduce similarly 7 - T'(t) = 0, which implies
ii- N(t) = 0. O.
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Lecture 8 Curvature

Intuitively, curvature, say of a road bend, is reflected by how much you need to turn
the steering wheel when driving along that bend. If you keep the steering wheel
fixed the path along which you drive is a circle. A good measure for the curvature
of a circle is the reciprocal of its radius.

For another approach to curvature we could look at the rate of change of the
direction of the tangent. Bigger curvature would relate to a more rapid change of
the direction. The derivative of the unit tangent vector T'(t)

ar

dt
would depend on the parametrisation of the curve (the travel speed along the curve).
Indeed, if 7 was a another parameter, so that ¢ = ¢(7) depends on 7 then

ar _ara
dr  dt dr’

To avoid such dependence on the choice of parameter we use the arc length
parameter s. Now, as s varies, only the direction of T(s) changes (its length is
always 1). The derivative of T'(s), namely Cé—f, then measures the rate of change of
direction of the curve 7= 7(s). The curvature of the curve is defined by

a7
ds

K =

Example 1 Show that the two concepts of curvature introduced above are the same

for the circle of radius R: 7= R(costi + sint j)

First change to arc length parameter.

We choose the point t =0 as a <> «

reference point and obtain

t
s = /||F'<u>||du
0
t
= / V(= Rsinu)? + (R cos u)2du
0
t

= /Rdu:Rt
0
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-,

Therefore 7(s) = R(cos % i 4 sin %) and

T(s) = F'(s):—sin%;+cos§j
=4 1 - 1 —
T'(s) = —Ecos%i—ﬁsin%j
= 1 1 1
k(s)=[T"(s)||] = \/(_E cos %)2 + (_E sin %)2 =7
The curvature is always }%, as expected. a

Changing to arc length parameter according to the formula

t
s=/0 17 () du

could be difficult to use, as the integration could be hard to do.

For example, if 7(t) = 2costi + 3sintj, then

|17/ (t)|| = \/(—2si1r1t)2 + (3cost)? = \/4sin2t +9cos?t

and it is difficult to find

t
/ \/4sin2u+9coszudu.
0

The following theorem gives us some practical formula to calculate the curvature
without changing to arc length parameter.

Theorem 1. If 7(t) is a smooth vector-valued function in 2-space or 3-space, and
if T(t), 7" (t) exist, then

Note. In (b), if #(¢) is in 2-space, i.e. 7(t) = x(t)i 4+ y(t)j, then we write it as
7(t) = x(t)i + ytj + Ok in order to be able to perform the cross product (remember
cross product is defined only for 3-space vectors).

Proof.
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(a)

Recall that from

0= [ 1wl

one always has s'(t) = ||7'(¢)||. Now by the chain rule

B dTT  dT ds dT

Tt)=—=— —= 7' (t)]].
t)=—r=—- =@l

Hence,
; dT
T = ||=|| |7 (t
W1 = || % 17 @1l
and dividing by ||7/(t)||, we obtain
af | _ |l
ds || [ (#)]]

This proves (a)

Since ||T'(t)|| = 1, by property (4) in Theorem 1, Lecture 5, T( VLT (#), i.
the angle between these two vectors is ¢ = 7. It follows, as IT(1)]] =1 and
sinf = sin § = 1,

I7() x T' ()] = [|T@)]] - 1T ()] - sin§ = || T'(2)]].

By definition,

o]l
Therefore
T - Qw%m)wﬁ*%kam)*”f
TOxT@) = Qw%m)f®XF“”+QwLm>f@XF“)
- kam)f“”XF“”+(WimO () 7@ <70
= () 0>

Note that we have used 7’(t) x 7’(t) = 0.

Now we use the formula proved in part (a) together with what we have been

proved above, namely

I O] = 1T (t) x T (1)
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and

and obtain

K = -
|7 ()] |7 (@)
7 E)XF (1) ‘
(17 ()12
|7 ()]
_ ) <7l 4
7 @)

We show now that the two approaches to curvature are equivalent for all plain
curves. Without loss of generality we assume that a curve is given as a graph
y = f(x) and the point at which we want to compute the curvature is the origin.
We choose the coordinate system in such a way that the z-axis is tangent to the
curve at the origin. Thus, f(0) = 0 and f’(0) = 0 and therefore the curve has the
equation

y= f(x) = 31" (0)a* + o(a?).

A (concave up) circle passing through the origin and tangent to the x axis has the

equation
??+(y—R?*=R?

or
2 2

y=R-VRE—22=R—R(1= 2x—R2)+0(x2) - ;—R+o(x2).
Hence the radius of the best fitting circle is R = %H

On the other hand,

r=(z, f(x),0)
7= (L f(x),0)
7" =0, f"(x),0)

and therefore

8If £”(0) < 0 the best fitting circle would be concave down with equation 2% + (y + R)? = R.

. . _ 1 _ 1
Then a similar computation shows that R = 70) = 77O
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which shows that the curvature is the reciprocal of the radius of the best fitting
circle.

Example 2. Find (t) for 7 = (2cost)i + (3sint);.

Solution:
7(t) = (2cost)i + (3sint)j + Ok
7'(t) = (=2sint)i + (3cost)] + Ok
7"(t) = (=2cost)i + (=3sint)j + 0k
7 ik
7(t) x 7"(t) =| —2sint 3cost 0 |=6(sin’t+ cos®t)k = 6k
—2cost —3sint 0

[17/(8) > 7 "(D)] = ||6k]| = 6

17/ ()] = /(—2sin )2 + (3cost)? = V/4sin®t + 9 cos? t
a(t) = |7 (t) x #" (@) _ 6 .
7" (O] (4sin’t + 9cos?t)?

Example 3. Find k(t) for x = acost,y = asint,z = ct (a > 0,¢ > 0).

Solution:
7(t) = acos ti + asin tf+ cth
7(t) = —asin i + a cos tj + ck
7"(t) = —acosti+ (—asint)] + 0k
i ik
7'ty x 7"(t) = | —asint acost ¢
—acost —asint 0
= (acsin t)f— (accos t)j—{— a2k
|7/(t) x 7 "(#)|| = +/(acsint)?+ (—accost)? + (a2)?
= Vai? +at=ava + 2
7'l = \/(—a sint)? + (acost)? + 2 = Va2 + 2

||7(t) x 7 "(t)]] _ ava®+c* a a

B [ R e R NV
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Lecture 9 Multivariable Functions

9.1 Definition of multivariable functions and their natural
domains

Let us first recall that a function of one variable, y = f(z): D — R, is a rule that
assigns a unique real number f(zx) to each point x in some set D of the xz-axis. The
set D is called the domain of the function. Mostly the domains of the functions we
considered were open or closed intervals, the whole real line R or half-lines.

A function f of two (or three) real variables, x and y (and z,...), is a rule that
assigns a unique number f(z,y) (f(z,y,z)) to each point (z,y) ((z,y, z)) in some
set D of the xy-plane (ryz-space). The set D is also called the domain of the
function.

The above definition extends naturally to functions of n-real variables, usually
denoted by f(z122,...,2).

If the domain of the function is not specified, then, as in the single variable case,
it is understood that the domain consists of all points at which the formula in the
definition of the function makes sense; this is called the natural domain of the
function.

The procedure of finding the natural domain is similar to single variable func-
tions. First understand the formula as a chain of operations, as you would if you

computed the formula using the calculator. E.g. f(x,y) = W is represented
og(x?+y
by the following chain:

r—2? —2® +y—log(a® +y) —

log(x2 +y)

Each step must be well-defined, which gives a number of conditions: no condition for
22 +y, for log being defined x*+y > 0, for 1/ log(x?+y) being defined log 2? + y # 0,
i.e. 24y # 1. In this case the natural domain is given by 22 +y > 0 and 22 +y # 1.
The first condition is an inequality. To understand the geometrical shape of the
corresponding domain one may look at the equality 22 +y = 0 first. This is the
parabola y = —a? which cuts the xy-plane into two pieces, one where 22 +y > 0
and 22 +y < 0. To find out which one we are interested in it suffices to check for
one point. Since (1,0) belongs to the set (12 + 0 > 0), it is clearly the upper part
of the two. From this we need to delete the parabola 2% +y # 1, ie. y — 1 = —a2.
The only difference to the analogous problem in single variable calculus is that we
need to handle inequalities and equations that involve several variables and describe

regions in 2 or higher dimensional space.
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Example 1. Find the natural domain of

a z,y) = In(z — y? b r,Y,2) = .
(a) f(z,y) =In(z —¢°) (b) f(z,y,2) Jl—p—p_2

Solution

(a) For In(z—y?) to be defined, we need  —y* > 0 and that is the only restriction.
Therefore the natural domain consists of all the points (z,y) which satisfy
x —y? > 0. We denote

this set of points as

{(z.y) rz—y*> 0}
Geometrically, this set consists

\\\\\\\\\;\\\\\\\

of all the points lying to the right
of the parabola z = y2.

(b) For the formula to make sense, we need /1 — 22 —y2 — 22 # 0 and 1 — 2% —
y? — 22 > 0. Combining these two requirements, )
we need 1 — 22 —y? — 22 >0, i.e.
2% + y? + 22 < 1. Thus the natural
domain is {(z,y,2) : 2?2 +y* + 2% < 1}.
This set consists of all the points lying
inside the sphere 22 + 3 + 22 = 1. x

9.2 Graphing multivariable functions

The graph of a function of two variables z = f(z,y): D — R is the surface

{(z,y,2): (,9) € D, z = f(z,y)}

in the xyz-space lying in a curved way over the domain D.

Another way to visualise functions of 2 variables is the method of level curves.
For a fixed value z = k, the equation f(z,y) = k represents a curve in the xy-space,
called a level curve of height k, or level curve with constant k. These are the
curves of intersection of the graph surface with the planes z = k that are parallel
to the zyplane and intersect the z-axis at the level z = k. Such level curves are
often used in practice, e.g. in meteorology the points of equal barometric pressure
are connected by curves (isobars).
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The level curves of the ellipsoid 2% 4+ 2y? + 22 = 1 are empty for k < —1 or k > 1
(the planes z = k do not intersect the ellipsoid). For k = %1 the level curves are
just a point (0,0,+1). For —1 < k < 1 the level curves are the ellipses

o2+ 2y =1 - k2

A three variable function w = f(z,y,2) cannot be realised as a graph in 2
or 3-space. But, similar to level curves, for fixed values w = k, the equations
f(z,y, z) = k represent surfaces in the zyz-space, called a level surfaces of height

k.
Example 2. Describe the graph and level curves for z = /1 — 22 — 2.

Solution: Square both sides of the equation z = /1 — 22 — y2. It results 2> = 1 —
22 —y?, which is equivalent to 22 +y2+2? = 1, and we know this equation represents
a sphere of radius 1 center (0,0, 0). However, our initial equation z = /1 — 22 — y?
implies that z is always non-negative. Therefore the graph is the upper half of this
sphere, or the upper hemisphere.

To describe the level curves, let us choose a constant k& and consider /1 — 22 — y2 =
k. This equation can hold for some point (x,y) only if 0 < k& < 1, as the left hand
side is always between 0 and 1. On the other hand, for each constant k between 0
and 1, \/1 — 22 — y2? = k is equivalent to 1 — 2% —y? = k2, or 22 +y* = 1 — k2. This
last equation represents a circle with center (0,0) and radius v/1 — k2. O

N

Example 3. Describe the level surface for w = 22 + (y — 1)? + (z — 2)%

Solution: Let w = k. Then
4+ (y—1>2+(2-2>%=k
is a sphere of radius v/k and center (0,1,2) if & > 0.

If £ < 0, then the equation can never be satisfied. O
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9.3 Topological properties of domains

For computing limits and derivatives (which are a special type of limits) functions
had to be defined in some ‘neighbourhood’ of the limit point. On the other hand
for the theorems on extrema and intermediate values of continuous functions it was
essential that the function was defined on a closed interval. To understand the
domain of a multivariable function properly, we need similar notions of open and
closed sets.

If D is a set of points in 2-space, then a point (zy, yo) is called an interior point
of D if there is a circular disk (‘neighbourhood’) with center (xg, %) and positive
radius which lies entirely in D.

If every such disk contains both points in D Ay Boundary poirt
and points not in D, then (xq,yo) is called

a boundary point of D. The set of ® Interior point
all interior points of D is called the interior Interior

of D, and the set of all boundary points
of D is called the boundary of D. ™ Boundary

In 3-space, the definitions are similar: we replace (zo,yo) by (2o, Yo, 20), replace
circular disk by spherical ball.

If a set contains no boundary point, it is called an open set. If a set contains
all its boundary points, it is called a closed set.

The following common terminology is convenient: Any open set containing a
point @ is called a neighbourhood of @. A neighbourhood of @ from which the
point @ has been deleted is called a punctured neighbourhood of a.

A set S is said to be bounded if it can be put inside some circle or sphere,
otherwise it is unbounded.

A set S is said to be connected if for any two points @ and b of the set there
are finitely many points 7, ... 7y such that the segments azy, 71%s,..., Tn_1TnN,

r Nl_; are all contained in S.
Example 4.
(a) Dy = {(z,y) : 2*+y* < 2} is a closed set as it contains all its boundary points,
its boundary is the circle 22 + y? = 2. It is bounded.

(b) Dy = {(x,y) : 2% + y*> < 2} is an open set as it contains no boundary point.
The set is bounded.
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(c) D3 ={(z,y): 1 < a?+ y* <2} is neither open nor closed, as it contains part
of its boundary. It is bounded. (For sketches of the sets Dy, Dy, D3 see the
figure below.)

.........

With boundary

" Without boundary

Example 5

(a) Dy = {(x,y) : 2% + y*> > 2} consists of all the points lying outside the sphere
2? + y? = 2, including the sphere which is its boundary. It is closed and
unbounded.

(b) Dy = {(x,y) : 22 +y* > 2} is D; without boundary. It is open and unbounded.

(¢) D3 ={(z,y): 1 <x+y <2} consists of all the points lying between the two
linesz+y=1and x+y =2. Thelinex+y=2isin Dy but xr +y =11s
not. This set is unbounded, but it is neither open, nor closed.
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Lecture 10 Limits and Continuity

The idea of continuity for multivariable functions is the same as in the case of single
variable functions, namely to make sure that the value of the function changes only a
little if the arguments change a little. Consider a function f(z1,x2) of two variables
defined on some domain D C R% Let a = (a1,as) be a point in the domain and
f(ay,as) =b. The change of f(x1,xs) from f(ay,as) = b is considered to be small if

|f(z) = fa)] = |f (21, 22) — f(ar, a2)] <&, (7)

where ¢ is a small positive number.

We want now to control the magnitude of ¢ by restricting = (21, 2) to a small
neighbourhood of a, i.e. by requiring

||z —al| = \/(:171 —a1)? 4 (2 —az)? < §

where § is a small positive number that depends on € chosen in such a way that (7))
is satisfied.

Notice that by combining (1, x2) into one symbol = and (aq, as) into one symbol
a the definition of continuity becomes exactly like in one variable calculus, with the
only difference that
||z —al| <§

is now a distance in the 2-dimensional plane. The condition means that x lies
within a circle centred at a of (small) radius §. This definition carries over to 3 and
higher dimensional space by setting = = (x1,x2,23) (or © = (z1,22,...,2,)) and
a = (ay,as,a3) (or a = (ay,as,...,a,)). The distance ||z — al| is then

\/([L’l — CL1)2 + (1'2 — a2)2 + (1’3 — a3)2 (OI \/(ZL’l — CL1)2 + (1'2 — a2)2 + -4 (ZL’n — an)2).

The formal definition of continuity is as follows:

A function f: D — R is continuous at a point a € D if for any positive number &
there exists a positive number ¢ depending on € such that the condition ||7—al| < ¢
guarantees |f(Z) — f(a)| < e.

This can be written in a concise way using the V (‘for all’) and 3 (‘there exists’)
symbols:

Ve > 0 36 > 0 such that VZ € D with ||7 —d|| <d = |f(Z) — f(@)] <e.

If a function is continuous at every point in a set R, then we say the function is
continuous on R.
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Example 1. The constant functions f(Z) = ¢ are continuous at any point @ of
their domain. In fact,

1f(@) = f@)] =0 =0<e

is satisfied for any # no matter how small ¢ is and no matter how far ¥ from & is.

Example 2. Linear functions are continuous. Let us consider linear functions of 3
variables
f(w1, 19, 23) = 121 + oo + 323 + d,

where ¢y, ¢9, 3, d are some constants. We want to achieve

‘f(f) — f(6)| = ‘011’1 + coxg + Cc3x3 + d— (clal + coag + c3a3 + d)|
= ‘Cl(l’l — CL1) + CQ(SL’Q — CLQ) + Cg(l’3 — a3)‘ <e€ (8)
for any small positive number €. In a first step we have applied elementary algebra
to simplify the expression |f(Z) — f(a@)|. Now we need to find a condition of ||Z — d||

being small that guarantees (§). Rather than trying to manipulate inequality (&])
we notice that the left hand side is a dot product

—

|(c1,co,c3) - (T1 — a1, o — ag, w3 — az)| = |¢- (¥ — d)|
which can be estimated using the Cauchy-Schwarz inequality by
¢ (2 —a)| < ||l |7 — al.

Now making
|17 —dl| <4,

where ¢ is any positive number smaller than H—a we achieve

o = N 9
¢ (Z —a)| < [|d|[|7 —all < [lel]o < IICWIW =€

as required.

The negation of the continuity statement is

Jde > 0 such that V§ > 0 37 with ||Z — d|| < 6 but |f(Z — f(@)| > e.

Notice that for the negation the symbols V and 3 swap. To prove discontinuity we
need to find one particular number e such that, some Z arbitrarily close to @ such
that the distance of f(¥) to f(a) is bigger than the chosen e.

Below we look at two examples that are not continuous.

1 ~
Example 3. f(z1,22) = e for  # 0 and f(0) = 0 is not continuous at (0, 0).
1T
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From the picture we see that f(Z) becomes arbitrarily big as & approaches 0.
We choose ¢ = 1. Now we need to find # arbitrarily close to 0 such that

Lo 1y
wias 7P

f(@) =

In fact, any & with ||Z|| < 1 satisfies the condition. For any ¢ > 0 choose ¥ = (1, 0)
with 21 = min{0/2, 1} in order to satisfy ||Z — 0|| < 6.

Example 4.
0 ifx>0,y>0
1 otherwise

f(way)Z{

is not continuous along the positive z-axis and positive y-axis. Here the function

z

/

X

jumps by a step of 1. Therefore choose ¢ = % (Any number smaller than 1 is good.)
Now of we approach 0 from the region {z < 0} U {y < 0} then f(Z) =1, so

7@~ O =0 =15 =

Proving continuity from first principles is usually difficult and it is easier to apply
one of the following theorems, which are similar to one variable calculus theorems:

Theorem 1

(i) If f(Z) and g(&) are continuous at @, then so is
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(a) f(@)+ g(2),
(b) f(Z)-9(2)
/(@)

(ii) If h(Z%) is continuous at (&) and g(u) is continuous at v = h(a), then f(Z) =
g(h(d)), is continuous at (@).

(iii) All the elementary functionsﬁ are continuous on their natural domains.

