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Abstract—We look at the design of a class of oversampled filter
banks and the resulting framelets. The oversampled property is
achieved via an extra subband resulting in Double Density Filter
Banks (DDFB’s). We design a class of such filters with linear phase

property.

We will look at a special class of framelets from a filter bank
perspective, in that we will design double density filter banks
(DDFB’s) as shown in Figure 1. We define type 1 polyphase
representation as

1

X(2) =) 27 *Xy(2) L)

k=0

and type 2 polyphase representation as

X(z) = szXk(z2). (2)

Given the following polyphase matrices:
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where fI(z) is the type 1 analysis polyphase matrix, and
H(z) is the type 2 synthesis polyphase matrix, we can write

the perfect reconstruction conditions as

[H(2)]"H(z) = I. (4)
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Fig. 1. The double density filter bank

I. APOLYPHASE BASED DESIGN APPROACH

As with many problems in signal processing, polyphase con-
structions substantially simplify constraints. It is the same with
double density filter banks. Let the analysis and synthesis

wavelet filters are of the form

()

Let the type 1 polyphase matrix of analysis wavelet filters and

type 2 polyphase matrix of synthesis wavelet filters are given by

e = ) )
H20(z) H21 (Z)
and
Hh(z) _ Hlo(z) Hu(Z)
HQ()(Z) Hgl(z)




Then from equation 4 it is easy to see that

Hoo(2)
H01 (Z)

HY () () = T - (o) Hn(z)]. ©

We can obtain a simplified expression for both Hj(z) and

Hp(z). Note that the type 1 polyphase vector of (1 — 2)S(z)

-1
can be written as Sp(z) where Sp(2) is the type 1
—=z 1
polyphase vector of S(z). Thus the type 1 polyphase vector
ﬁw (2) . . .
. can be written in the following form.
H11 (Z)
. Ky,
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Simmilarly
. Ky
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Thus :
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where A(z) = | _ . Simmilarly
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and Q(z) = (1_2_1)1{1}1(1_@% P(z). Since

we get
(11)

Many factorization methods of Laurent polynomial matrices
are crucially dependent on the determinant of the matrix. For-
tunately, for a good subclass of double density filter banks, we
have a simplified result for the determinant of Q(z). We as-
sume that the number of vanishing moments of analysis high
pass filters and synthesis high pass filters are equal, i.e. Kj =
Ky, = M. It can be seen that the determinant of H/ (z) Hy(z)
isgivenby D(z) = 1- Hoo(z)ﬂooj&z) - H01(z)1f101(2)-1\34in09

! _z] and [ ! _1] are
-1 1 -7t 1

factors of H} (2)Hyp(z), it must be that (1 — 2)M (1 — z~1)M

Q(z) is FIR and both

is a factor of D(z). We have the following Lemma [2].
Lemma 1: Let the high pass filters has M number of vanish-
ing moments each and the low pass filters, Hy and Ho, have the

equal regularity, K, and given by [4], [5]

Ho(2)Ho(2) = 2 (#)KMZ_I <K+n - 1)

n=0 n
—z4+2-2"1\"
N -
(12)
Then the determinant of Q(z) is a real number when,
M= {%J . (13)

Il. SYMMETRIC HIGH PASS FILTERS

We consider FIR-linear phase wavelet filters with the
k2B (2)] where zf(2)

Note, for z.y(z) =

polyphase vector of the form [z(z)
is the reverse of z(z). z(2)y(z),
(z.y)B(2) = zB(2)y®(2) and if the centers of polynomial in-
dex ranges of x(z) and y(z) are the same, for (z + y)(z) =
2(z) £ y(2), (@ £y z) = 2™(2) £ y"(2).

sider FIR-linear phase polyphase wavelet matrices of the form

kR
Tol\Z 27T \Z

() 0(®) where P is a permutation matrix.
w1(2) —2*aii(2)

Thus both wavelet filters are of same size and have the same

We con-

P

symmetric axis and exactly one filter is symmetric and the other



is anti-symmetric. Also note that the analysis filters given by  d2%. Then we will get a degree reduction since

the polyphase matrix [ ek —dx

K
zo(2) z’“x{f(z):| ll —z]