The following Theorem generalises the fact, known from Math101, that continu-
ous functions on closed intervals are bounded and attain their minimum, maximum
and intermediate values. Notice that closed intervals are the only bounded, closed,
connected subsets of R.

Theorem. If D C R" is closed and bounded and f: D — R is continuous on D
then

1. fis bounded, i.e. infzep f(Z) = m > —o0, supzp f(Z) = M < oo.

2. There are points @ and b in D where the infimum m and supremum M are

attained, i.e. f(@) =m and f(b) = M.
3. If D is connected then any intermediate value K € [m, M] is attained, i.e.
there exists ¢ € D such that f(¢) = K.

As in one-variable calculus the concept of limit is related to continuity but slightly
different. If a function f(Z) is not defined at some point @ or it is defined but we
ignore the value by some reason (e.g. if we doubt the reliability of some measure-
ment) we may ask the question: What would be the ‘right’ value for f at @ to make
f continuous at @? This ‘right’ value L is called the limit of f(Z) as Z approaches a@
and denoted by

lim f(Z) = L.

—
r—a

The difference to continuity is that we need to specify the limit L and that
the point  must remain different from a itself when it approaches @. The formal
definition is as follows.

The limit limz_z f(Z) = L if L is a number such that

Ve > 0 36 > 0 such that VZ € D with 0 # ||[7 — d|| < 0 = |f(Z¥) — L] <e.

9Elementary functions are: polynomials, trigonometric functions and their inverses, exponential
and logarithmic functions and all their sums, products, quotients and composites.
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To compute the limit of an elementary function f at a point @ of its natural
domain is as simple as plugging a@ into f. Other limits usually require some algebraic
or geometric tricks or some known limits and the following rules:

Theorem 2 If lim f(Z) = L, and lim g(Z) = Lo, then

(#)—7o 0

(a) lim [Cf(Z)] = CLy, where C is a constant;

T—Zo

(b) lim [f(Z) + g(Z)] = L1 £ Ly;

S
T—Zo

(¢) lim f(Z) - g(%) = L1 Ly;

e
T—Zo

(d) lim A7) _ L provided that Loy # 0.

—

i—io g(7) Lo
(e) If f(¥) < g(¥) then Ly < Ly.

(f) (Squeezing principle) If L; = L, and h(Z) is a function such that f(Z) <
h(Z) < g(Z). Then lim h(Z) exists and equals Ly = L.
T—Zo

The proofs of these statements are similar to the one-variable proofs and a they
are a good exercise familiarise yourself with the € — 9 technique. The proofs are not
difficult, perhaps with the exception of (¢) and (more so) (d).

Example 5. Find

. xry . Yy
a lim — b lim ez +y?
(a) (zy)—(-1,2) 22 + y? (b) (@y)—(~1,2)

Solution:

(a) The function is a fraction of the elementary functions xy and x?+y?. Therefore
it is continuous as long as the denominator is not zero. At (—1,2), 2% + y? =
(—1)*+2% = 5 # 0. Hence the function is continuous at (—1,2), and the limit
is simply the value of the function at (—1,2), namely,

vy (=1DE) -2

li — ——
o1 1y (—)2+22 5

(b) As g(u) = e* is continuous for all u and R is continuous at (—1,2),
Ty

x
e+ =g (ﬁ) is continuous at (—1,2). Thus

. _zy 2
lim e?+y? = ¢ 5,
(z,y)—(=1,2)
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If the continuity of a function f(x,y) at a given point (g, yo) cannot be determined
through Theorem 1 above, to find whether lim  f(z,y) exists is usually not

(z,y)—(x0,y0)
easy.

Let us note that if ( )lir(n )f(:v,y) = L, then f(z,y) must be close to L as
z,Yy)—(Z0,Yo

soon as (x,y) is close to (xg,yo). While in one variable calculus x could approach z
only in two ways, namely from the left or from the right, in the 2-dimensional plane
(x,y) can approach (xg,%o) from infinitely many directions and even can change
the direction during the approach. In particular, it can approach (zg,yy) along any
given smooth curve C' : z = z(t),y = y(t),a < t < b, which passes through (zy, yo),
say, at t = tg, i.e. g = x(to),yo = y(to). This suggests that no matter what such
curve C' we choose,

lim = f(z,y) = lim f(z(t),y(t)) = L.

(z,y)—(x0,Y0) t—to
(along ©)

The limit tlir? f(z(t),y(t)) is usually much easier to obtain as it is the limit of a
—10
function with only one variable .

The analysis here is particularly useful in showing that ( )lir(n : f(x,y) does
z,Y)—(Zo,Y0

not exist. If we can find two curves C} and Cy both passing through (¢, yo), but
with

lim  f(z,y) # lim f(x,y),

(z,y)—(z0,v0) (z,y)—(z0,y0)
(along c) (along c)
then we conclude immediately that lim  f(x,y) does not exist, for otherwise

(z,y)—(z0,y0)
the limit along C'; would have been the same as that along Cs.

On the other hand, if we choose many curves passing through (xg, ) and find
that the limit along all these curves are the same, say L, then we may suspect that

( )lir(n : f(x,y) = L. However, checking with many curves is not a proof for the
z,Y)—(Z0o,Y0

existence of the limit. We need to provide a rigorous proof in this case. Indeed, the
limit may not exist even if the limits along many curves are the same as Example 7
below shows.

Example 6 Determining whether  lim exists.

(2,y)—(0,0) 2 + 32

Solution. The denominator is 0 at (0,0). Therefore we cannot find the limit
through continuity. Let us check the limit along the straight line C}, : y = kz, or
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x =t,y = kt. It passes through (0,0) at t = 0. Here k is a constant.

t(kt kit
lim o im 7( ) =lim————
(@) —00 T2 4 y? t—0 t2 + (kt)2 =0 (1 + k2)t2
(along )
k k

e T I

If we choose different values for k, we obtain different limit along C}%. This

implies that the limit lim, ,)—(0,0) me——iIgﬂ does not exist. O

2

Example 7 Determining whether  lim % exists.
(z,5)—(0,0) x° + Yy

Solution Let us check the limit along C}, : z = t,y = kt.

We have
lim zy? - t(kt)?
i —— = lim———
@y —00 x2+ 1yt =0 12 + (kt)*
(along c)
k2t

e

For C} 1z =t,y = kt?,

" Ty? i t(kt?)?
11m —_—_ = 1M —
@y -0 x2+yt t—=0 12 4 (kt?)*
(along )
k*t?
= i =0

120 1 4 kA

It seems to suggest that the limit exists and is 0. However, on checking with
C:x =ty =/t we have

, zy? . t(v/t)? y 21
11m =lm-——=Ilm— = —-.
@00 T2yt =02 4 (V) =0262 2
(along ¢)

As the limit along C' is different from that along Cj, we conclude that the limit
does not exist. O

3

Example 8. Show that lim % =
(x,y)—(0,0) x° + Yy

Before engaging in the proof, let us first note that we cannot just check the limit
along several (or infinitely many) curves and conclude if these limits are all 0.
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On the other hand we can reduce this limit to one-variable limit by switching to
polar coordinates

x =rcosf
y =rsiné
noticing that
(z,y) — (0,0)

is equivalent to
r=|l(z,y) = (0,0)|] = va* +y* — 0.

Hence, the limit in Example 8. is equivalent to

4, .30

r*cos” @ sin 6 i .
im————— = limr%cos’ #sin 6.
r—0 7’2 r—0

A squeezing argument shows that this limit is 0. Indeed,
0 < |r*cos® fsinf — 0| = r*| cos 0|*| sin 6] < r?

since sin and cos vary between —1 and 1. As r — 0 both sides of the inequality tend
to 0 hence the term squeezed in the middle must converge to 0 as well.

One can guess that the limit is zero by looking at the (minimal) degrees of numer-
ator and denominator. In Example 8. it is 4 : 2, so the degree in the denominator is
bigger, which indicates a zero limit. To make this argument rigorous we prove the
following lemma.

Lemma. If g(Z) is bounded in some neighbourhood of @ and

then

The proof is also based on the squeezing principle. Let M be a positive constant
such that |g(Z)] < M. Then

0 < |f(@)g(Z) = 0 = |fF(@)]lg(T)| < M|f(T)|

in some neighbourhood of @. Now, as ¥ — @, both sides of the inequality tend to 0,
hence the term in the middle tends to 0 as well.
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Lecture 11 Differentiability of Two Variable Func-

tions

To motivate the introduction of differentiability for two variable functions, let us
recall a few facts about one variable function. By definition, f(x) is differentiable
at r = xg if

lim fzo+ Az) — f(x0)
Az—0 Az

The limit is denoted by f’(zg), and is called the derivative of f(x) at z = .

exists.

Now from ( Aw) ()
, o flwo 4+ Ax) — f(xo
f'(ao) = Alu}crgo Az
we see that
lim f(zo + Ax) — f(x0) — f'(20)Az —0
Az—0 ASL’

when f(z) is differentiable at z. This implies that
f(xo+ Azx) = f(xo) + f'(z0)Az  when Ax is small.
More precisely, we have
fzo+ Az) = f(zo) + f'(z0) Az + E(Az)
where the error term E(Az) tends to zero faster than Az, i.e. using the o notation
E(Ax) = o(Ax).

Geometrically this means that, up to a small error, the function f can be approxi-
mated by a linear function, as long as we stay close to xg.

By passing to the limit for Az — 0 it follows that f'(zq)Ax — 0 and E(Ax) — 0
hence f(xg+ Azx) — f(zo), i.e. f is continuous at xy when it is differentiable there.

It turns out that the natural generalization of differentiability is along the line
f(xo + Azx) = f(xg) + AAz + o( Ax)
where the number A = f’(x).

Definition. f(z,y) is said to be differentiable at (xo,y) if there exist numbers
A, B such that

f(xo + Az, yo + Ay) = f(0,y0) + AAz + BAy + o(||Ar||)
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where ||Ar|| = \/m, or, equivalently,
lim fxo + Az, yo + Ay) — f(x0,50) — AAz — BAy

(Az,Ay)—(0,0) VAZ? 4+ Ay?

We say f(x,y) is differentiable in a region R if it is differentiable at every point in

0.

R. The pair of numbers (A, B) replaces the single number f'(zg) from one variable
calculus. The differential, i.e. the linear function on Az

df = f'(z0)Ax
is replaced by a linear function on two variables Az, Ay
df = AAz + BAy.

In matrix notation this becomes

df = (A B) (i;”) .

Theorem 1. If f(x,y) is differentiable at (xg, o), then f(x,y) is continuous at
(70, Yo)-

Proof. We want to show

lim  f(z,y) = f(zo,v0)-

(:r:,y)—>(:c0 7y0)

le.,
lim zo + Az, yo + Ay) = f(xo,
(A%Ay)ﬁ(O,O)f( 0 Yo y) f( 0 yo)
or
(Aw,AyHo,O)[f( 0 Yo+ Ay) — f(z0, 30)]
Denote

9(Ax, Ay) = f(xo + Az, yo + Ay) — f(x0, Yo)-

We have to show that

lim Az, Ay) = 0.
(Az,Ay)—(0,0) g v)

From the differentiability we have
g(Azx, Ay) == AAx + BAy + E(Az, Ay),
where the error function F(Ax, Ay) = o||Ar|], i.e.
E(Az, Ay) = || Ar]e(Az, Ay),
where e(Ax, Ay) still tends to zero as (Az, Ay) — (0,0).

Now all the functions AAz, BAy, e(Ax,Ay) and ||Ar|| tend to 0 and hence
g(Azx, Ay) tends to 0. O
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Lecture 12 Partial Derivatives

1. Partial Derivatives for Two Variable Functions

Consider a function f(x,y). If we hold y = yo, then f(x,yo) is a function of x
only, its derivative at x = xy (when exists) is denoted by f,(zo,yo), and called
the partial derivative of f(z,y) with respect to x at the point (xg, o).
Similarly, holding x = xq, f(x,y) is a function of y only, and its derivative
(if exists) at y = yo is denoted by f,(xo,yo), called the partial derivative
of f(z,y) with respect to y at the point (xg,y0). If (zo,y0) is a general
point, we usually write f,(z,y) and f,(z,y) for the partial derivatives. They
are functions of x and y.

Example 1. Find f,(1,2) and f,(1,2), where
flz,y) =22y +y* + 2 + 1.

Solution

f(z,2) = 2222+ 2P +r+1=42>+2+9
folz,2) (42 +x+9) =8z +1
f(1,2) (84 1)|p—1 =8+1=0.

or fu(z,y) dey+0+14+0=4xy +1
f2(1,2) 4AD)2)+1=9
fu(z,y) = 22° +3y° + 0+ 0 = 227 + 3y?
f,(1,2) = 2(1)2+3(2)? = 14.

O

The partial derivatives have many different kinds of notations. Some of the
most often used are listed below (for z = f(z,y)).

0 0z
fx(l"o,yo) = —f = 8_
L1 (@o,y0) T |(@o,90)
_Of 0z
of 0z
fy(x07y0) = A = =
Yl wowo) 99100
_Of 0z
: Jz 0Oz : 2
Example 2. Find 32, 32 if 2 = 2% sin(zy).
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Solution:
0z : 2 .
e 2z sin(xy) + 2 - cos(xy) -y (product rule and chain rule)
T
= 2zsin(zy) + 2%y cos(wy)
0
8_; = 2% cos(zy)xr = 2% cos(zy).

|

It turns out that the numbers (A, B) in the definition of differentiability in
the previous lecture are exactly the partial derivatives of the function f with
respect to z and y at xg, yo. Indeed, for Ay = 0 we get

f(xo + Az, y0) = f(20,%0) + AAz + o(|Ax]),

and hence A = f,(x, o). In a similar way we find B = f,(zo,y0). We can
rewrite the definition of differentiability as

f(xo + Az, y0) = f(20,90) + fo(@o, yo) Az + fy(fb’(J’yo)Ay + o(||Ar[]).

. Higher-Order Partial Derivatives

For a given function f(x,y), % and g—i are functions of z and y, each can have

partial derivatives. We define

Of _ 0 (of\ &f _ 0 (9f
ox2  ox \ox /)  Oy: Oy \ oy
Bi o (o) #f_ o (f
oxdy Ox \dy )  Oyoxr Oy \ox)’

These are called the second-order partial derivatives. Moreover, % and

2271; are called the pure second-order partial derivatives as they are ob-
tained by differentiation with respect to the same variable twice. —aa;gy and
—;;gx are called the mixed second order partial derivatives.

In this context, % and g—?’; are called the first-order partial derivatives.

We define third-order partial derivatives as the partial derivatives of the second-
order partial derivatives, and so on. For example, we have

U0 (BrY P50 (3
ox3  Ox \0x%)’ 0Oy20xr Oy \Oyox )’

N AN T )
ort  Ox \ 023 )’ 0x0ydr Ox \Oy20x )’
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Higher-order partial derivatives also have different notations. For example,
T S S
oz U Qxoy TV OyoyOxOdr  Oy2ox?’

Note that while a—ay = a% <g_£>> we have fy, = (f,).. That is why we have

;jgy = fy» (note the difference in the order for z and y in the notation).

Example 3. Let f(z,y) =e*siny + lnx. Find f,,,.

Solution
f—g(“"" Flng) = *siny + -
2 = g (¢"siny+lnz)=e"siny+ .
0 1
fo = (= (fm)— St siny + 1) = ¢ cosy
0
Joye = (f:cy)x (f:cy) x(e cosy) = €* cosy.

3. Partial Derivatives of Functions of More Than Two Variables

For functions of more than two variables, the partial derivatives and higher-
order partial derivatives are defined analogously.

For example,
af = fu(z,y, 2) is calculated by holding y and z fixed.
g—i = fu,(z1,...,x,) is calculated by holding all the variables except x; fixed.

Example 4. Let f(z,y,2) = 2%yz + yz + . Find fyy,.

Solution: 9
fo=2xyz+1, fio,=—=—2xyz+1) = 2zz,
dy

0
fxyy = a—y(QZL’Z) =0.
O
Example 5. Find aea¢>a where 2 = p® cos ¢ sin 6
Solution:
0z '
— = 2pcos¢sind
dp
2
8(255/) - a% (2pcos ¢sin ) = —2psin ¢ sin 6

33z 9
00000p 00

—2psin ¢sin ) = —2psin ¢ cos
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|

Example 6. Find ;= <\/x% + a3 +~-~—|—x%) and ;- <\/x% + a3 +~-~—|—x%).

%

Solution
8 2 2 2 _ 1 2 2 2y—1 .
0z, <\/x1 +:C2+~-~+:cn) = 5(551 + a5+ -+ 1,) 2 2z, (chain rule)
T
- Vol ad+- 4 a2
s <\/x% +ai++ x%) = %(:cf +ai4+ xi)—%zxi (chain rule)

Z;
2 2 2
Vol ad+. a2

The following theorem shows that we can use information on the partial deriva-
tives f,(z,y) and f,(z,y) to determine the differentiability of f(x,y).

Theorem 1. If f,(x,y), f,(z,y) exist for (z,y) in some circular region centered at
(%0, Yy0), and f.(z,y), fy(x,y) are continuous at (x¢, yo), then f(z,y) is differentiable

at (2o, o)
Proof. We want to show

lim f(xo+ Az, yo + Ay) — f(20,y0) — folo, y0)Ar — fy(20,y0) Ay

(Az,Ay)—(0,0) VAx? + Ay?

Denoting the fraction above by I, we want to find a function g(Ax, Ay) such that

=0

I| < g(Ax, Ay) and lim Az, Ay) =0
1] < g( Y) ™ Ay)é(ovo)g( Y)

By the squeezing method, the existence of such a function g implies " AliI)n 00 I =0,
x? y — b

as required.

To use the given information about the partial derivatives, we write
f(@o + Az, yo + Ay) — f(20, yo)

= [f(zo + Az, yo + Ay) — f(wo, +Az, y0)] + [f (20 + Az, y0) — f (%0, v0)],

and use the mean-value theorem to obtain

f(l’o —+ ALL’, Yo -+ Ay) — f(SL’(] + ASL’,yo) = fy(SL’(] + Ax,yo + HlAy) . Ay, 0< 91 <1
f(wo+ Ax,y0) — f(@o,0) = falwo+ A1, 10)A2,0 < 0y < 1.
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Thus
f(xo + Az, yo + Ay) — f(z0,yo)

= fy(zo + Az, yo + 1 AY) Ay + fi(zo + O Az, yo) Az

Substituting this into the expression of I, we obtain

[fo(mo + 0202, 90) — folwo, yo)|Ax + [fy(% + Az, yo + 01 Ay) — fy(xoa Yo)|Ay

I =
VAZ? + Ay?
(o + 027, 50) — fal0, o) —
Ay
+[fy (2o + Aw, yo + 01 Ay) — fy(%,yo)]\/ﬁ
Since Ar = A2 < A2 = |A] = 1, and similarly
VA2 A2 AR+ Ayr T VA2 |Ax
Ay
N/NZEYNT
we obtain
Ax
Il < | fa(wo + O:A1,90) — folxo, ——
| ‘ = |f (xO 20T yO) f (LL’O y0>| \/m
b 1 fy(wo+ Az, g+ 01AY) — 1, (@0, 40)| |2
T x, — fy(x0, _—
Yy 0 yO 1 y Yy 0 yO \/m

< |fe(wo + 02482, 90) — fu(2o, yo)| + | fy(zo + Az, yo + 01 Ay) — f, (20, yo)] -

Let us choose g(Az, Ay) to be the right hand side of this last inequality. Since
fu(z,y) and f,(z,y) are continuous at (xg,yo), as (x,y) — (2o, Yo),

fa(z,y) = folzo,90) — 0, fy(z,y) — fy(0,90) — 0.
But from 0 < 0; < 1, 0 < f3 < 1 we know that as (Az, Ay) — (0,0),
(2o + 02Az,y0) — (%0, Y0), (To + Az, yo + 01Ay) — (o, Yo)-
Therefore, as (Az, Ay) — (0,0),

| fe(wo + 02A2,90) — fo(zo,%0)] — O
|fy($0+AxanO+91Ay)_fy(l'oayo)| — 0

It follows that

lim Az, Ay) = 0.
(Az,Ay)—(0,0) g( y>
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As we already have, by the definition of g(Ax, Ay),
1] < g(Az, Ay),
the squeezing method implies

lim I=0.
(Az,Ay)—(0,0)

This finishes the proof. O

In addition to guaranteeing differentiability and continuity of f(z,y), continuity
of the partial derivatives also ensures that the mixed second-order partial derivatives
of f are equal. This is the content of the following theorem, whose proof we omit.

Theorem 2. If f.(z,y), fy(x,v), foy(x,y) and f,.(z,y) are continuous on an open
set, then f,,(z,y) = fy(x,y) at each point of the set.

For most of the functions we meet, their partial derivatives are continuous.
Therefore the mixed partial derivatives are equal. Applying Theorem 3, say to
fz, we can deduce fyzy = foye, €tc, provided the continuity conditions are met.

Example 2. For f(z,y) = e"(x®+zy), check that f,, = f,z and fuyy = foue = fyay-

Solution:  f, = (2% +ay) +e*(2r +9y) = (2 + 2 + xy +y)

foy = €°(x+1)

fwyy =0

fy = €'z

fyy 0
fyyw =0

fro = () = emt et = e+ 1)
v = 8:66 =e'r+ef=e
a X X

Jyoy = 8_y(e x+e¥)=0.

Hence

fxyy - fyy:c:fy:cy:o>
foy = fya=¢e"(z+1).
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Lecture 13 The Chain Rules

Recall that in the one variable function case, if y = f(x), * = x(t), then the
derivative of the composite function y = f(z(t)) can be calculated by te chain rule:

dy , , dy dy dx
= = )2 (t A e
For two variable functions, there are several situations where the chain rule is
needed. The first situation is described in the following theorem.

Theorem 1 (Chain Rule). If x = z(t),y = y(t) are differentiable at ¢ and z =
f(z,y) is differentiable at (x,y) = (z(t),y(t)), then z = f(x(t),y(t)) as a function
of the single variable ¢ is differentiable at t, and

dz 8zd_3: 0z dy

g “oxdt Tay
@), y(0) = Fola (@), y(@)' () + £, (x(0). y 2y (1)

i.e

Proof. Since z(t) and y(t) are differentiable at ¢, by definition,

. Ax L p(t+A) —a(t)
R At IRt At = (1),

Ay oyt A — ()
AR T oA A o YO

The existence of the above two limits implies that

Ar — 0 and Ay — 0 as At — 0.

Let us denote, for convenience of later use,

Az — f,Ax — f,Ay

T T /AZiAp )
_ S+ Ary+ Ay) - fla,y) = fole, y)Ax — fy(z,y) Ay
VAZ? + Ay?

where we suppose © = z(t),y = y(t), Az = z(t + At) — x(t), Ay = y(t + At) — y(t).
Since f(x,y) is differentiable at (x(t),y(t)), and we know already that Azx —



75

0,Ay — 0 as At — 0, we obtain from the definition of differentiability that
e — 0as At — 0.

We can rewrite equation (1) as

Az = f,Ax + f,Ay + e/ Ax? + Ay?,

from which we get

Az Az Ay VAx? + Ay?

zz—ﬁm*ﬁﬂ+€ Al

- a2 (5) (3

where, before the last term, we take positive sign when At > 0 and take negative
sign when At < 0.

A
Now we take the limit At — 0 in the above identity, recalling R 2 (t),

A At
K‘z — 7/(t) and ¢ — 0, and obtain
Az
Jim T = Lola0),y(0)a' (1) + £ (1), y(1)y' (1)

That is to say - exists and

L) ) (0) + Fy ),y 1),

The proof is complete. O

Example 1. Use the chain rule to find % where z = 2% + y* + zy,x = t*,y = t.

dx dy

=0t 2 =1,
dt 7 dt

0 0
Solution <~ — 2 + v, = _ 2y + x,
ox oy

By the chain rule,
dz 0z dx 0z dy

T o @ Taya - v+ y+a)d)

= (262 +1)(2t) + (2t + 1*)(1)
= 483+ 242 + 2t + 12
= 43 + 32 + 2t.

O

Note that we always have another way to find the derivative, that is, we can
substitute x = t?,y = t into the expression z = 22 + y* + 2y to obtain

2= EP+ )+ )+ ) =t 2+
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and then differentiate
d d
d—j = Z( %) = 48 4 30 4

However, if the finctions are complicated, it is usually better to use the chain

rule.

Another case where the chain rule arises naturally is described by the following
theorem.

Theorem 2 (Chain Rule) If z = z(u,v), ¥y = y(u,v) have first order partial
derivatives at (u,v) and z = f(x,y) is differentiable at (z(u,v),y(u,v)), then z =
f(x(u,v),y(u,v)) has first order partial derivatives at (u,v), and

0:_0:0r 020y 0= _0:0r 0:0y
ou Oxdu Oydu Ov Oxdv  Jydv

The proof of Theorem 2 is similar to that of Theorem 1, because, for example,
when you calculate %, v is held as a constant. The details are left as an exercise
(please have a try!).

Example 2 Given z = sin(zy), x = 2u + v,y = wv. Find

0 O
u M e
Solution
% = ycos(zy), 02 = z cos(zy),
AN YR T VI
ou T o T ou T ov

By the chain rule,
0: _ 0:00 02 0y
du OxOu Jdy Ou
= (ycos(zy))(2) + (z cos(zy))(v)
2uv cos((2u + v)(uv)) + v(2u + v) cos((2u + v)(uv))
2uw cos(2u?v + uv?) + (2uv + v?) cos(2uv + uv?)
= (4uw + v?) cos(2uv + uv?)
0: _ 9z00 020y
ov Ox dv Oy v
= (ycos(zy))(1) + (z cos(zy)) - u
uv cos(2u*v + uv?®) + u(2u + v) cos(2u*v + uv?)

= (2u® + 2uw) cos(2uv + uv?).
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O

Please try to substitute x = 2u + v,y = wv first and then differentiate. You
should arrive at the same solutions.
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Lecture 14 Tangent Planes and Total Differentials

From the last lecture, we know that if z = f(z,y),z = z(t) and y = y(t), then by
the chain rule

%ﬂﬂﬁmm=ﬁ@®wwww+h@®w@W®-

For the case w = f(x,y,2), * = z(t),y = y(t),z = 2(t), there is a natural
generalization:

%f(x(t), y(t), 2(1) = fe(w,y, 2)2" (1) + fy (@, 9, 2)y' (1) + fo(2,y,2)2' (D).

This formula (a chain rule for three variable functions) will be useful below.

Let us consider a surface determined by the equation F(x,y,z) = 0. Let
=0). If the

Py(z0, Y0, 20) be a point on the surface (and hence F'(xo,yo, 20)

tangent lines at P to all smooth Tangent Plane

curves that pass through F, and lie \
on the surface are contained in a \ ‘
common plane, then this plane is
called the tangent plane to
the surface at Fy. The line through = .
Py parallel to the normal vector V/‘ T Normal Line

of the tangent plane is called the

normal line to the surface at F.

We now set to find an equation of the tangent plane at a given point Py(xg, Yo, 20)
on a given surface F'(x,y,z) = 0. As a point P, on the plane is already given, we
need only to find a normal vector 7.

To this end, we let © = x(t),y = y(t), 2 = z(t) be the parametric equation of an
arbitrary curve lying on F'(z,y,z) = 0, passing through (xo, vo, 20) at t = t5. This
implies that

F(x(t),y(t),z(t)) =0 forallt, x(ty) = zo,y(to) = Yo, 2(to) = 2o.

Recall that 7(to) = (2'(to), ¥'(to), #'(to)) is a tangent vector of the curve ¥ = (z(t), y(t), z(¢))
at Fy. Thus the normal vector 7 should be perpendicular to 7(ty), i.e. 7-7(to) = 0.
On the other hand, if we differentiate the identity
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and use the chain rule, we obtain

%F(w(t),y(t),z(t) =0, ie
Fo(x(t),y(t), z(8)2'(t) + Fy (.. )y (t) + F.(...)Z'(t) = 0, for all t. Take t = ¢;, we get
F (o, Y0, 20)2' (to) + Fy (%0, Yo, 20)y' (to) + F (20, Yo, 20)2 (to) = 0.

That is to say, the vector (Fy(xo, Yo, 20), Fyy(z0, Yo, 20), (0, Yo, 20)) and
7 '(to) = (2'(t0), ¥ (to), 2’ (to)) are perpendicular. Therefore, we can take

i = (Fy(xo, Yo, 20), Fy (20, Yo, 20), F= (0, Yo, 20))-

We can now write down the equation of the tangent plane:

Fy (0,0, 20)(x — x0) + Fy (20, Yo, 20)(y — Yo) + F= (20, Yo, 20)(2 — 2) =0

The equation of the normal line is

x — x9 = Fy(20, Y0, 20)t, ¥ — Yo = Fy(x0, Yo, 20)t, 2 — 20 = F.(x0, Yo, 20)t

It is preferable to give a surface as a graph over the zy-plane (or xz- or yz-plane)
by its explicit equation z = f(x,y). To find the explicit equation one has to ‘solve’
the implicit equation F'(z,y,z) =0 for z. If F(x,y,2) = ar + by + cz+ d is a linear

equation we readily find
a b d

2=—=T— -y — -
c c c

if ¢ # 0. If ¢ = 0 we cannot solve this equation for z. For non-linear F(x,y, 2)
it might be very difficult or even impossible to solve this equation by algebraic
manipulations. The so-called ‘implicit function’ theorem tells us that a solution
exists, even if we cannot write down a formula:

Theorem 1. If F(x,y,z) is a function which has continuous derivatives in some
neighbourhood of (zg, yo, 20), F(x0,Y0,20) = 0 and F,(zo,yo,20) # 0. Then there
exists a function f(x,y) defined in a neighbourhood of (x¢,yo) such that (in some
neighbourhood of (xg,yo, 20)) the condition F(z,y,z) = 0 is equivalent to z =
f(z,y). The function f has continuous partial derivatives
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We do not give a proof for this but we point out that the proof is based on the
fact that
F(z,y, 2) = F(xo, Yo, 20)+ (0, Yo, 20) (x—20)+F, (T0, Yo, 20) (y—y0)+F=(Zo, Yo, 20) (2—20).-
Taking into account F'(x,y, z) = F(zo, Yo, 20) = 0 we get

Fx($0ay07Z0) Fy($0ay07Z0)
FZ(IanO>ZO) Fz(x0>y0a20)
from which we can also guess the formula for the partial derivatives of f. To make

Z— 20 R — (x —x) + — x — xg)

this argument rigorous one would need to give a precise meaning to ‘~’.

In practice this result is used to find approximate solution, usually by iterative
methods such as Newton’s method. This topic will be discussed in Amth250.

Example. Let F(x,y,2) = x + y + zcosz. Then F(0,0,0) = 0 and F, =
cos z + zsin z, hence F,(0,0,0) = 1 # 0. According to the theorem then the is a
function z = f(z,y) that solves the implicit equation F'(x,y, z) = 0. We are not able
to give an algebraic formula for f but we now that it exists and equals approximately

flxy) = -z —y,

. F;(0,0,0 F,(0,0,0
since f(0,0) =2 =0, f.(0,0) = —W =-1, £,(0,0) = —% = —1.

Remark. If F,(zg,y0,20) = 0 we cannot solve the equation with respect to z
(similar to ax + by + ¢z = 0 when ¢ = 0), but if F,(zo, o, 20) # 0 we solve with
respect to x, i.e. find a function g(y, z) such that F(z,y, z) = 0 is locally equivalent
to x = g(y,2). Or, if F,(zo,yo,20) 7# 0 then there is a function h(z,z) such that
F(z,y,z) =0 is locally equivalent to y = h(z, z).

If the surface is already given as a graph z = f(x,y), we can always rewrite it in
the form F(x,y, z) = 0 by simply letting

F(l’,y,Z) :f(x,y)—z.

We have F.(7o, Y0, 20) = fz(T0,%0), Fy(To, Y0, 20) = fy(%0,y0) and F.(xo, Yo, 20) =
—1. Hence, on substituting into the above equations for tangent plane and normal
line, we obtain

(i) Tangent plane at (o, Yo, z0) for y = f(zo, yo):
fa(o, y0) (@ — o) + fy(0,Y0)(y — yo) — (2 — 20) = 0

(ii) Normal line:
x =20 = fu(o,Y0)t,y — Yo = fy(0,Yo)t, 2 — 20 = —1
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The above equation for the tangent plane can be written in the form

z—z9 = folzo,y0)(x — 20) + fy(xo,v0)(y — yo), or
2 = 2o+ fo(xo,y0)(x — 20) + fy(xo, v0) (¥ — Yo)-

Geometrically, we know the tangent plane is the closest plane to the surface near
Py. Analytically, this is to say the linear function (in x and y)

20 + fa(o, yo) (@ — o) + fy(20,%0) (Y — ¥o)

is the best linear approximation of the (in general nonlinear) function f(x,y) near
(o, Y0). If we denote x — xy by Az, y — yo by Ay and z — 25 by Az, then the best
linear approximation for Az is

Az = fo(z0,y0)Ax + f, (0, Y0)Ay.

Write Az = dx, Ay = dy. Then the quantity

dz = fw((lj‘(]v y(])dx + fy('r07 yO)dy

is called the total differential of f(z,y) at (xo, yo).

Our above discussion shows that when dr = Az and dy = Ay are small,

(i) dz is the best linear approximation of Az,

(ii) 2o + dz is the best linear approximation of f(z¢ + dx,yo + dy)

Example 1. Find an equation of the tangent plane to the surface z = 2% 4 y? at
(1,1,2).

Solution f(z,y) = 2>+ y? At (z,y) = (1

71)7
fx(l, ].) = 2£l§'|(171) = 2, fy(l, ].) = 2y|(171) =2

Therefore, the equation is

2@ —-1)+2y—1)—(2—=2)=0.

le. 2042y —2—-2=0. O

Example 2 Use total differential to approximate f(1.01,1.99) where f(z,y) = x3y*.
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Solution f(1.01,1.99) = f(1+0.01,2 — 0.01)

~ f(1,2)+ f.(1,2)(0.01) + £,(1,2)(—0.01)

= (1)3(2)* +3(1)%(2)*(0.01) + 4(1)*(2)3(—0.01)
= 164 0.48 —0.32

= 16.16
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Lecture 15 Directional Derivatives and Gradients

Let us recall that if C': x = x(t),y = y(t) is a smooth curve passing through (xg, o)
at t = to, i.e., x(ty) = xg, y = (to) = Yo, then the limit of f(z,y) at (g, yo) along C
is

lim flo.y) = lim f(x(t), y(t))
(@,y) = (0, Yo) o
(along ©)

Let @ = (uy,us) be a given unit vector. Then the straight line [ : z = zq + uyt,
y = Yo + ust passes through (xg,yo) at t = 0 and has positive direction @. Of course
we can calculate the limit of f(z,y) at (xq, o) along [. Moreover, we can also find
the derivative of f(z,y) along [ as follows.

Along I, f(z,y) = f(zo + uit, yo + ust). Therefore,

d
Ef(il?o + uit, yo + ust) = fu(xo + wit, yo + ust)us + f,, (o + urt, yo + uat)us

At t = 0 this derivative is f,(zo, yo)u1 + fy (%o, Yo)uz2, which is called the directional
derivative of f(x,y) at (xg, yo) in the direction of @, and is denoted by Dgf(xo, o)

Remark: We always require « to be a unit vector here.

Example 1 Find the directional derivative of f(x,y) = e™ at (1, 1) in the direction
of @ = 3i +4j.

Solution Since @ is not a unit vector, we need firstly to normalise it:
a 3i+4] 3. 4

ﬁ: = :—7,—|——j

lall  v3+42 5 5

The directional derivative is

Dﬁf(lal) = fx§+fy5) (1,1)

3 y
= ye™ 5 + ze ‘(171)
7.
5
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If we introduce the vector @y = fu (o, yo)i + fy (o, Y0)7, then

Dzf(zo,90) = [fo(@o,y0)ur + fy(2o, yo)uz
= dp-u  (by definition of dot product)
= [[aol|[[] cos 0

= ||tp|| cos® (since 1 is a unit vector)

where 6 is the angle between « and . It follows, as —1 < cosf < 1,

—||tio]| < Dgf(xo,y0) < ||to]|

and Dz f(zo, yo) takes the maximum ||d|| if # = 0, i.e. 4 is in the direction of up; it
takes the minimum —|||| if # = 7, i.e. 4 is in the opposite direction of .

Recall that the derivative measures the rate of change. Therefore the above
observation can be interpreted as the following:

The function f(z,y) increases most rapidly near (zg,yo) in the direction of @y =
Fu(o, 10)i + fy (o, y0)7, and it decreases most rapidly near (zo,o) in the opposite
direction of .

We call the vector f,(xo,y0)i + fy(:)so,yo)j the gradient of f(x,y) at (zo, o),
and denote it by 7 f(xo, y0). Thus

=

V. f (20, Y0) = fulTo, yo)i + fy(T0,90)]
Dy f(wo,y0) = V f (w0, y0) - U

Denote kg = f(xo,yo). Then f(x,y) = ko gives a curve, known as the level curve
passing through (zg,y0). Clearly the value of f(x,y) does not change along this
level curve (the value of f(x,y) is fixed at ko there). We have already known that
the value of f(z,y) changes most rapidly near (zg, o) in the direction of <7 f(zo, yo)-
Let us show in the following that </ f(zo,yo) is in fact perpendicular to the level
curve at (zo,yo), i.e. Vf(xo,y0) is perpendicular to the tangent line of this level
curve at (g, yo)-

Suppose x = z(t), y = y(t) with z(tg) = xo, y(to) = yo is a parametric equation
for the level curve f(z,y) = ko. Then ky = f(z(t),y(t)) for all t.

We differentiate this identity and obtain

0= %ﬂx(t)’ y(t)) = falz(t),y(t)2'(t) + fu(x(t),y(t)y'(t) for all t.
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Take t = ty. It gives

0 = falzo,y0)'(to) + fy (0, v0)y'(to)
= v f(zo,m0) - (2’ (), ¥ (t0))-

But (2/(t0),y'(to)) is a vector parallel to the tangent line of the level curve at
(x0,%0). Hence the above identity implies that <7 f(xg,yo) is perpendicular to the
tangent line of the level curve at (g, yo).