X(z) = z_: 27t

—zdg  ZCKk

d [CKyo(i) —dryi (K —i) cxyi(i+1) —dryo(K —1— i)-l

exmn (& i) - dryoli)  exyo(K —1—i) — diya (i +1) |
Let W(z) is the inverse of X(z) and wlog W(z) =
Efio w(i)z*. Then we get w(0)z(K) = 0. Since it must be

z1(2) —ZFzfi(z)| |1 1

are also FIR-linear phase symmetric and simmilarly for the syn-
thesis wavelet filters. Thus in designing linear phase wavelet

filters we consider design of linear phase A(z) and A(z) that that the rank of () and w(0) is one, there exists [CK —dK]

such that [CK _dK} z(K) =0. |
Not all the matrices Q(z) = AT (2)A(z) can be factorized

are given in the equations 7 and 8.
We have the following factorization for FIR-invertible linear

phase two band filter banks, which is motivated by the results to result in linear phase wavelet filters. The following Theo-

reported in [1]. rem identifies Q(z) with a real number determinent that can be

Theorem1: Let A(z) be two band FIR-invertible linear factorized to result in linear phase wavelet filters.

phase polyphase matrix of the form Theorem 2: Let
k,.R - 5 k=R
P zo(z) 2*zfi(2) A =P -ico(z) z Z?IEZ)
z1(z) —2Faf(z) Fi(z) —2FER(2)
. . . . . and
where P is a 2x2 permutation matrix then it may be factorized zo(2) 2k (z)
as A(z)=P
z1(2) —zFzf(2)
P 1 1 ﬁ ai 2 'b; a bo| |1 0 ‘ Then Q(z) is of the form
11| iz b 27 bo ao| |0 2* y 1 0| [y(2) wni(z)| |1 O
= 0 | v e o o
Proof: \We can see that Proof: The result follows since A(z) can be written as
zo(2)  Zrwg(z) | |1 1| |w(2) wm(z)| |1 0 p 11| [wo(2) an(z)| |1 0
z1(2) —2Fzf(2) 1 =1 |yB(2) y&()| [0 2k ' 1 =1 [@ff(2) @g(2)] [0 2*
(15) and A(z) can be written as
- Yo(2)  91(2) .
We will show that can be written as 11 wolz) wi(x)] [1 0
yi(2) v (2) P 0 !
1 =1 |wk(z) w&)| [0 2*
K -1
i b; b
a z aop 0 _ X(z) [ ]
=1 |bi 27 bo ao Example 1: Consider the (3,2) bi-orthogonal-like DDFB
Let with Ho(2) = L2 (1+2)% and Hy(2) = 7o (1+271)3 (=32+
8 —3271). Now AT (2)A(z) is given by
K K . .
N i Yo (%) Y1 ()
X(2)=> a(i)z7 = , - 1 [25+3271 54152
i=0 im0 |y1 (K —1) yo(K —1i) 128
15271 +5 32+ 25

which can be factorized as

K] such that

C
We will find an invertible matrix K
—dK CK

1 |5 27| |5 3|1 O
[CK _dK] z(K) = 0. Our method succeeds only if ¢%, # 128 19 5,1 3 5| [0 ']



Analysis filters Synthesis filters

30275 — 6027% + 48273 — 18272
182" + 48 — 60z + 302°
—20z7% +40z~" — 8273 — 36272+
3621 + 8 — 40z + 2022

Aee2 =zl 142)

sz 2=8271+3-2)

273222427 +1 22427 (427 412273 — 16272 — 1627 + 12 + 4z2)
-z 342272 — 271 4122+ 22 ms(—z =328+ 14272 — 14271 + 3+ 2)
27l —1—2+2% 7532 0+ 15275 — 27274 + 7273 4+ 7272 - 2721 + 15 4 52)
—2714+3-32+2% (5270 — 15275 4+ 3327 + 1127% — 11272 — 3327 + 15 4 52)
TABLEI

WAVLET FILTERS FOR THE (3,2) DDFB WITH Ho(z) = %(1 + 2)% AND

Ho(z) = 16i/§(1 +271)3(—32+ 8 —3271).

Now there are three possibilities for wavelet filters:

1 1|5 zY| |5 31 o

A(z) =
—1 1| |1 5z [3 5] [0 =21
(16)
A 1 1 1
(z)_256 1 1
or
i 1 1 1 0
(=) = —1 1| |0 2
(17)
A( )_ 1 1 1 5 3 5 1
¢ 256 1 1| |3 5| [z=' 5z71
or
. 1 1
Ale) = 11
1 1 1 1 0 5 3 5 1
A(z) = —

256 | 1 1] o zt| |3 5| |zt 5zt
(18)

The corresponding filters are given in Table I. Note that the

filters are not normalized.

I1l. CONCLUSION AND FURTHER RESEARCH

We have developed a factorization approach to obtain linear
phase double density wavelet filters for a special case where the
determinant of Q(2) is a real number. Eventhough we havn’t
reported the results, we have observed that our factorization
method can be used to find linear phase wavelet filters for the

cases (4, 3), (5,4), etc.
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