To summarise, we have proved the following theorem.

Theorem 1

(1) Dgf(xo,10) takes the largest value ||/ f (o, yo)|| among all possible directions
when # is in the same direction of 7 f(xo,yo); it takes the smallest value
—|| 7 f(zo,y0)|| when 1 is in the opposite direction of 57 f(xq, yo)-

(2) 7 f(xo,y0) is perpendicular, at (xg,yo), to the level curve of f(x,y) passing
through (g, yo).

Example 2 Find the equation of the level curve of the function f(z,y) = 2 + y*
passing through (1, 2) and then find the equation of the normal line of this level
curve at (1, 2).

Solution. f(1,2) = (1)® + (2)3 = 9. Therefore the equation of the level curve is

7?4+ yP = 0.

By theorem 1, we know v7f(1,2) = (32% + 3y2‘7ﬁ‘)|(172) = 37+ 127 is perpendicular
to the level curve at (1,2 ) and hence is parallel to the normal line. Therefore, the
normal line has equation

r=1+3t y=2+12

o r—1 y—2

3 12

or
de—y—2=0
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Lecture 16 Functions of Three and n Variables
All the definitions and results for two variable functions developed so far can be
extended to functions of three or n variables.

In the following, we list some of the most important definitions and properties
for two and three variable functions:

(a) f(z,y) is differentiable at (xq,yo) if fi(z0,%0), fy(x0, yo) exist and

lim f(zo + Az, yo + Ay) — f(w0,90) — fo(T0, yo) Az — fy (20, y0)Ay)

(Az,Ay)—(0,0) VAZZ + Ay?

(a") f(z,y, 2) is differentiable at (¢, Yo, 20) if f2(z0, Yo, 20), fy(l"m Yo, 20), f-(xo, Yo, 20)

=0

exist and
lim Af — folxo, Y0, 20) Az — fy (20, Y0, 20) Ay — f(20, Yo, 20) Az _0
(Az,Ay,Az)—(0,0,0) VAZ? 4+ Ay? + A22

where Af = f(xo + Az, yo + Ay, 20 + Az) — f (20, Yo, 20)-

(b) If fu(x,y), fy(x,y) exist for (x,y) near (zo,yo) and they are continuous at
(zo,Yo0) then f(x,y) is differentiable at (zo,yo).

(b") If folz,y,2), fy(x,y,2), f2(x,y, 2) exist for (x,y, z) near (zo,yo, 20) and they
are continuous at (xo, Yo, 20), then f(x,y, z) is differentiable at (zq, yo, 20)-

(c) If z = f(z,y),x = 2(t),y = y(t), then
ds_ Dzdv  D=dy
dt — Ordt  Oydt
(') Tw= f(z,y,2),r =2(t),y = y(t), 2 = 2(t), then
do _uds  Owdy  Owds
dt — Ordt Oydt 0Ozdt

(d) If @ = uyi + uyj and ||@|| = 1, then

Diaf(xo,90) = fol®o,y0)ur + fy(o, yo)us
= Vf(%’yo)'ﬁ’

where Vf(zo,90) = fo(2o,y0)i + fy(xo,yo)j’ is the gradient of f(x,y) at
(70, Y0)-
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(d') If @ = uyi + usj + usk and ||| = 1, then

Daf(xo,v0,20) = fa(To, Y0, 20)u1 + fy (2o, Yozo)u2 + f:(zo, Yo, 20)us
= vf(x(]vym ZO) : 67

where V f(z0, Y0, 20) = fm(x07y0720);+ fy(xo,yo,zo)j+ fz($07y07Z0)E is the
gradient of f(z,y,z) at (xq, Yo, 20)-

(e) Vf(xg,yo) is the direction when the directional derivative of f(z,y) at (zo, yo)
takes maximum value among all the directions.

(€') V f(xo,yo, 20) is the direction when the directional derivative of f(x,y,z) at
(70, Yo, 20) takes maximum value among all the directions.

(f) V f(zo,y0) is perpendicular to the level curve of f(x,y) through (xg, yo).
(f') V f(xo, o, 20) is perpendicular to the level surface of f(x,y, z) through (zo, yo, 20)-

(g) dz = fu(zo,y0)dx + fy(x0,y0)dy is called the total differential of f(z,y) at
(x0,%0), and dz is the best linear approximation of Az when dzr and dy are
small.

(g) dw = f.(wo,yo, 20)dx + fy(x0, Yo, 20)dy + f-(x0, Yo, 20) is called the total dif-
ferential of f(x,y,z) at (xo, Yo, 20), and dw is the best linear approximation
of Aw when dx, dy and dz are small.

The generalization to n—variable functions is similar. For example, the directional
derivative is given by

Dﬁf(x?,...,atg) = fxl(x?,...,atg)ul—I—...—l—fxn(x?,...,atg)un

VFY,...,2%) = f.,%...,2%¢ + ... + f.. (2% ...,2%)&, is the gradient of

flxy, ... m,) at (29,...,2%), where

& =(1,0,...,0),& = (0,1,0,...,0),...,&, = (0,...,0,1).

dw = fo,(29,...,2%)dz; + ... + fo, (2%, ...,20)dx, is the total differential of

flay, ..., x,) at (29,...,20).

For functions of three or more variables, there are more versions of the chain
rule than for two variable functions. It is impossible to give a complete list of such
chain rules. However, the so called Tree Diagrams For the Chain Rules are
very useful and convenient. Let us see how these diagrams are used through several
examples.

Example 1
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(a) The chain rule
& _0:do | 0y
dt  Oxdt Oydt
can be explained by the following tree diagram:

z

32/3x 3zlay

dx/dt dy/dt

(b) The chain rule
0z Oz 0x 0z 0y

du ~ Ozdu  Dyou
0: _ 0:0n 0:0y
v Oxdv  Oyodv

can be expressed by the tree

diagram on the right.

Example 2 Let w = f(z,y,2),z = z(r,s),y = y(r,s),z = z(r,s). Use a tree
diagram to find the corresponding chain rule.

Solution. The tree diagram should look like the following:

r S r S r S

The chain rules are

ou _ Dwor  dwdy , duwd:
or Oxr Or Oy or 0z Or
ou _ owds  owdy  owo:
s Jr s Oy ds 0z Os

Example 3. Let w = f(x,y,2),z = z(z,y). Find %f(x,y,z(x,y)).
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Solution. The tree diagram is the following

The chain rule is

0 ow Ow 0z
%f(xuyv Z(I,y)) - 8—LE‘ + 58_117

O

The chain rules are perhaps the most difficult part in the calculation of partial
derivatives. You should have plenty of practice with them in order to master this
skill.
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Lecture 17 Multivariable Taylor formula

Taylor’s formula tells us that a function that has n 4+ 1 continuous derivatives at x
can be approximated by a polynomial of degree n so that the error term FE, tends
to 0 faster than (z — 2)". This can be generalised to multivariable functions. For
simplicity we start with the second order expansion of a function of two variables
f(x,y) with reference point (0,0). We have

f(@y) = [(0,0)+12(0, 0)z+ £, (0, 0)y+ (fe(0,0)2%+2£2 (0, 0)2y+fyyy*)+ Ea(z, ).
The error term Ey = o(z? + y?) = o(|[{z, y)||).

This follows from the one-variable Maclaurin formula for the auxiliary function
g(t) = f(tz,ty): [0,1] = R

1
—¢"(0)t* + By (10)

1 1
59" () + 29" (0)¢ = g(0) +4'(0)¢ + 5

o(t) = 9(0) +g'0)t + 5 .

where 6 is some unknown number between 0 and 1. Now

(0) =F(0,0)
0 0 d
§/0) =5 (0.0) G D)o + 50,0 G t0) o = 5,001
3(0) =55 0.0 (G0 + 52 (0,0) L) o (t)limo + 520,0) 50
02 f d d 92 f d of

+ 2L 0.0/ 2 t)lop )0+ S20.0) ) + L 0,0 0o
:fm(ov O)SL’ + fﬂcy(ov O)xy + fyw(ov O)yx + fyy(ov O)y
= fu (0, 0)12 + 2 f2y(0,0)zy + £, (0, O)y2

A similar computation shows that ¢”'(f) is polynomial of pure 3rd order in z,y
whose coefficients are third order partial derivatives of f, which are bounded by a
constant M. Hence

| Ba| < M|[(z, 9)II° = o||{z, p)II*)-

From equation ([I0) with ¢ = 1 we get now the desired formula

f(x,y) = £(0,0)+/2(0, 0)z+£, (0, 0)y+ (f22(0,0)2°+2f2, (0, 0)zy+ fy, (0, 0)*)+o(| [{, ) ||)-

Example. Find the second order Maclaurin formula f(z,y) = In(1 + 22 + y?).
This can be done by substituting t = 22 +y into the one-variable Maclaurin formula
In(1+t) =t — 1t* + o(t?). Since $t? = L(2? + y?)* = o(||(z, y)||?) the result is

fla,y) = 2® +y* + o(|[{z, y)I1*)-
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This can be used to compute limits, e.g.

In(1 2 2 2 2 2
m STy ) i Y J;O(”gx’ym ) lm 140() =1,
@00 2%ty (2.9)— (0,0 22ty (e)—(0.0)

The second order Taylor formula with reference point (¢, yo) is

f(x,y) = f(@o,90) + fu(o, yo) (x — x0) + fy (%0, Y0) (¥ — ¥o)
+ %(f:c:c(ipoa yO)(x - 550)2 + 2f:cy(x0> yO)(ZE - l’o)(y - yO) + fyy($0> yO)(y - y0)2)

+o([[{z — zo,y — yo)| *)-

The corresponding formula for fuctions of three variables is

f(z,y,2) = f(20, Yo, 20)+ fz(Z0, Yo, 20) (2 —20)+f, (70, Yo, 20) (Y—Y0)+f=(Z0, Yo, 20) (2—20)
+ %(fxx(IOa Yo, 20)(x — 20)? + fyy (@0, Yo, 20) (Y — %0)* + f2=(20, Yo, 20) (2 — 20)°)

+ fay(T0, Yo, 20) (T —20) (Y—Y0)+ f=(T0, Yo, 20) (—20) (2—20)+ fy= (70, Yo, 20) (Y—10) (2—20)
+ o(||[{z = o,y — yo, 2 — 20)|?).
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Lecture 18 Parametric Problems (optional)

0z Ow 0
For z = f(z,y) orw = f(z,y, z), we have defined partial derivatives like 8—2, 8—w’ 8—w’
x Oy 0z
etc. These are differentiations with all except one variable held constant. Natu-
rally, we can also perform integrations to multivariable functions but with all except
one variable held constant, for example, [ f(z,y) dy means that = is held constant
and the integration is for the variable y only; similarly, fab f(z,y, z)dx means y and

z are held constant, and the definite integral is performed for the variable z only.

Thus, if f(x,y) = 22 + y* + 2y, then

b b
/ Fay)dy = / (2 + 4 + oy)dy
b

3
= |22y + LI
= {xy+3+2y]
V¥ —a® oz

Too 9
3 +2(b a®)

= 2°(b—a)+

We see that fab f(x,y)dy is a function of x, which we can denote as F'(x), where a
and b are regarded as given constants.

Let us note that F'(z) = 2z(b—a)+ (b —a?) by differentiation of the expression

of F(z), ie. F(z)=22(b—a)+ 252 + 212 - a?).

On the other hand, we have

felr,y) = 204y and
b

b b 2
[ fteantn = [ oy = (2004 )

b? — a®
2

= 2zx(b—a)+

Therefore, we have

b
F'(x) :/ fo(z,y)dy, ie.

N rewa) = [ 2 s

This is to say, whether we perform integration first and differentiation second, or

(1)

differentiation first and integration second, we may arrive at the same result.
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Let us note, however, that our above discussion is not a rigorous proof that
identity (1) holds for any function f(x,y) as we merely checked that this identity
happens to be true for the particular function f(x,y) = 2% + 3> + 2y.

Nevertheless, identity (1) might be true in general, and it is an interesting prob-
lem to find an answer for this. The following theorem is a result of some research
along this line.

Theorem 1. Suppose that for every x € (c¢,d), where —oco < ¢ < d < oo, the
following hold:

(i) fab f(z,y)dy and fab L2 f(z,y)dy exist,

(i) fee(x,y) exists and satisfies
|fmr(x7y)‘§g(y) fOI' agygbv C<$<d7

where ¢(y) is some function with the property that

b
/g@@=K<m

Then for each x € (¢, d),

d [° )
= | swmay= [ 5y

Remark. Let us note that condition (i) in Theorem 1 is very natural. In fact,
it is necessary for identity (1) to make any sense. However, condition (ii) makes a
restriction to the function f(x,y). For example, if f(z,y) = %g(y), then f..(z,y) =
g(y) and such an f(x,y) satisfies (ii) only if f;g(y)dy < o00. Nevertheless, many
functions satisfy (ii).

Proof of Theorem 1. Let us denote F(z) = fabf(x, y)dy. We need to show

)
)= [ 5 rey

i.e.

h—0

F h)— F b9
lim (@ + i)z (z) :/a %f(x,y)dy,

or

h) — b0
}1}2% F(x—l—})l F(x)_/a %f(x,y)dy]zo
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Our strategy of achieving this is to use a squeezing argument: if we can find a
function €(h) satisfying

0< ‘F<x+h) ~ Fla) —/abg (w,y)dy' < e(h)

h Oz
and €(h) — 0 as h — 0, then we must have
. | F(z+ h
i a f(x,y)dy| =0

which implies that the limit of the quantity inside the absolute value sign is 0. A
key step in this strategy is to rewrite and change the quantity inside the absolute
value sign through using inequalities, to arrive at a simpler expression which can be
used as €(h). The criterion is that ¢(h) — 0 should be evident.

Let us now start this process. We have

F(x—i—h / fa
8 y

_ fo+hydy /fxy } /aif(x,y)dy‘

— / { x4+ h, y})L f(z,y) 88 [z, y)} dy‘ (by properties of integrals)
a T

_ /*’ [fx(a:, Ph+ fralz +6h,y)5

(by using Taylor’s formula)

h _fm(xvy)] dy

"h
— /ifm(xjté’h,y)dy'
Ihl ’

< |h|/ y)dy by condition (ii)

_ gl
2
Clearly we can take e(h) = K - ‘% This finishes the squeezing process and hence
proved what we want. O
o0 —;py
Example 1 Find —/ dy (z>0).

2y
Solution f(z,y) = e_’ fo(@,y) = =™, foulz,y) = ye~
)

zy

Forany d > ¢ > 0, fou(z,y) = ye=™ < ye ¥ when ¢ < x < d and g(y) = ye~ %
is clearly integrable on [1,00). Hence condition (ii) of Theorem 1 is satisfied. It is
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easily seen that condition (i) is also satisfied (please check this). Therefore we can
use theorem 1 to conclude

d [>e ™ <0 (e
dz J, ydy_/l %<y>dy

[e¢) e~y
g —e_wydy prg
1 i

From the last part of the above calculation, we observe that if we change the

_e_x

X

1
O

integration limits to from 0 to oo, then
0o e~y
/ e dy =
0 x

Therefore, by using Theorem 1 (please check that the conditions are satisfied),

1 1\ d [® > 9 o0
= () == —TY Juy = — ey = —ye~
2 (x) d:c/o ¢ y /0 8:66 y /0 ye Y

2 1\ 4 [> *© 9 o0
—_ — JEE— [ — — —Ty — _ (— -y — Q—Iy
5= (@) i e [ g [Ty

—1)mal [
( ) n :/ (_l)nyne—xydy
0

xn-ﬁ-l

8

This last identity can be written as

oon—:cy n'
/Oye dy:anrl,n:l,Q...

This turns out to be a useful formula. For example, if we let x = m, we obtain

o n!
/ yre™dy=—— n=12..., m=12...
0 mnt

This formula may not be as easily proved by other methods (can you?)



96

Lecture 19 Maxima and Minima

Recall that if the graph of the function y = f(x) is as in the following diagram, then
f(x) has local maxima at * = x1,x = x3 and it has a local minimum at x = xs.
The absolute maximum in [a, b] is achieved at x = z3 and the absolute minimum is
achieved at = = a.

These notions carry to multivariable functions naturally. We will study in detail
the situation with two variable functions.

Definitions. We say f(x,y) has a relative maximum (or local maximum) at
(zo,y0) if f(z,y) < f(xo,y0) for all (z,y) near (zg,yo). If the inequality sign is
reversed, then we say f(z,y) has a relative minimum (or local minimum) at
(0, Yo)-

f(x,y) is said to have an absolute maximum at (zg,yo) if f(x,y) < f(xo,yo) for
all (x,y) in the domain of f(z,y); if this inequality is reversed, then we say f(x,y)
has an absolute minimum at (zg, yo).

Local and

also absolute
z / maximum
L ocal maximum ’ m
—

S

—_
Local and U
also absolute ——

minimum

Theorem 1 (Necessary condition) If f(z,y) has a relative extremum (i.e., it has
either a local max or local min) at (xg, o), and if f, (2o, v0), fy(%o,yo) exist, then

.fl‘(x0>y0) = Oa fy(xO,yO) =0
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Proof. Denote G(z) = f(z,y0) and H(y) = f(xo,y). Then G(z) has a local
extremum at x = xo, H(y) has a local extremum at y = yo. Therefore, by the
properties for single variable functions, G'(xg) = 0, H'(yo) = 0. Since G'(zg) =
fe(xo,90), H'(yo) = fy(20, y0), we obtain

fz(20,40) =0, fy(Io,yo) =0.

Theorem 1 motivates the introduction of the following definition.

Definition. If f,(zo,y0) = 0 and f, (20, yo) = 0, then (x¢, yo) is called a critical
point of f(x,y).

Theorem 1 implies that a local extremum point must be a critical point (provided
that the partial derivatives exist). The converse conclusion, i.e., a critical point must
be a local extremum point, however, is not true in general. When a critical point
is not a local extremum point, then it is called a saddle point. A typical saddle
point is indicated in the following diagram.

z

S

-,.

y

o) _ . Saddlepoint
0’70

Note that if (xg, o) is a critical point of z = f(z,y), then at (zo,yo, 2z0) on the
surface, the tangent plane has normal 7 = (f, (2o, v0), fy(%0,y0), —1) = (0,0, —1),
which is perpendicular to the zy-plane. Therefore the tangent plane is horizontal.
In particular, the tangent plane at a saddle point is horizontal.

Just as in the case of single variable functions, to ensure that a critical point is a
local extremum point for a two variable function, one needs extra conditions. This
is the contents of the following theorem, whose proof we omit.

Theorem 2 (Sufficient conditions, also known as the second derivative test)
Suppose that (xg, y0) is a critical point of f(z,y), and f(x,y) has continuous second
order partial derivatives near (zg,yo). Denote

D = fwx(x07y0)fyy(x07y0> - [fwy(xo,yo]z.

Then
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(a) D> 0 and fu.(zo,y0) > 0 imply that f(z,y) has a local minimum at (zo, yo);
(b) D >0 and f..(v0,%0) < 0 imply that f(z,y) has a local maximum at (zq, yo);
(¢c) D < 0 implies that (xg,yo) is a saddle point;

(d) D = 0 implies that no conclusion can be drawn unless higher order partial
derivatives are used.

Proof. If (xg, 1) is a critical point of f then the second order Taylor polynomial
is

1 1
flz,y) = f(SC(J’y0)+§fm(360,yo)($—$0)2+§fyy(3€o, yo)(y—yo)2+fxy($07 Yo)(2—20)(y—Yo)-
The graph f is approximately a paraboloid of the form
2= D+ Az — 20)* 4+ 2Bz — 20)(y — yo) + C(y — %0)*

where D = f(xzo,y0), A = %fm(:zo,yo), B = %fxy(xo,yo), %fyy(:co,yo). We have a
cup-like elliptic paraboloid, corresponding to a minimum, if A > 0 and AC' —B? > 0,
an upside-down elliptic paraboloid, corresponding to a maximum, if A < 0 and
AC — B% > 0 and a saddle if AC — B? < 0. The remaining cases are inconclusive.

This theorem is very useful in classifying critical points of a given function f(z,y),
and is the main tool in finding local extremum points. Let us see how the theorem
is used in some concrete problems below.

Example. Find all local extrema of f(z,y) = 3xy — 23 — ¢3.

Solution. This function is a polynomial in z and y. Therefore it has all the partial
derivatives, and the partial derivatives are continuous (they are again polynomials
in z and y).

By Theorem 1 we know all the extrema are critical points, and by Theorem 2, we
can determine whether a critical point is local maximum or local minimum points,
provided that case (d) does not occur.

Thus we can follow two main steps: Step 1, find all the critical points, and Step
2, classify the critical points obtained in Step 1 through using Theorem 2.

We know critical points are the solutions of the equation system

{fx(x,y) =0
fy(zv,y) =0
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i.e.

{3y—&ﬁ —0 (1)
3z —3y* =0 (2)

;From (1) we obtain y = x?. Substituting this into (2), we obtain
3r—3(2%)* =0, ie z(1-2%=0
The solutions are # = 0, z = 1. When x = 0, y = 22 = 0 and we obtain one
critical point (x,y) = (0,0). When x = 1, y = 22 = 1 and we obtain one more

critical point (z,y) = (1,1). Since these are the only solutions to the system (1) -
(2), we have exactly two critical points for the function. Step 1 is done.

To use Theorem 2, we calculate

fmm(xvy) = _6:(:7 fyy(x,y) = _6y7fﬂcy(x7y> = 3.

Hence
D = fxxfyy - fxzy = 36xy — 9

At (0,0), D = =9 < 0. By Theorem 2, this critical point is a saddle point.

At (1,1), D =36 —-9 > 0 and f,, = —6 < 0. By Theorem 2, (1, 1) is a local
maximum point. This finishes step 2, and we conclude that the function f(x,y) has
one local maximum point at (1, 1), and there is no other extremum point. a
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Lecture 20 Extrema Over a Given Region

Very often, we need to find the absolute extrema of a given funciton f(z,y) on
a given region R which may only be part of the natural domain of f(x,y). The
following theorem guarantees that such extrema usually exist.

Theorem 1. If f(z,y) is continuous on a closed and bounded region R, then f
has both an absolute maximum and an absolute minimum on R.

Though this theorem looks evident, a rigorous proof is not trivial — it depends on
the very notion of continuity and the theory on the completeness of real numbers,
the later being outside the scope of this unit. Therefore we will not give the proof
of this theorem here.

Nevertheless, let us see a few examples showing that each condition in the theo-
rem is necessary.

Example 1. f(x,y) = ﬁ is continuous on the bounded region R = {(z,y) :
0 < 22 + y? < 1}, but it has no absolute maximum on R (when (x,y) approaches

(0,0), f(z,y) approached +00). The reason is that R is not closed.

Example 2 f(z,y) = 2> + y* is continuous on the closed region R = {(z,y) :
2y > 1}, but it has no absolute maximum on R. This is because R is unbounded.

—+—  when(z,y) # (0,0)

Example 3. = e VIO ’
xample f(z,y) 1 when (z,y) = (0,0)

on the bounded closed region & = {(z.y) - 22 4y < 1}. This is because f(x,y) is

not continuous at (0, 0).

has no absolute maximum

The following diagram shows that when the conditions of Theorem 1 are satisfied,
the extrema of f(z,y) on R may occur at an interior point of R as well as a boundary
point of R.

Absolute maximum——s

. Absol ute minimuil

X

Theorem 2. If f(x,y) has an absolute extremum at an interior point (xq, o) of
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R, then (zg,yo) is a critical point if the partial derivatives f,(xo,vo) and f,(zo, yo)
exist.

Proof. As such an extremum is also a local extremum, the conclusion follows form
Theorem 1 in Lecture 18. O

The above theorem implies that absolute extrema of f(x,y) on R can only occur
at critical points or boundary points. This helps very much when we want to locate
the absolute extrema. Indeed, we can follow the following three steps:

Finding absolute extrema of f(z,y) over R:

Step 1. Find all the critical points that lie in the
interior of R.

Step 2. Find the boundary of R and
the extrema of f(x,y) over the boundary.

Step 3. Evaluate f(z,y) at all the points in Step 1,
and compare them with the extrema obtained
in Step 2. The largest is the absolute
maximum, and the smallest is the absolute
minimum.

Example Find the absolute maximum and minimum of f(x,y) = 2 +y*+6zy —y
on the closed triangular region R with vertices (0,0),(1,0) and (0,1).

Solution. We follow the three steps listed above.
Step 1. Find critical points.

We need to solve

{ foz,y) =0

fy(xa y) =0
simultaneously.
fz=2x+6y, f, =2y+6x—1
Solving
2z + 6y = 0
W46r—1 = 0
we obtain one solution x = %,y = —%. Thus there is one critical point (z,y) =

(%, —1—16). A sketch of the region R shows this point is not in R. Therefore this

point will not be counted.

Step 2. Find the boundary of R and the extrema of f(x,y) on the boundary.
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We need a sketch of the region R and the equations of its boundary. It is
convenient in this case to divide the boundary of R into three parts Li, Ly and Ls,
as indicated in the diagram.

(0.1)

Ly

0,0) L, (1,0)

On L,z =0 and f(z,y) = f(0,y) = 4> —y,0 <y < 1. This is a single variable

function g(y) = y* — y over the interval 0 < y < 1. Using first year calculus we can
easily obtain that it attains maximum 0 at y = 0 and y = 1, minimum —i at y = %

On Lo,y = 0 and f(z,y) = f(x,0) = 22,0 < x < 1. Clearly its maximum is 1
attained at x = 1, and minimum is 0 at x = 0.

On L3,y =1—x and f(z,y) = f(z,1 —2) = —42® + 52,0 < 2 < 1. Using first

25 5

year calculus, we find the maximum is {3 occurring at z = ¢, and minimum is 0 at
x = 0.

Combining results on Li, Ly and L3, we find that the maximum on the boundary
is %, minimum on the boundary is —i.
Step 3. As there is no critical point in R, the absolute maximum on R is % and

absolute minimum on R is —i, both achieved on the boundary of R. a.
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Lecture 21 Lagrange Multipliers

We know from the last lecture that when we want to find the absolute extrema of
f(z,y) on a given bounded region R, we need to find the extrema of f(z,y) on the
boundary of R. If, for example, f(z,y) = zy and R = {(x,y) : 2* + y? < 1}, then
the boundary of R is just the unit circle C' : 22 4+ y? = 1. To find the maximum of
f(z,y) on C is to find the maximum of f(z,y) under the constraint z? + y? = 1.
Such a maximum or minimum is called the constrained maximum or minimum.

In many practical situations, we need to solve such constrained extremum prob-
lems. Let us consider in some detail the constrained extremum problems for two
and three variable functions.

Problem: Maximize or minimize f(x,y) under the constraint g(z,y) = 0.

There is a general method, called the Lagrange multiplies method, which
can usually be used effectively in solving this problem. It asserts that the extrema
occur at such points (xg, yo) which satisfy

V f(zo,9y0) = AVg(2o, yo),
where A is some unknown parameter, called the Lagrange multiplier.

We will not give the rigorous mathematical theory for the validity of this method.
Instead, we will explain the use of this method through examples.

Example 1. At what point on the circle 2% + y? = 1 does f(x,y) = zy have a
maximum? What is the maximum?

Solution. Denote g(z,y) = 2? + y* — 1. Then we need to maximize f(z,y) under
the constraint g(z,y) = 0. By Lagrange multipliers method, maximum occurs at
some (x,y) which solves

Vf(z,y) = AVg(z,y) for some . (11)

We have
Vi(r,y) =yi+z), Vg(z,y)=2wi+2yj

y = Nz
r = Ny

Remember we also require g(z,y) = 0. Therefore, we need to solve the system of

Therefore (1) is equivalent to

equations
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Y=A2x - (2)
T=N2y e (3)
2 +yt=1.--. (4)

Substituting (2) to (3) we obtain

r=X2(\2z) = 4x)?
ie. z(1—4X) = 0

Hence we have either (i) 2 = 0 or (ii) 1 —4A? =0, i.e. A = £3. If case (i) happens,
by (2), y = 0 and hence (4) can never be satisfied. This shows that (i) cannot occur.
Thus we must have case (ii), i.e. A=1or A = —1.

When \ = %, by (2), y = z. Substituting this into (4) we deduce 2z = 1,
T = :t%. It gives in turn y = :t%. Therefore we obtain two pairs of solutions:

() = (d545)  (@0.0) = (54 )
When \ = —%, by (2), y = —z. Substituting this into (4) and we obtain another

two pairs of solutions: (x,y) = (%, \7—%) Nz, y) = (\‘/—%, %) .

The Lagrange multiples method says the maximum occurs at some of these
solutions. To determine at which solution, we calculate

f(i L) _ ! f<—_1 —_1> _! f<i —_1> _ ! f<‘_1 L) _ b

\/§7\/§ _27 \/57\/5 _27 \/57\/5 - 27 27\/§ - \/§
- 1 - _ (L 2 ~1 -1

Therefore, maximum is 3, and it occurs at (z,y) = (ﬁ’ ﬁ) and (ﬁ’ %> O

Lagrange multiples method works for three and n-variable functions as well.
For three variable functions, it asserts that if an extremum of f(x,y, z) under the
constraint g(z,y, z) = 0 occurs at (g, Yo, 20), then

V f(zo, Yo, 20) = AV g(xo, Yo, z0) for some parameter \.
Example 2. Find the points on the sphere 2% + y? + 22 = 1 that are closest and
furthest to the point (2,1, 1).

Solution. The distance from (2,1, 1) to an arbitrary point (z,y, 2) is d(z,y,2) =
V(x—2)2+ (y — 1)2 + (2 — 1)2. Therefore, our problem is equivalent to:

Minimize/maximise d(z,y, z) under the constraint z* + y? + 2% = 1.
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This is equivalent to

Minimize D(x,y,2) = (x — 2+ (y—1)* + (2 — 1)
under gz, y,2) =2+  +22-1=0

We will see later that working with the function D(z,y, z) is much simpler than
working with d(x,y, z), though the minimization problems are equivalent.

Using Lagrange multipliers, we first solve

{ VD(z,y,2) =X Vg(z,y,2)
g(z,y,2) =0

Since VD(z,y,2) = 2(z—2)i+2(y—1)j + 2(z — 1)k (compare with Vd(z,y, 2))
Vo(z,y,2) = 2xi+2yj+ 22k

We need to solve

2(x — 2) = Az EZ;
2(y—1) = A2y -
2(z—1) = A2z (7)
24242 = 1 (8)
B) =, )3 y= o, (> 2=
TTIox YT ST
Substituting all these expressions into (8), we obtain
2 \? 1)’ 1)’
= - ) =1, ie
() + () + () - e
(1-XN2=6, or 1-A==4V6, A\=1+6.
When A = 1 — /6, we obtain = = %,y = %,z = %, or (z,y,2) = <%,%,%>
When A = 1+ /6, we obtain (z,vy,2) = (\_/—%, \_/—%, \_/—%)
Now we calculate
2 1 1 2 ? 1 ? 1 2 1 ?
D|l— ——) = |—-2| +|—=-1) +|[—=-1) =6|—4=—-1
(v - () ) (G (G
D(_—2 -1 ‘_1) _ G(LH)Q
V6 V6 V6 V6 '
Therefore the minimum occurs at (%, %, %) and the maximum occurs at (_—Z, _—(13, _—é) .

O
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Lecture 22 Double Integrals

Recall that the area under the curve y = f(x) between x = a and = = b is given by

b n
[ #aydn = 1w 3" pai)an,
@ k=1

a X Xjop D

where for fixed n, > 7_, f(z5)Axy is the sum of the areas of n rectangles with base
Az, and height f(z}),k=1,...,n. a =29 < 21 < ... < Tp_1 < x, = b divide
the interval [a,b] into n parts with Azy, = x — x,_1 converging to 0 (for all k) as
n — 00,2} € [xg_1, 2. Thus, for fixed n, >, _, f(z})Azy gives an approximation
of the area under the curve, and by passing to the limit n — oo, we obtain the
accurate area under the curve.

A similar consideration introduces double integrals. This time the question is to
find the volume under a surface z = f(x,y).

To be more accurate, we suppose f(x,y) is positive everywhere, and we want to
find the volume of the solid lying directly above a given region R in the zy-plane
but under the surface z = f(x,y).

AAL i y

X
We divide R into n small parts with area AAg, k& = 1,...,n and choose an
arbitrary point (x},y;) in each part and form the cylinders with base AA; and
height f (2}, y5). Then

> Flan v AA
k=1
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gives a good approximation of the volume under surface. If there is a limit for
this quantity as n — oo (as before, we require AA;, — 0 uniformly in k& when
n — 00), then this limit is the accurate volume under surface, and we define this
to be the double integral [[,, f(z,y)dA, i.e.

//R flay)dA= lim 3 (o} yi) A
k=1

The above limit can be used for any function f(x,y) (not necessarily positive)
and hence the double integral [ [ rf(2,y)dA is defined for any function for which
the limit exists.

From the definition, it is easy to deduce the following properties.

(a) [[pef(z,y)dA=c[[, f(z,y)dA, cis a constant.

(b) [[Lf (@, y) £ g(z,y)]dA = [[, f(z,y)dA+ [[,g(x,y)dA

(©) [[pf@,y)dA= [[, f(z,y)dA+ [[, f(2,y)dA, where R is divided into
two subregions R; and Rs.

Remember that though fab f(x)dz is defined by a limit, in practice, ff f(x)dx is

calculated by the formula
b
[ s =F ) - F),

where F'(x) is an antiderivative of f(x), i.e. F'(z) = f(z).

Similarly, we don’t want to calculate [ [, f(x,y)dA by its definition, i.e., by using
the limiting process described in the definition. A practical method of calculating a
double integral is by changing it into iterated integrals.

Theorem 1. Let R be the rectangle: a < x <b,c <y <d. If f(x,y) is continuous

on R, then
/ [ faia- / b / gy de = / d / " fle,y)dwdy.

/ b / gy de = / b { / cf(x,wdy] dr,

where we calculate the integral fcd f(z,y)dy (regarding x as a parameter) first,
which gives a function of x, and then integrate this function of x from a to b.

Here



108

fcd fab f(x,y)dx dy is done similarly but with the order of integration reversed (inte-
grate for x first, for y second). These are called iterated integrals.

The proof of Theorem 1 uses the definition of integrals, and we will not give it
here.

Example 1 Find [[,y*(z* + 1)dA, where R = {(z,y) : 1 <2 <2,0<y < 1}.

Solution By Theorem 1,

//Ry2(x2+1)dA =

2
1
= (x> +1) d:c:/ g(:c2+1)d:c
1
2
1 l’3+ 10
- 3\3 7 0

12
// y(2? +1)dA = / / y? (2% + 1)dw dy
R 0o J1
1 3 2

o
; 3
1

1
_ /12~Ed _Ey_g _E
I A e 3,79

|

Theorem 1 can be explained geometrically in the following way. For fixed z, 2z =
f(x,y) is a curve, and

d
A(r) = / F(z, y)dy

is the area under this curve. f; A(z)dzx then gives the volume of the solid under the
surface and above the rectangle a <z < b,c <y <d.

There is a similar explanation for B(y) = ff f(x,y)dr and fcd B(y)dy.

Example 2. Find the volume of the solid that is bounded above by the surface
z = 2? 4+ y* and below by the rectangle R = {(z,y): 0 <2 <1,0<y < 1}.
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A(x)

Solution

Example 3 Find [[,ysin(zy)dA, R = {(z,y) : 0 <z <1,

Solution

T o
// ysin(zy)dA = / / ysin(zy)dz dy
R = Jo
. 1

= [y — costan)

dy = /2(—cosy+ 1)dy

™

INH

0

s
2

W+f—2_ﬂ—4+2ﬁ
4 2 4

= (=siny+y)

&3
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Lecture 23 Integration of Double Integrals

We learned in the last lecture that if R is a rectangle: R = {(z,y) :a < x < b,c <
y < d}, then the calculation of the double integral [ [, f(z,y)dA can be reduced to
calculating iterated integrals, namely

//Rf(a:,y)dA:/Cd/abf(x,y)dxdy:/ab/cdf(x’y)dydx.

This technique can be extended to more general regions. If gi(x) and go(z) are
continuous functions and g;(z) < go(z) for a < x < b, then the region

R={(z,y): g1(x) <y < gao(x),0a < 2 < b}

is called a type I region. In other words, a type I region is a region that is bounded
by two vertical lines (z = a and x = b) and two curves y = g1(x) and y = go(x).

If hy(y) and ho(y) are continuous functions of y and hy(y) < ha(y) for ¢ <y < d,
then the region
R={(z,y): m(y) Sz < hs(y),c <y <d}

is called a type II region. It is bounded by two horizontal lines (y = ¢ and y = d)
and two curves x = hy(y), x = ha(y).

y y

x=hy(¥) x=h, (¥)

/’\//)/:gz(x)

type| region .
[ typell region
N/ rae

!

a b X

For type I or type II regions, the double integral [[, f(z,y)dA can also be
calculated through iterated integrals, as the following theorem asserts.

Theorem 1

(a) If R is a type I region on which f(z,y) is continuous, then

J[ emaa= [ b / (()) F o, y)dyda

(b) If R is a type II region on which f(x,y) is continuous, then

J[ rwmaa= [ d / f:j)ﬂx,y)dxdy
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Again we will not prove the theorem, but will see how it can be used in concrete
examples.

Example 1. Find [[,2?ydA where R is the region enclosed by y = z,y = 3a°

and z = 1.

Solution By sketching the region,
we see that it is a type I region, given by
;07 <y<z, 0<z<1 '

ora=0,b=1,¢(z) = 32% go(2) =2 ‘
in the old notations. Therefore, by Theorem 1, 1

1 T 1 2 1 2 1

//x2ydA:/ / :B2ydyd:c:/ x2y— dx:/ 22 Loz

R 0 Jia2 0 2 1 0 2 2
2

1
_(12® 1aT\p 1 1 23
- \25 87 0_10 56 280°

Example 2. Evaluate fol

T

2

f\;g ¢*’dx dy by changing the order of integration. u
Solution The integral [ e dz is difficult to handle. However, the iterated integral
can be changed back to a double integral, with region R given by

Vy<z<1l 0<y<L y
Sketching R, we realize that it
is also a type I region:
0<y<2? 0<z<1.

y:x2

Therefore

1 1
// e‘cgdx,dy = //exgdA
o Jyu R
1 x?
= // exgdydx
0o Jo
5(72
= /ewy d:c:/em:czd:c
0 0
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|

Example 2 above shows that changing the order of integration sometimes can
make the integration much easier (or harder).

Example 3. Find the volume of the solid bounded by the cylinder 2% + y? = 1,
the xy-plane and the plane z =2 — y.

Solution V = [[.(2 —y)dA
where R is the disk 22 + y? < 1,
which can be regarded as a
type I region:

—V1I-22<y<Vli-2? -1<z<1 , y

or a type II region: /
—V1-y2 <o <1-92 —1<y<1L X

Therefore,

1 l1-z
V = / / (2 —y)dydx
—1J—via?

1
= / 4V1 — 2% dx
-1
1

= 2/ 4v1 — 2% dx (since 4v/1 — 22 is an even function)

0
= 2/2 4y/1 —sin?fdsinf (x = sinf)

0

uy

= 2/§4COSG-COSHd9
0

_ 8/2 1+cos(29)d9
0 2

= 4 {9 + 1 sin(29)]
2 0
= 27
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Lecture 24 Double Integrals in Polar Coordinates,
Surface Area.

Recall that a point (x,y) with polar coordinates r and 6 has the following relations
between its coordinates:

xr =rcosf . (%Y)
y =rsinf r ‘

A region R given in polar coordinates in the way

R={(r,0):r(0) <r <ryf), « <0< p}
is called a simple polar region.

y
0=p

simple polar region
0=a
r=ry(6)
K X

r=r1(9)

Theorem 1 If R is a simple polar region on which f(z,y) = f(rcosf,rsinf) is
continuous, then

B pr2(0)
// f(a?,y)dA:/ / f(rcosf,rsinf)rdrdd
R a Jri(f)

Thus we have one more class of regions for which a double integral can be cal-
culated through an iterated integral.

Theorem 1 can be proved by the definition of double integrals. Instead of Rie-
mann sums with rectangular area elements dA = dx - dy we have now Riemann sums

with area elements of the form of sectors with radii » and r + dr and angle df, hence
dA = rdrdf.
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in the first quadrant of the xy-plane.
Solution. R is a simple polar region:

Example 1. Evaluate [[,(1 — 2% — y*)dA, where R is the part of the unit disk

SS
IN
N
o
IN
-

T
/ (1 —r?cos? @ — r?sin® O)rdr df
0

Therefore,

T
57|
0

(1—:)52—y2)dA:/
0

2 |
2

™

/I,
2‘4%411—#ymd921f<

2 1 1 =
/010”73

Example 2. Use polar coordinates to evaluate f_ll IR = /2 + y2dy da.

0<y<+v1-—2z2

Solution The region of integration is
—1<x<1

=
NI

It is also a simple polar region, described by
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Therefore, by Theorem 1 of this lecture and Theorem 1 of Lecture 22, we have

1 pV1—2?
/ / x\/x? +yidyde = // x/ 2% + y2dA
-1Jo R

T 1
= / / r Cos «9\/7"2 cos? 0 + r2 sin? Ordrdd

|
15

:/0”

sin 0

/ r® cos Odrdb

| ﬁ

cos 0do

cos 0do

A~ =N

=0

RS-

0

Apart from calculating the volume of a solid enclosed by some surfaces, double
integrals can also be used to calculate the surface area S of a portion of a given
surface z = f(z,y) whose projection on the zy-plane is a certain region R.

The formula is

S = ffR\/fx (@, )] + [fy(z,y)) + 1dA

Notice the similarity to the arc length formula for a curve y = f(x) fora <z <b

f:/abmdx.

The area formula is plausible by the following argument. The area is approxi-
mately the sum of area elements on the surface that lie over rectangles with area
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dA = dx dy. These curved area elements can be approximated by parallelograms in
the corresponding tangent plane (think of fish scales attached to the surface) that
project down to dA. Such a parallelogram over the vectors (1,0) and (0, 1) in the
xy-plane is spanned by the vectors (1,0, f;) and (0,1, f,). Using the cross product

we find its area
01,0, £2) % (0,1, fy)l| = /72 + f2 + 1

Hence the area element dA = dx dy is stretched by that factor, which results in the
above formula.

Example 3 Find the surface area of the portion of the paraboloid z = 22 4 2
below the plane z = 2.

z

Solution. A sketching of the g?

paraboloid and the plane shows gg{

that R is the disk 22 + y? < 2. This y
is because the paraboloid

z = 22 + y? and the plane z = 2 intersect

at 22 +1y? = 2,2 = 2. Ris a simple x
polar region: 0 < 6 < 27,0 <r < /2.

Therefore,

S = //R \/mazA://R V22 T (2y) + 1dA

27 \/5
= / / \/47"2 cos2 6 + 4r2sin® 0 + 1rdrdf
o Jo

27 V2
= / / Var? + 1rdrdf
o Jo

2T 1 V2
= —(4r? 4 1)%% a9
/0 12
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Lecture 25 'Triple Integrals

For a function f(x), we have the integral f; f(x)dx, which may be called a single inte-
gral. For a two variable function f(z,y), we defined the double integral [, f(z,y)dA
over aregion R in the zy—plane, which is the limit of >, f(z}, yj) AAg asn — oo,
where AAy is the area of the k—th subregion of R, and (z},y;) is an arbitrarily cho-
sen point in it. This idea generalises naturally to three variable functions f(x,y, 2),
and we define the triple integral [[[, f(x,y,2)dV by a similar process. Here G is a
bounded solid in the xyz—space. Move precisely, we assume that G is contained in
a large box—like region B:

a; < x < ag, b1<y<b2, < z<cCy

and divide B into m subboxes by planes parallel to the coordinate planes. We require
that as m — o0, the size of each of the subboxes shrinks to 0. We then discard
those subboxes that contain any points outside GG and let n denote the number of the
remaining subboxes. Let AV} denote the volume of the kth remaining subbox. Let
AV}, denote the volume of the kth remaining subbox and (7}, v, z;) an arbitrarily
selected point in it. We can then form the sum (called the Riemann Sum)

k=1

The limit lim,,_.., .S, when it exists, is defined to be the triple integral

[[] senoar

If f(x,y,z2) is continuous on G, and G is not too complicated, then it can be
proved that the triple integral [[[,, f(z,y,2)dV always exists. If f(z,y,z) is the
varying density of the solid G, then [[[,, f(z,y,2)dV gives the mass of G.

Triple integrals have also the usual properties enjoyed by single and double in-
tegrals.

fffc cf(z,y,2)dV = Cfffg f(x,y,2)dV, cis a constant
JIIGlf £ gldv = [[f, fav + [[[,gdV

Jfe £dV = [ffe, fdV + [[]q, fdV,

where GG is the union of G; and G,

fffG 1dV = volume of G
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The evaluation of triple integrals is again through reducing it to iterated integrals
when the region G has certain special peoperties.

A region G is called a simple solid, if it can be expressed by

G = {(x,y,z) : gl(x,y) <z< 92(x7y)7 (LL’,y) S R}

where R is a bounded region in the zy—plane, and g;(z,y), ¢g2(x,y) are continuous
functions.

In other words, G is a simple solid if it consists of all the points directly above
or below R and are between the surfaces z = gi(x,y) and z = go(x,y). We call R
the projection of G on the zy-plane.

z

=g, (X.y)

X

Theorem 1. If G is a simple solid: G = {(x,y, 2) : g1(z,y) < z < go(2,y), (x,y) €
R}, and f(z,y, z) is continuous on G, then

e [/gj:y (0,21

This theorem shows that, if G is a simple solid, then the calculatlon of the triple
integral [ [, f dV can be reduced to calculating the single integral [ g2, y)) flz,y,2)dz
first, where z,y are regarded as constants, and after this integral i 1s done say it is

F(z,y) (now x,y are regarded as Variables) then calculating the double integral
I/ [ 92(z:) flx,y,z )dz] dA, ie. [[,F(z,y)dA. Of course, we need to change to

dA

91(z,y)
iterated integrals to evaluate the double integral [[. F » F(z,y)dA.

Example 1. Evaluate [[[,zdV, where G is the wedge in the first octant cut from
the cylindrical solid y? + 22 < 1 by the planes y = x and y = 2z.

Solution We sketch the graph of G and realize that it is a simple solid:

OSZS \/]-_y27 (l’vy)ERa
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z y
y2+72=1
(or z=(1-y)"?) Lo :
— R
y |
N\ -,
X 1
R={(wy):5<o<y 0<y<1)
Therefore, by Theorem 1,
///de:// / zdz| dA
G r |Jo
22 Viss 1
2 2
R 2|, R
1 Y1
= //—(1—y2)d:rdy
0o Jy 2
1
1 y 1/ o 1
= (1= ldy == = — = -
/02( y)5dy 4(2 4)0 16

O

By rotating the roles of =,y and z in Theorem 1, we have the following variants
of it.

Theorem 2.

(a) If R is a bounded region in the zz—plane, and

G={(r,y,2) - g1(2,2) <y < ga(w, 2), (2, 2) € R}

and f is continuous on G, then

///G f(x,y, 2)dV = //R [/:(QZ:) f(z,y,2)dy

(b) If R is a bounded region in the yz—plane, and

dA

G = {(1','3/,2) . gl(yaz) <z < 92(y72)> (y,z) € R}
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and f is continuous on G, then

[ o= [ [ oo

Example 2. Evaluate [[[,zdV by integrating first with respect to x, where G

dA.

is as in Examplel. z

Solution The projection of G

on the yz—plane is (in polar coordinates)
R:0<0<3,0<r<1

G is between the plane

x:yandx:%y (i.e. y = 2x)
Therefore, by Theorem 2 part (b) X

[ =[] [ [

|
3 r ‘
= / - —| sin# cos8do
0 4
21 1 .
= / - = sin(26)do
0 2
_ 1 —cos(20) ? o1
16 2 ; 16
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Lecture 26 Change of Variables

Recall that, if g(t) = f(x(t))2'(t), then

/ t)dt = / flx t)dt = m:)b) f(z)dx

This is called integration by substitution, a very useful technique of integration. For

4
o= 1 1

/ ttht( t)/ e—dr = —e”
0 0 2 2

In double and triple integrals, there are similar techniques, which are the topics

example,

L4
25(6 —1)

0

of this lecture.
1. Change of Variables in Double Integrals

As the shape of the region R is important in changing the double integral
i g f(x,y)dA into iterated integrals (recall what is type I region, what is type
II region), it is better to view the change of variables * = x(u,v),y = y(u,v) as a
transformation, which maps a point (u,v) in the uv—plane to a point (z,y) in the
xy—plane. Let S be a region in the uv—plane, and D a region in the xy—plane. We
say the transformation

{v 2o

is 1 — 1 (one-to-one) from S onto D if the following are satisfied.

(i) Every point in S gets mapped to a point in D;
(ii) Every point in D is the image of a point in S;

(iii) Different points in S get mapped to different points in D.

(uv) (xy

Example 1. The transformation

r=1Uu



122

transforms S = {(u,v) : % <u<1,1<wv <3} onto the set D = {(x,y) : % <4<
1,1< % <3)
v ¥ y:x2 y:X2/2
~
X:y3
N
X:3y3
u X
In fact, from z = u=5v~5 and Y= u=3v~5 we deduce
Yy 1 .3 6 3
— = U 5V SUSVS = U.
22
and
x 1 36
E = U 5V 5USV>5 = .
Thus,
1
Siguﬁl, 1<U§3
is transformed to
1 Y T
<2<l 1< <3
9 = 42 e
or )
x 1
T SYS 5 Yy <e<dy
x
O
Example 2. The transformation
x = rcost
y = rsinf

maps S = {(r,0) : 1 <r <2,0 <6 < 7} onto the part of the annulus 1 < 2 y? < 4
lying in the first quadrant.

r y

N

This fact comes directly from the geometric interpretation of the transform, as

(r,0) is the polar coordinates in the xy—plane.
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Let us now come back to double integrals. If we use dA = dx dy to denote the
area element in the ry—plane , and dA = dudv that in the uv—plane, then

_ 0(:L',y) 1 . 8(x,y)
dA = ‘8(u,v) dA, or dxdy = ‘8(%@) du dv,
where (e.9) R
or,y) S oL
ou,0) ( o o )

is called the Jacobian of x = z(u,v) and y = y(u,v). The change of variable
formula for double integral is

J[ staasan= [[ statucoy vt 520

Notice that

du dv

)

0(,y)
O(u,v)

denotes the absolute value of the Jacobian. The proof of this formula is based on

the fact that the rectangle with sides du and dv is approximately mapped to a
parallelogram with sides (32du, %du) and (2dv, %dv) in the zy plane by the linear

mapping o
dx <L 22N (du
— [ Ou Qv
<dy) <% %) (dv) '

Hence the area of the rectangle dx dy corresponds to the area of the parallelogram

Oz 9y 9z Oy

ou du ou du _ ou  Ou
det det

92 dy Wy )| 9z Oy

ov ov v Ov

du dv.

Example 3. For z =rcosf,y = rsinf,

A(z,y) _ % % | cos@ —rsind
a(r,0) % % sinf rcosf

= rcos’f+rsin?6 =r.

Hence we have

//D fla,y)de dy = //s f(rcos@,rsin@)rdrdo.

Example 4. Find the area of the region D given by

2? <y <22? Y <a <3y
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Solution. Let u = %,v = 5. Then D is mapped to S = {(u,v):1 <u <2,1<

Y3
U
)

v < 3} under the transformation

<= Rm|QE

F) . .
To calculate ag’gg, we can first solve for x and y in terms of u and v to obtain (see
Example 1)
3 1 1 2
T =U 5V 57 y:u 50 5
Hence
8 1 3 6
O(z,y) —2u5v75 —fuTsuTs
= 6 2 7
O(u,v) —tuTsv75 —2uTsuTS
I 9 s
= — 50 5
5
Therefore,

Areaof D = // ldxdy://I‘a(x’y) du dv
D S a(uvv)
= / 1u_%v_g du dv
5|5

321 o s
= //—u_w_f)dudv
1 J1 9
2
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2. Change of Variables in Triple Integrals.

If the change of variables
r=z(u,v,w), y=ylu,v,w), z=z(u,v,w)

gives a 1 — 1 transformation that maps a region S in the uvw—space onto a region
D in the xyz—space, then

d(z,y, 2)
O(u, v, w)

and
JJ[ st 2yazaga: = [[ /S 9@, v, 1), 5. . ), 2(. ) '%

dV (= dxdydz) = ‘ dudvdw

dudvdw

. 0,y z) .. .
Here the Jacobian M is given by the determinant
(u,v,w)

oz 0z O

Oy,2) |3 & %

| du v ow

O(u,v,w) dz 0z 9z

ou Ov Ow

Again the reason is that the cube with edges dz,dy,dz corresponds approxi-

mately {0 a paraleepiped with cdges (3. S, ). (S, S, ) anc
<g—idw, g—idw, g—fvdw> with volume

%du %du %du % % %
det | Stdv  Gldv  Fdv || =|det [ &£ £ 2 ||dudvdw.

Ox oy Oz

Oz Oy 9z Oz
ow dw ow dw ow dw ow Ow Ow

Example 5. If vt =rcosf, y=rsinf, z = z, then

cosf@ —rsinf 0
= | sinf rcosfd 0 |=r
0 0 1
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Example 6. If z = psin¢cosf,y = psin¢sinf, z = pcos ¢, then

singcosf pcospcosf —psin@sinf
Nw,y,2) | . .
p.0.0) singsinf pcos¢gsing  psin ¢ cosd
P @ cos ¢ —psin ¢ 0
~ cosd pcos¢c?sﬁ —p'sin¢sin9 + psing si'nqb(ps@ —p'sin¢sin9
pcospsinf  psin ¢ cosd singsinf  psin ¢ cos
= p?cos® gsin g + p*sin® ¢
= p?sin ¢(cos? ¢ + sin? ¢)
= p’sing.
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Lecture 27 'Triple Integrals in Cylindrical and Spher-
ical Coordinates

From the previous Lecture we know that for the change of variables x = rcosf,y =
rsinf, z = z, we have

oz, y, z)
a(r,0,z)

///D f(z,y, 2)dedydz = ///S f(rcosf,rsiné, 2)rdrdfdz

Instead of viewing (r, 0, z) as coordinates of some rfz—space, it is more convenient

=1, dzrdydz = rdrdfdz and

to view (r, 0, z) by their geometric meanings in the xyz—space, as indicated by the
following diagram. Since a cylinder is involved in the diagram, (r, 6, z) are called
the cylindrical coordinates of a point (z,y, z) in the xyz—space.

z

(xy.2)

i~ y

"

X

Example 1. The following diagram shows a solid in the xyz—space whose cylin-
drical coordinates satisfy:

The change of variables

x = psin¢cosf,y = psinpsinf, z = pcos ¢
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gives the geometric meanings of p, ¢, and 6 as shown in the following diagram, and
(p, ¢, 0) are called the spherical coordinates of a point (x,y, z) in the xyz—space.
4

(XYyYZ)

From Lecture 26, we know

f(z,y, z)dxdydz = f(psin¢cos®, psin ¢sind, pcos @) p* sin ¢ dp do do
1/}, /1]

Example 2. Find the volume of the solid bounded above by the sphere 22412 +2% =
4 and below by the cone z = /22 + y2.

v [[[ 1av

where G denotes the given solid.

Solution The volume is

From a sketch of the solid, as shown below, we find that it can be described in
spherical coordinates by

S:oges%,ogass%,os;)gz
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Therefore,

V = /// 1dV = ///l-pQSinqbdpdgbdQ
G S
27 i 2
_ / / / % sin ¢dpdbdd
o Jo Jo
a2
L
o Jo 3 0
2w % 8
= / / — sin ¢pdpdl
o Jo 3

jus

4

27r8
= /0 g(— cos ¢) 0

_ /02“g<1_§)d9

8 —4+/2
= T

3

sin pdpdl

do

O

Example 3 Evaluate / / / 24/ 2% + y?>dV where G is the solid enclosed by the
G
cylinder 2% 4+ y? = 1, the xy-plane and the paraboloid z = 22 + 2.

z

Solution By sketching the solid G,
we see that it can be

described by cylindrical coordinates

as follows: /

X

0<9<2mr,0<r<1,0<z<7?

Denote S = {(r,0,2): 0 <0 <2m,0<r <1,0<z<r?}. We have

/// 2y 22 + y2dV = /// 2V 12 cos? 0 + r2sin? Ordr d6 dz
G S

2w 1 r2
= / / / 2r2dzdrd

o Jo Jo

o o1 |” 2r 1,6
- / / =\ r2drdo = / Zdrdo

o Jo 2 o Jo 2

0

2 7

1 27r1
w:/ —agp==r
0

_/7“
0 14| 14 7
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|

Remark. Note that the region G in Example 3 is a simple solid, with its projection
on the zy—plane R = {(x,y) : 2* + y*> < 1}, and is between the zy—plane z = 0 and
the paraboloid z = 22 + y2. Therefore,

dA

e - ][

m2+y2
2 L oo o
= — Va2 +y2dA = (2" +y7)2dA
R 2 R 2
Now we use polar coordinates to calculate the double integral to obtain
1 5 2w 1 1
// —(2% +yP)2dA = / / —r° . rdrdf
R2 o Jo 2
2T 7 1

r T T
—/0 ﬂde—/o ﬂdﬁ—?.

0
As a rule, it is always the case that when the cylindrical coordinates can be used
directly, one can also do the calculation by reducing it to a double integral first, and

0

then use polar coordinates to calculate the double integral.
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Lecture 28 Line Integrals

The remaining part of this unit is devoted to integral along curved lines and surfaces.
We start with line integrals. In fact there are two kinds of line integrals used
for different applications. Let C' be a smooth curve in 2-space given by 7(t) =
(x(t),y(t)), a <t < b. We have encountred already one kind of line integrals over
C when we computed the arc length of C'

b 2 2
dx dy
(= [ ds= — — | dt.
Lo [l <[4
A slightly more sophisticated version of this is needed to compute the mass of a thin
bent rod of the form C' with a density distribution p(t). The corresponding integral

= [t [ o [] <[]

In this situation we integrate a function along a curve.

1S

Another kind of integral is needed for the following problem: Imagine that
an object is moved along the curve C' against a force vector function F (r,y) =
(f(z,y),9(z,y)). We are interested in the total work W performed (which is the
same as the amount of energy spent).

For a straight line C: x = at,y = ft (a < t < b) the vector of replacement is
(b—a){a, B). If a constant force F= (f,g) is applied then the work done is the dot
product F - (o, 3)(b — a). On a curved line with changing force the work done is
approximated by the Riemann sum with partition a =ty <ty <--- <ty = 0.

WS Fa(t), y(tn)) - <C§—f(tn), %(tn)> (tn — tn-1),

n=1

which tends to the integral

—

W:[ﬁmmw»<%w%%ﬁﬁ=Lmedﬁ

JF
where dr = d—:;dt. This can be rewritten as an integral of the first kind

Wz/ﬁmwﬁ@ww
C

7

I

element. In other words we integrate a vector field along the curve C' by turning

where 7 = is the unit tangent vector of C' and ds = ||i”||dt is the arc length
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it into a function using the dot product with the unit tangent vector of C' at each
point of C'.

—

d
Notice that dF = = dt does not depend on the actual parametrisation of C. If u

was another parameter then, by chain rule,

This justifies the notation

W:/ﬁ(x,y)-dF:/fdx+gdy.
c c

The expression

flz,y)de + g(z,y) dy

is called a 1-form, thus we integrate a 1-form along a curve C'. We have encountred
1-forms before as total differentials

dF = F, dx + F, du.

Any total differential is a 1-form but not any 1-form is a total differential. We will
investigate this relation in the next Lecture.

Example 1. Find [, zy*dz —y°dy over the circular arc C' : x = cost,y = sint,0 <
t<ZI.
=9

Solution. Using the parametrisation z = cost, y = sint we find de = —sintdt
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and dy = costdt. It follows

jus

/myzdx—ygdy = / (cost)(sint) (—sint)dt—/2(sint)3costdt
c

0 0

/0

—cost -sin®t — cost sin® t} dt

/ sin® t cos tdt

sm 3tdsint
sin? t 1
- _9. N
4 2
0

O

The following properties about line integrals can be proved easily by the defini-
tion (please have a try):

(1) Line integrals do not change under different parametrizations of the curve C
as long as the parametrizations have the same orientation of the curve. If the
orientation is reversed, then the sign of the line integral is changed.

(2) If C consists of finitely many smooth curves C1,...,C,, joined end to end,
then

n

/fda:+gdy: Y | fde+gdy.
C

k=1 Ck

Example 2. If we parametrize the circular arc C' in Example 1 by = = ¢,y =

V1 —12,0 <t <1, then the orientation is reversed. If we denote by C’ the same
y

arc but with the orientation determined
by this new parametrization, then, by
property

(1) above, we should have

fc' ry?dr —1ydy = — fc xylde—yicy = %
Indeed, calculating directly, x
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/, vyde — yiey = /01 [t(ﬂ)Q(t)’ (VI 2P| dt

_ /01 [t(l — ) - (ﬂ)sﬂ‘_t_tz} dt

= /1 [t(1 =) +t(1 —t*)] dt

|

The above discussion of line integrals in 2—spaces extends naturally to 3—spaces.
If 7(t) = (x(t),y(t), 2(t)), a <t < bis the vector equation of a curve C' in 3-space,
and F(z,y,2) = (f(z,y,2),9(z,y,2), h(z,y, z)) is a continuous vector function in a
region containing C', then we define

/ F(z,y,z)-dif = / f(z,y,2)dx + g(x,y,2)dy + h(z,y, z) dz
c C
:/ [f(2(), y(), 2(£)2"(t) + g(x(t), y(2), 2(8))y (1) + h(x(t), y(t), 2()='(t)]dt

a

The same properties also hold for 3—space line integrals.

Example 3 Calculate fc xydx+ zdy+ (zy + z)dz, where C'is the boundary of the
triangle with vertices (1,0,0), (0,1,0) and (0,0, 1), oriented in this order.

Solution (' consists of three line segments C,Cy and C3 with parametrizations

given by:
Ch: r=1—t, y =t, z =0, 0<t<1
Cs - x =0, y=1—t1, z =t, 0<t<1

Cs: x =t, y =0, z=1—t, 0<t<1
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Cz
C, |

Cy

Hence,

/xydx+zdy+ (xy + 2)dz
c
3

= Z/ rydr + zdy + (vy + 2)dz
k=1 " Ck

= /01{(1—t)(t)(1—t)’+0-(t)’+[(1—t)t+0]-(O)’}dt
+/1{ (L=1)(0) +t(1—t) + [(0)1 —t) + 1] ()} at
; /{ (L= (0) + [(H(0) + (1= 1) (1 — 1)}t
_ /[ (1)t — (1— 1) dt

0

= /01(t2—1)dt: (g—t>

1
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Lecture 29 Line Integrals Independent of Path

We know that the line integral

C C

does not depend on the particular parametrization of the curve C as long as the
parametrization does not change the orientatin of C'. In this lecture, we look at
conditions under which the line integral does not even depend on the curve as long
as the two end points are not changed.

C1
For example, if ' and C5 are as

shown in the diagram, where the
two end points of C'; and C5 are the same,
then a line integral independent of path

should have the same value over C and
Cg. CZ

Theorem 1 (The Fundamental Theorem of Line Integrals)

Suppose ﬁ(aj, y) = f(x,y)i+g(x,y)], where f and g are continuous in some open
region containing the two points (g, yo) and (z1,y;1). If there exists some function
¢(x,y) such that ﬁ(x, y) = Vo(x,y) at each point in this region,then for any smooth
curve C starting at (xg,yo), ending at (x1,y1), and lying entirely inside the region,
we have

/C Fla,y) - d = ¢(21,11) — d(z0, o)

Note that in Theorem 1 the line integral is determined by ¢ and (x1,y1), (%o, ¥o)
only, and is independent of the curve C'. Therefore, we say the line integral is inde-
pendent of path. Moreover, when F= V¢ for some ¢, we say Fis conservative,
and ¢ is a potential for F. Notice that if ¢ is a potential for F', then so is o+ c,
where ¢ is an arbitrary constant.

Proof of Theorem 1. Let x = z(t), y = y(t), a <t < b be a parametrization
of a smooth curve C' starting at (zo,yo) and ending at (z1,v1), i.e., (z(a), y(a)) =
(zo, Yo0), (x(b), y(b)) = (x1,y1). Moreover, C' lies entirely inside the region where
F(x,y) = Vo(z,y). Then, as F(z,y) = f(x,y)i+g(z,y)j and Vo(x,y) = ¢u(x, y)i+
¢y(x,y)J, we have

f,y) = ¢ul2,y), 9(2,y) = ¢y(2,y)

and

b
/ Fdr= / ),y ()2 (0) + gle(t), y(0)y' (O]t
C a
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B / [0 (2(t), y(£)2'(t) + by (x(t), y(t))y' (t)]dt

= [ [Fotetoruin] a

= 9lalt), 0| = 0a), y(8)) ~ 6(2(a). y(@)
= ¢(z1,41) — ¢(20, Yo)

Corollary. If C' is closed and F is conservative in a region containing C, then

/ﬁ-dF:O.
C

Example 1. Show that F(z,y) = 2% + (1 + 322y?)] is conservative.

Proof. We need to show that there exists a function ¢(x,y) such that Vo(z,y) =

—

F(z,y), ie.

99 5 09 2 2
— =2 — =1 )
o :Ey,ay + 3x°y

0
From 99 = 221 we obtain

Ox

Pz, y) = / 2zy’dx + C(y)
= 2y’ +C(y)

where C'(y) is some unknown function of y.

But we have ? = 1+ 32%y% Using ¢(z,y) = 22y° + C(y), we deduce,
Y

9 _ 32°y* + C'(y)
dy

Therefore we should have C'(y) = 1, or C(y) = y + C where C is an arbitrary
constant. Thus
$a,y) ="y’ +y+ C.

One easily checks that indeed we have

Vo(z,y) = V(2P +y+c) = 2ay% + (3222 + 1))
= F(z,y).
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|

The method used in the above example to check whether a given vector valued
function F (x,y) is conservative is usually difficult to use, especially if the function
F is complicated, like F(z,y) = sin(zy)e®i 4+ ¢}, In the following, we are to
find an easier method. For this purpose, we need a few new notions.

Simple curve: A plane curve 77 = 7(t)(a < ¢t < b) is said simple if it does not
intersect itself between the end points.

~ O oo

Simple Curves Non-simple Curves

Simply Connected Region: A plane region whose boundary consists of one
simple closed curve is called a simply connected region. The entire xy-plane is
regarded as a simply connected region (it has no boundary).

Simply Connected Not Simply Connected

Theorem 3. Let ﬁ(x,y) = f(x,y);+ g(:)s,y)j, where f and g have continuous

partial derivatives in an open simply connected region. Then F is conservative in
0
that region if and only if —— = %9 in that region.
oy O
Proof. We only prove the theorem for the simple case that the region is a rectangle
a<zr<bc<y<d.

To show the necessity, we assume that Fis conservative, i.e. F = V¢ for some
¢ for all (x,y) in the region.
dp Of _ ¢

Then /= ox’ 9y Oydx’

_9 9 _ P9
Oy’ Ox  0xdy

g

By a theorem on the mixed partial derivatives (please find this theorem), we
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have
0% B %o
oxdy  Oyox’
Hence
of _ 9y
dy  ox

Notice that for this part of the proof no assumptions on the region have been used.

af _ 99

Now we show the sufficiency. Suppose that — = —.
oy Oz

Choose an arbitrary point (zg,yo) in the rectangular region, and define

ole,y) = / Cfty)dt+ / " g0, 5)ds

Then

0 _
0w = )
¢

F(t,y)dt
9 ,y)dt + g(xo,y)

= / g(t,y)dt + g(xo,y) (usingg—;:g—z)
= g(t,y) |3, + 9(z0,v)

= g(z,y) — g(x0,y) + g(z0,y)

= g(z,y)

Q

—

Hence V¢ = F.

O
Example 2. A particle moves over the semicircle C' : F(t) = costi + sintj, 0 <
t < 7 while subject to the force F(x,y) = evi + :Eeyj. Find the work done.

y

Solution. We have f(z,y) = €Y, g(x,y) = xe¥ and

c
of _ w_9
y ox

1 ¢, 1

X
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Therefore, the work done W = / F - di does not depend on the path.
c

Let C; :x =1—t, y =0, 0 <t < 2 be the line segment joining (1,0) and

(—=1,0). Then
/ﬁ-dF:/ F . dF
C C1

O

Note. In Example 2, if we have used the original path C' for the calculation, we
would need to find

[ (cost) + coste™(sint)'] dt
0

= / e (—sint + cos® t)dt,
0

which is very difficult to integrate.
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Lecture 30 Green’s Theorem

0 0 ~
Recall from Lecture 29 that if 8_f = 8_9 on a simply connected domain, then F =
Yy x
fi+ gj is conservative, and therefore for any simple closed curve C' (lying entirely
in the region where F is conservative), / f(z,y)dz + g(z,y)dy = 0. We will see in

c

this lecture that this fact also follows from a more general result, known as Green’s
Theorem, which establishes an important relationship between line integrals and
double integrals.

Theorem 1 (Green’s Theorem). Let R be a simply connected plane region whose
boundary is a simple, closed, piecewise smooth curve C' oriented counterclockwise.
If f(z,y) and g(z,y) have continuous first order partial derivatives on some set
containing R, then

| #6e.9)da + gl )iy = é | (g—i - g—fy‘) 14

Proof. We only prove the theorem for the case that R is both a type I and type II
region. So R can be described by both

g1(x) <y<go(z), a<z<b (type I region)

and

hi(y) <x <hy(y), c<y<d  (type Il region)
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y=g, (X)

x=h,(¥)

We have,

//8gdA //hl(y gdxdy—/Cd[g(@(y),y)—g(hl(y),y)]dy

=l/[%mw—ammMﬁ

Let ' be the part of C' parametrized by

x=h(t), y=t, c<t<d

d d
Lg@mwzlgwmwww:[gwmww

Let C5 be the remaining part of C' which is parametrized by

Then

r=hy(t),y=1t, c<t<d.

d d
Lf@wwzlg@mwmﬁzlg@mww

If we denote by —C' the curve C; but with the orientation reversed, then C' =
(—=C1) U Cy (the union of —C; and C), and hence

Aguumw ZtKQg@wMy+1¥M%yﬂy
d d
=—/gwmwﬁ+/mm@wﬁ

=L/ g(halt). 1) — g(ha(t), D) dt

- Jjan

Then
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In a similar fashion,

4/2—561/1 — // dyda:

- / (@, g2(x)) — (e, 92(2)) de

a

_ / [£(t,g2()) — f(t, 0u(8))] dt

On the other hand, let C' = {(z,y) : z = t,y = g1(t),a < t < b} and C? =
{(z.y) e =ty=go(t)a<t <0}

Then
b
fade = [ fg@)a
ct a
b
fade = [ fit g
C? a
and C' = (C") U (—C?). Hence

/f z,y)de = f(x,y)dfﬂr/ f(z,y)dx
ol _C2
b b
_ / £t g (8))dt — / F(t go(8))dt

_ / [F(t, g2(t) — F(t, g (D)) dt

-~

Finally, we obtain

[ fante gty // 99, / or
- // (8_x__y)

O

Example 1 Use Green’s Theorem to evaluate / rydr + 2%y dy, where C is the
c
boundary of the triangle with vertices (0,0), (1,0) and (1, 1), oriented in that order.
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Solution. R can be described by w1

0<zx<1,0<y<z.

Therefore, by Green’s theorem, 0.0) (.0)

/:)sy2da?+2xydy—//{ 2:Ey—g(xy) dA
dy
// day — 2xy)dA = // 2zydA

/ / Qxydydx—/ xy? |Fda
Bdr — it 1
_/0 de = ‘ 4

Example 2. Find the area enclosed by the ellipse

x Yy
__'_ﬁ:l

Solution Area = [[1 dA.
R

Let C denote the ellipse oriented counterclockwise. We deduce from Green’s
Theorem that

/dey = /C:Edy+0d:v://[(%(a:)—(%(())}d/lz//ldzél

R

/Cyd:)s - /Cyda:+0dy=//[%(0)__ } //1dA

R

Area = /a:dy:—/yda:
c c

If we use the parametrization x = acost, y = bsint, 0 <t < 27 for ', then

Therefore
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27
Area = / acost(bsint) dt
0
27
= / abcos®t dt
0
27
1 2t
_ / apiteos2t
0 2
b 1
= %(t—5s1n2t) 2
b
= %-27r:ab7r.

O

Note that in Example 1, we used a double integral to calculate a line integral,
while in Example 2, a double integral was calculated by a line integral. Please try
both integrals directly and see which method is simpler.

There is a nice way to formulate Green’s theorem using the language of 1-forms
and 2-forms. We have introduced 1-forms a expressions of the form f(z,y)dx +
g(z,y) dy (in 2-space) or f(z,y,2)dx + g(z,y, 2) dy + h(x,y, z) dz (in 3-space).

2-forms are expressions of the form ¢(z,y) dzdy (in 2-space) or ¢(x,y, z) dedy +
U(x,y, z) dzdz + x(z,y, z) dydz. The ‘products’ dxdy etc. are not commutative but
follow the rule dydx = —dxdy. This is often emphasised by the notation dx A dy.
In particular, de A dx = —dx N dx =0

The ‘differential operator’ d applied to a 1-form gives

d(f dz + gdy) = (fudx + f,dy) N dx + (g.dx + g,dy) A dy = (= f, + g.)dz N dy
d(fdr+gdy+hdz) = (—f, + gz)dz ANdy + (f. — hy)dz AN dx + (—g, + hy)dy A dz

Now, the necessary condition for the vector field F = (f,g) being conservative
can be expressed in terms of the corresponding 1-form f dx + gdy by

d(fdx+gdy) = (—f, + gz)dx A dy = 0.

Green’s theorem can now be stated as

d dy= [ d(fd dy) = | (— Ldz A dy,
/Cfx+gy /R(forgy) /(fy+g) A dy

R

where C' is the boundary of R. In other words, the integral of a 1-form over the
boundary of a simply connected domain equals the integral of the d differential of
the form over the domain itself.
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Lecture 31 Surface Integrals

Recall that the surface area of the part of surface z = f(x,y) lying directly above
or below the region R in the zy-plane is given by

Area = / / 2+ 12+ 1dA
R

If we want to find the mass of a curved lamina with equation z = f(x,y), (z,y) € R
and density d(x,y, z), then we need to calculate the integral

//5(:c,y,z),/fm2 + f2 + 1dA

R

— [[ e st )72+ 73+ 10
R

which gives the mass.

In general, let o be a surface z = f(z,y) and R the projection of o on the xy-
plane. If f(x,y) has continuous first order partial derivatives on R and g(x,y, z) is
continuous on o, then the surface integral is defined by

//g(x,y,z)dS = 4/g(x,y,f(x,y))\/m dA

o

If o is given by y = f(x,z) and R is the projection of o on the zz-plane, then
similarly,

[ swv2yis = [[ gt o220V aa

If o is given by & = f(y, z) and R is the projection of o on the yz-plane, then

//g(x,y,z)dS://g(f(%z),y’z)\/mam

The following properties of surface integrals follow directly from the definition:
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// cg(r,y,z) dS = c//g(x,y,z) dS, ¢ is a constant
//(91i92)d52//91dSi//gzdS
//gdS://gdS+//gdS

where o consists of oy and o».

Example 1. Evaluate the surface integral / / xy dS, where o is the part of the

plane z + y + z = 1 that lies in the first octant.

Solution. A sketch of o shows that its projection on the zy-plane can be
expressed by

R:0<z<1, 0<y<l—zx

\< |
Moreover, the equation of o can be written as z = 1 — x — y. Therefore,
02\ ? 02\ ?
dsS = — — 1dA
[ // V (5) (@) +
://xy\/ 2+1dA= //\/_xydA

= // \/_xydydx—
_ /\/— (1—x)?

24
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O
Example 2. Evaluate the surface integral / / (x2 + yz)z dS, where o is the portion

of the sphere 2% + y? + 22 = 4 above the plane z = 1.

Solution. The plane z = 1 and the sphere 22+y?+2? = 4 intersect at 2% +y* = 3,
z = 1, which is a circle 1 unit above the xy-plane, with centre on the z-axis, and

radius /3.

The equation of ¢ can be rewritten as z = /4 — 22 — y? and the projection of
o on the xy-plane is the disk 2% 4+ y? < 3, or
R:0<6<2r, 0<r<+3 (inpolar coordinates).

Therefore,
9z\° 92\ >
[fisitveas= [ (vimey ) (E) (L) s

2 2
o —y
Py )ai-a? || —e——— | +|——=—=] +1d4
// V) y <\/4—x2—y2) <\/4—x2—y2>
4
//:): +y?)VA— a2 — 2 P — dA
://2x2+y2

/ / 2r2 rd rd 6
27r9
:/ 2— d@—/ — df = 9.
0 4 lo 0

2




149

Lecture 32 Surface Integrals of Vector Functions

Surface integrals also occur in calculations of the volume of fluid which passes
through a certain surface o.

Suppose
F(x,y,2) = f(x,y,2)i + g(x,y,2)] + h(z,y, 2)k

is the velocity of the fluid at a point (z,y, z), and 7 = 7i(x, y, z) is the unit normal
vector of o at (x,y,2). Then the volume of fluid that passes through ¢ per unit
time is given by

IVG(z,y,2)|]
is a unit normal vector of o at (z,y, z). Clearly,

—VG(LU, Y, Z)
IVG(z,y,2)]

is also a unit normal vector.

A surface is called orientable if a unit vector can be constructed at each point
of the surface such that the vectors vary continuously as we traverse any curve on
the surface.

A surface is said to be oriented if such a set of unit normal vectors is con-
structed. For example, if the surface is the unit sphere, then it is orientable, with
one orientation has all the unit normal vectors pointing outward the sphere, and
the other has all the unit normal vectors pointing inward the sphere. Usually, an
orientable surface has exactly two orientations.

Ky
it

/

There is a famous surface which is not orientable, i.e. the Mdbius strip, as
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shown in the following diagram.

To help us describing orientations of surfaces, we say the vector @ = ai + bj—l— ck is
pointing upward if ¢ > 0, rightward if b > 0 and forward if a > 0. This describes the
situation if the zyz-coordinate system is drawn (as usual) so that the z-axis points
upward, y-axis points rightward and z-axis points forward.

Example 1 Find all the upward unit normals for z = 22 4 y2.

Solution Let G(z,y,z) = 22 + y2 — z. Then VG(z,y, 2) = 2zi + 2yj — k

VG 2wi + 2yj — k 2 .

2y - 1 -
— ~ it i i
VGl a2+ 42 +1 A + 42 + 1 JIEt P11 AR A 1

We know is a unit normal for G = 0, i.e. z = 22 + 4% Since the last

1

Vv is —
VG| VAz? + 42 + 1

VG|

component of < 0, it points downward. However,

-VG

= i+ 2y i+ ! i
= 1
VG~ Vit a2 11 i 14 +1° it dg 1 1

is also a unit normal vector, and it points upward. As x,y varies, it gives all the
upward unit normals for the surface. O

VG|

these unit vectors vary continuously with (z,y). Hence

in Example 1 is a continuous function of (z,y),

-VG
VG|

the downward unit vectors.

As each component of

gives an orientation

of the surface. The other orientation is given by

VG|

Example 2. Suppose that o is the portion of the surface (paraboloid) z = 1—xz2 —y?
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above the zy-plane. Let o be oriented by upward normals and let F (x,y, 2)

y;—l— a?]_"—l— k. Evaluate //ﬁﬁ ds.

o

Solution. The equation of the surface can be rewritten as

Gr,y,2)=z2z—1+2>+9*=0

VG = 2xf+2yj+g,

2x - :
= 1+ +
VG| VAE a1 ARt At 1 AR AP 1

VG
> 0, the normal vector points upward.
VG|

1
s
Var? +4y? + 1

Hence,
IVG|l 422 +4¢2+1 a2+ 42+ 17 422 + 42 + 1
- 2 2
F.in = Y I Ty n z
VAar? + 42+ 1 A2+ 2+ 1 42 + 42 + 1
4oy + 2

a VAar? +4y? + 1

A sketch of o shows its projection on the zy-plane is the disk 2? + 2 < 1, or

R:0<60<2m, 0<r<1 in polar coordinates.

z=1-x2-y 2
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Therefore,

//F nds-// dry +
VAar? +4y? + 1

://4”“_”5 _y\/2x FT1dA
£ Var? +4y? + 1

://(4xy+1—a?2—y2) dA
R
27 1
:/ /[4(rcos9)(rsin9)+1—r2]r dr do
o Jo
o 2 AN\ 1
:/ (7" 008951n«9+r——r—)‘ df
0 4 ) 1o
27 1
:/ (cos@smﬁ—i——)
0 4
B sin2«9+_ z
N 2 4 2

We may look at the integral

2T

0

//ﬁ-ﬁds

also in the following way: First assume that F = (0,0, h) and o is given as a graph

z = ¢(x,y). Then ii = (=0 =0y 1) and

F-idS = hz,y, oz, y))%, [62 + ¢2 + ldady = h dzdy,
- o VoIt o+l o

where o, is the projection of ¢ to the xy-plane. Similarly, for ¢ = h = 0 and

f=h=0 we get
//ﬁ-nds / fdydz,
//ﬁ-ndS // gdzdx.

Combining this we obtain a formula for general F

//ﬁ-ﬁdS://fdyAdz+gdzAdx+hdxAdy.
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We recognise that
fdyNndz+gdz ANdx + hdx A\ dy

as a 2-form and use A for the product of the differentials to emphasise the non-
commutativity of this product.
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Lecture 33 The Divergence Theorem

Recall that Green’s Theorem relates a line integral with a double integral where
the integrand of the double integral consists of certain partial derivatives of the
integrands in the line integral, and the curve in the line integral is the boundary of
the region in the double integral:

[ s st = [ (3~ 3) a

Notice that Green’s formula can also be written as

/<f,g>-ﬁds:/C // (af 89) dA,

where 7 is the outer unit normal to C' and 7ids = (dy, —dz).

There is a similar relationship between surface integrals and triple integrals,
known as the Divergence theorem.

Given a vector-valued function ﬁ(x, y,z) = f(z,y, z);+ g(z,y, z)j’+ h(z,y, Z)E,
the divergence of I, denoted by div F (x,y, z), is defined by the following formula,

div F(z,y,2) = fol, v, 2) + g, (2, Y, 2) + ha(z,y, 2),

or,

.3 Of dg Oh
leF—%+a_y+E

Theorem 1 (The Divergence Theorem). Let G be a solid whose boundary is
an orientable surface ¢ and is oriented with all the unit normals pointing outward
of G. If

F(z,y,2) = f(x,y,2)i + g(x,y,2)] + h(z,y, 2)k

has all its component functions f, g, h with continuous first order partial derivatives
on some open set containing G, then
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//ﬁ-ﬁdsz///divﬁdv
o G

When G is simple, a proof of this theorem can be found in the reference books,
which is in the spirit of the proof of Green’s Theorem. However, for a general G,
the proof is difficult.

Apart from its theoretical importance, the divergence theorem sometimes pro-
vides a way to simplify the calculation of surface or triple integrals.

Again, the divergence theorem can be nicely expressed in terms of differential
forms: The surface integral at the left hand side equals

//fdy/\dz—l—gdz/\da:—i—hdx/\dy.

Now,
d(fdy Adz+ gdz Adx + hdx Ady) = (fo + g, + h.)dz A dy A dz = div FdV.

Hence,

//fdy/\dz+gdz/\dm+hdx/\dy:///d(fdy/\dz+gdz/\dm+hdx/\dy),
G

[

i.e., similar to Green’s theorem, the integral of a 2-form over the boundary of a
domain equals the volume integral of the d derivative of the 2-form over the domain
itself.

Example 1 Let 7 = 21 + yj + 2k and o the surface of a solid G oriented by
outward unit normals. Show that

vol(G) = %//PﬁdS

where vol (G) denotes the volume of G.

Proof. By the divergence theorem,
//F-ﬁdS: ///dideV
o G

But clearly div 7= 3. Hence

[/F- fidS = /G// 3dV = 3vol(G)
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1.e.

vol(G) = % / / 7. ids.

Remark. A variant of the above proof shows that if 7} = xf+0}+0]§, Ty = O;—l—yijO/;
and 75 = 07 + 0] + zk, then

O

vol(G) ://Fm~ﬁd5, m=1,2,3

Example 2. Find [[ F - iidS where F = yi + zj + 2k and o is the unit sphere
2% + y? + 22 = 1 oriented with outward unit normals.

Solution. We want to use the divergence theorem to transform the surface integral
to a triple integral. We first compute the divergence of F:

oo 0 0 0
div F = %(y) + a—y(l’) + g(z) =1

The unit sphere o is the boundary of the unit ball B given by z? +y? + 22 < 1.
Thus, by the divergence theorem,

//f~ﬁds:///divﬁdV:///ldV:vol(B):4%.

Example 3 Evaluate / / F - iidS, where

ﬁ(x, Y, z) = Ty + (y* + 6“2)j+ sin(xy)E

and o is the surface of the region G bounded by the parabolic cylinder z = 1 — z?
and the planes z =0, y = 0, and y + 2z = 2, and o is oriented by outward normals.

Solution. A sketch of G shows that o consists of four pieces of smooth surfaces,
and a direct calculation of the surface integral would involve calculating four surface
integrals corresponding to each piece. Therefore, we use the divergence theorem to
reduce it to a triple integral.

Let R be the projection of G on the xz-plane. Then G can be expressed by

0<y<2—2z (x,2) €R,
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z=1-x?

Vo
>

e

X

and R can be expressed by

0<z<1-2% —-1<z<1

Therefore,

ff7oass-fff wwr
- Jffosmenafff wa
_ 4//0 3y dy dA
e
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Lecture 34 Stokes’ Theorem

Recall that Green’s Theorem relates line integrals with double integrals, and the
Divergence theorem relates surface integrals with triple integrals. The following
theorem, known as Stokes’ Theorem, will give a relationship between line integrals

and surface integrals.

To state Stokes’ theorem, we need one new notion. If

-

F(z,y,2) = f(z,y,2)i + g(x,y,2)] + h(z,y, 2)k,

then the curl of F is defined by

curl F =

(b d0\s_ (b DI+, (P9 0F\;
~\ogy Oz or  92)7 or Oy

Note that, in the above notation, the determinant is used to help with remem-
bering the formula, it does not give a number, instead, it gives a vector. (Compare

o 0 0

with the notation in the definition of cross product). Also, —, —, — are never

ox’ dy’ 0z

= Fle =
Q Floy
> Qo 7

numbers or functions.

Theorem 1 (Stokes’ Theorem) Let o be an oriented surface, bounded by a
simple curve C. If the components of F' = fi + gj 4+ hk have continuous first order
partial derivatives on some open set containing o, then

/ﬁ-dfz//(curlﬁ)-ﬁds,
C

[

where the line integral is taken in the positive direction of (', and the positive
direction of C' is determined in the following way:

If one moves the unit normal vector of o (that determines the orientation of o) along
C in the positive direction, then the surface o lies on the left side of the moving unit
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normal vector.

While we do not prove Stokes’ theorem whose proof is very involved, we will see
through examples how it can be used.

Again, Stoke’s theorem can be reformulated in terms of differential forms: The
integral at the left hand side is

/fdx+gdy+hdz.
c
Now

d(fdr +gdy +hdz) = (—f, + g.)dz ANdy + (—g. + h,)dy A dz + (f, — h,)dz A dx,

//(curl ﬁ)-ﬁdsz//d(fdx+gdy+hdz).

g

and therefore

Again, the theorem states that the integral of a 1-form over the boundary of a
surface equals to the d-derivative of the 1-form over the surface itself.

Example 1. Verify Stoke’s theorem by computing /
c

F - dFand //(curl F) - ds,

where F = 227 + y2] + 22k, o is the portion of the cone z = \/22 + y2 below the
plane z = 1, and oriented by upward unit normals.

Solution. By sketching o we see ‘ —c
that the boundary of o is ‘
C:22+y*=1, z=1,

i.e., the unit circle one unit above the xy- y

plane.
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The following parametrization of C' : 77 = cos 07 + sin 95’—1— E, 0 <@ <27isin the
positive direction of C'. Therefore,

/ F.di = / ' [(cos 0)? (cosB)' + (sin 0)? (sin0)' + (1)* (1)'] df
c 0
= /0 [(0059)2 (cosH)/+(sin9)2(sin9)'} db

_ cos’ N sin® @\ |2
N 3 3 0

=0.

On the other hand,

7
curl F = aﬁ
X
22

Hence

(curlF) -7 = 0-7=0
//(cuﬂﬁ)-ﬁds = //OdS:0:/ﬁ-dF.
C

|

Example 2. Use Stokes’ theorem to evaluate / F. dr, where C'is the intersection
c

of the paraboloid z = 22+ y? and the plane z = y Wlth counterclockvvlse orientation
when looked down the positive z-axis, where F = xyz + z? j + 22k.

z

Solution. Let o be the portion of the

paraboloid cut off by the plane z =y, c
and let o be oriented by upward unit nor- o
mals.

Then by Stokes” Theorem,
[ F-dF = [[(curl F)-i ds. x y
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curlF =

Let G(z,y,2) = z — 2* — * = 0 denote the equation of the paraboloid. Then
VG(z,y,2) = —2xi —2yj + k

gives an upward normal.

Hence
VG — 2y - ]_ —

n= k,
el \/4x2+4y+ \/4:1:2—1—43/ 1 \/4x2+4y2+1

and
x

Az + 42+ 1

The projection of o on the xy-plane is the region enclosed by the projection of

(curl F) -7 =

N 1
C on the zy-plane, the latter has the equation y = 22 +14?, i.e. 2% + (y — 5) =71

1\* 1
Thus the projection of ¢ on the zy-plane is the disk R : 2* + (y — 5) < T We

can regard R as a type II region expressed by

1 1\2 1 1\?
- _ _ _ < < - — — — < < 1.
R \/4 (y 2) —x—\/4 (y 2) Osys

Therefore,

//(curlF - dS = //
m
B // A2 + 4 \/mdA (z = f(z,y) = 2% + 3 is the equation for o)
\/m

- //di // xdxdy

0dy=20

/02}\/}17@_/
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Lecture 35 Applications

Given a vector valued function
f(2,y,2)i + g(z,y, 2)f + hiz,y, 2)k,

F (x,y,2) =
in order to state the Divergence theorem and Stokes’ theorem, we introduced func-
tions
divF = f, + g, + h.
and
i J k
AR 2 8 9
curl FF = Dz 8_y 92
fg h

It is important to understand the physical meaning of div F' and curl F'. In fact
the identities consisting of the Divergence and Stokes’ Theorems were first obtained

from physical considerations.
If F(x,y,z) stands for the velocity of certain fluid, then the physical meaning

of the surface integral / / F i dS is the flux of the flow F across o, which

represents the net volumg of fluid that passes through o per unit of time
By the Divergence Theorem,

//ﬁ~ﬁd5=///divﬁdv

o el

Hence / / / div F' dV also represents the flux of the flow F' across the surface of G

(i.e. 0).

Recall that if the density of a solid G is p(z,y, ), then

Mass of G = /// T,Y, 2

Therefore, in a similar fashion,

Fluxofﬁ:///divﬁdv
G
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and div F is the flux density of F.

curl ' (x,y, z) is more difficult to explain, and we just mention that it measures

how the flow F rotates near (z,y, 2).

Example 1. The flow of the vector field

—

F(z,y,2) = —yi + xj + 0k

is x = Acos(t + tg),y = Asin(t + t9),z = B, where A, B,t, are some constants.
(Verify that F' is tangent to the flow lines.)

Geometrically, the flow is a rotation about

the z-axis.
i ]k ]
curl ' = a% a% %
-y x 0
= 2k
y
and div F = 0. a X

Example 2. The flow of F=z Z+yj+ 2k
is described by # = Ael,y = Bel,z =
Ce', where A, B,C are some constants.
It does not rotate, but diverges in all di-

rections.
i ]k
2 _ | 8 &8 8 |_n7
Curl F = Dz a_y 92 = O,
T Yy =z ,
and divF = 3. O y

Example 3. Let F be as in Example 1. Find the flux of F across the unit sphere
o: 2% +y?+ 22 = 1 oriented by outward unit normals.

Solution. By the Divergence Theorem, if B denotes the unit ball: 22 +y?+ 22 <1,

then
flux = //ﬁ-ﬁdS:///divﬁdv
o B
_ ///Odvzo.
B
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|

Example 4. Let F be as in Example 2. Find the flux of F across the sphere
o 2?2 +y?+ 22 = r?, oriented by outward unit normals.

flux = //ﬁ-ﬁdsz///divﬁdv
= ]//(a+b+c)d;/:(a+b+c)///1dV
B, A B,

= (a+b+c)vol(B,) =(a+b+ c)gm“g,

Solution.

where B, denotes the ball: 22 4 y? + 22 < r. O



	Introduction
	Rectangular Coordinate Systems
	Vectors

	Length, Dot Product, Cross Product
	Length
	Dot Product
	Orthogonal Projections
	Cross Product

	Linear Functions, Lines and Planes
	Linear Functions
	Linear mappings
	Lines
	Planes in 3-space

	Quadratic Surfaces
	Quadratic Functions
	Quadratic Curves
	Quadratic Surfaces
	Sketching Surfaces

	Vector-Valued Functions
	Vector-Valued Functions and Their Graphs.
	Limits, Continuity and Derivatives

	Integration of Vector-Valued Functions, Arc Length
	Integration
	Arc Length
	Arc Length as a Parameter

	Unit Tangent and Normal Vectors
	Smooth curves
	Unit Tangent Vector
	Principal Normal Vector

	Curvature
	Multivariable Functions
	Definition of multivariable functions and their natural domains
	Graphing multivariable functions
	Topological properties of domains

	Limits and Continuity
	Differentiability of Two Variable Functions
	Partial Derivatives
	The Chain Rules
	Tangent Planes and Total Differentials
	Directional Derivatives and Gradients
	Functions of Three and n Variables
	Multivariable Taylor formula
	Parametric Problems (optional)
	Maxima and Minima
	Extrema Over a Given Region
	Lagrange Multipliers
	Double Integrals
	Integration of Double Integrals
	Double Integrals in Polar Coordinates, Surface Area.
	Triple Integrals
	Change of Variables
	Triple Integrals in Cylindrical and Spherical Coordinates
	Line Integrals
	Line Integrals Independent of Path
	Green's Theorem
	Surface Integrals
	Surface Integrals of Vector Functions
	The Divergence Theorem
	Stokes' Theorem
	Applications

